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Ôóíêöèè èç ïîêàçàòåëüíîãî êëàññà Òàêàãè èìåþò îäèí âåùåñòâåííûé ïàðàìåòð v ∈ (−1; 1) è â òî÷êàõ x ∈ R
çàäàþòñÿ ðÿäîì Tv(x) =

∑∞
n=0 v

nT0(2nx), ãäå T0(x) � ðàññòîÿíèå ìåæäó x è áëèæàéøåé ê íåé öåëîé òî÷êîé.
Ïðè v = 1/2 ôóíêöèÿ Tv ñîâïàäàåò ñ ôóíêöèåé Òàêàãè. Ïðè ðàçëè÷íûõ v ∈ (−1; 1) èçó÷åíû ãëîáàëüíûå ýêñòðå-
ìóìû ôóíêöèé Tv , à òàêæå ìíîæåñòâà, íà êîòîðûõ îíè äîñòèãàþòñÿ. Ýòî èññëåäîâàíèå îïèðàåòñÿ íà ñâîéñòâà
ñîãëàñîâàííûõ è àíòèñîãëàñîâàííûõ ìíîãî÷ëåíîâ è ðÿäîâ, êîòîðûì ïîñâÿùåíà ïåðâàÿ ÷àñòü ðàáîòû.

Êëþ÷åâûå ñëîâà: íåïðåðûâíàÿ íèãäå íå äèôôåðåíöèðóåìàÿ ôóíêöèÿ Òàêàãè; ãëîáàëüíûå ýêñòðåìóìû ôóíê-
öèé ïîêàçàòåëüíîãî êëàññà Òàêàãè; ìíîãî÷ëåíû è ðÿäû, ñîãëàñîâàííûå ñ äåéñòâèòåëüíûìè ÷èñëàìè.

APPLYING CONSISTENT AND ANTI-CONSISTENT FUNCTIONS
TO THE SEARCH FOR GLOBAL EXTREMA

OF FUNCTIONS FROM THE EXPONENTIAL TAKAGI CLASS

Galkin Oleg, Galkina Svetlana

National research University Higher school of Economics (Russia, Nizhny Novgorod)

Functions of the exponential Takagi class have one real parameter v ∈ (−1; 1) and at points x ∈ R are set by the
series Tv(x) =

∑∞
n=0 v

nT0(2nx), where T0(x) is the distance between x and the nearest integer point. For v = 1/2, the
function Tv is the same as the Takagi function. For di�erent v ∈ (−1; 1), the global extrema of functions Tv are studied,
as well as the sets on which they are reached. This research is based on the properties of consistent and anti-consistent
polynomials and series, to which the �rst part of the paper is devoted.

Keywords: Takagi's continuous nowhere di�erentiable function; global extrema of functions of the exponential Takagi
class; polynomials and series consistent with real numbers

Ïîëíîå èçëîæåíèå ïðåäñòàâëåííûõ çäåñü ðåçóëüòàòîâ ìîæíî íàéòè â [1]. Ýòè ðåçóëüòàòû áû-
ëè ïîëó÷åíû íåçàâèñèìî îò ðåçóëüòàòîâ ðàáîòû [2] è ðàáîò, íà êîòîðûå îíà ññûëàåòñÿ. Âñþäó
íåïðåðûâíàÿ, íî íèãäå íå äèôôåðåíöèðóåìàÿ ôóíêöèÿ Òàêàãè íà R âïåðâûå áûëà îïèñàíà â
ñòàòüå [3].

1. Óíèòàðíûå ìíîãî÷ëåíû è ðÿäû, ñîãëàñîâàííûå è àíòèñîãëàñîâàííûå ñ ÷èñëàìè

Îïðåäåëåíèå 1. Ìíîãî÷ëåí c0+c1x+. . .+cnx
n èëè ñòåïåííîé ðÿä c0+c1x+c2x

2+. . . íàçûâàåòñÿ
óíèòàðíûì, åñëè ñâîáîäíûé ÷ëåí c0 ðàâåí 1, à îñòàëüíûå êîýôôèöèåíòû ðàâíû 1 èëè −1.

Îïðåäåëåíèå 2. Ïóñòü w ∈ R. Òîãäà
1) óíèòàðíûé ìíîãî÷ëåí Pw(x) = c0 + c1x + . . . + cnx

n íàçûâàåòñÿ ñîãëàñîâàííûì ñ òî÷êîé
w, à òî÷êà w � ñîãëàñîâàííîé ñ ýòèì ìíîãî÷ëåíîì, åñëè Pw(w) = 0 è äëÿ ëþáûõ k = 1, . . . , n
âûïîëíåíû íåðàâåíñòâà

ck · (c0 + c1w + . . .+ ck−1w
k−1) < 0. (1)

Ïðèñîåäèíåííûìè (ê ñîãëàñîâàííûì ñ òî÷êîé w ìíîãî÷ëåíàì) ðÿäàìè áóäåì íàçûâàòü äâà óíè-
òàðíûõ ðÿäà F+

w (x) è F−w (x):

F+
w (x) = c0 + c1x+ . . .+ cnx

n + c0x
n+1 + c1x

n+2 + . . .+ cnx
2n+1 + . . . =

= P (x)(1 + xn+1 + x2(n+1) + . . .),

F−w (x) = c0 + c1x+ . . .+ cnx
n − c0xn+1 − c1xn+2 − . . .− cnx2n+1 − . . . =

= P (x)(1− xn+1 − x2(n+1) − . . .).
Ïðîìåæóòî÷íûìè ðÿäàìè äëÿ òî÷êè w áóäåì íàçûâàòü âñå óíèòàðíûå ðÿäû (âêëþ÷àÿ ïðèñî-
åäèíåííûå), èìåþùèå âèä

(c0 + c1x+ . . .+ cnx
n)± (c0x

n+1 + c1x
n+2 + . . .+ cnx

2n+1)± . . . =
= P (x)(1± xn+1 ± x2(n+1) ± . . .),
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ãäå äîïóñêàþòñÿ ëþáûå êîìáèíàöèè çíàêîâ ¾+¿ è ¾−¿.
2) Óíèòàðíûé ðÿä c0 + c1x+ c2x

2 + . . . íàçûâàåòñÿ ñîãëàñîâàííûì ñ òî÷êîé w, à òî÷êà w �
ñîãëàñîâàííîé ñ ýòèì ðÿäîì, åñëè íåðàâåíñòâà (1) âûïîëíåíû äëÿ ëþáûõ k ∈ N. Ïðèñîåäèíåííûå
(ê ñîãëàñîâàííîìó ðÿäó) è ïðîìåæóòî÷íûå ðÿäû äëÿ òî÷êè w â ýòîì ñëó÷àå ïîëàãàåì ðàâíûìè
ñîãëàñîâàííîìó ðÿäó.

3) Ôóíêöèåé, ñîãëàñîâàííîé ñ òî÷êîé w, íàçûâàåòñÿ ìíîãî÷ëåí èëè ðÿä, ñîãëàñîâàííûé ñ ýòîé
òî÷êîé.

Îïðåäåëåíèå 3. Ïóñòü w ∈ R. Òîãäà
1) óíèòàðíûé ìíîãî÷ëåí Q(x) = c0+c1x+ . . .+cnx

n íàçûâàåòñÿ àíòèñîãëàñîâàííûì ñ òî÷êîé
w, à òî÷êà w � àíòèñîãëàñîâàííîé ñ ýòèì ìíîãî÷ëåíîì, åñëè Q(w) = 0 è äëÿ ëþáûõ k = 1, . . . , n
âûïîëíåíû íåðàâåíñòâà

ck · (c0 + c1w + . . .+ ck−1w
k−1) > 0. (2)

2) Óíèòàðíûé ðÿä A(x) = c0 + c1x+ c2x
2 + . . . íàçûâàåòñÿ àíòèñîãëàñîâàííûì ñ òî÷êîé w, à

òî÷êà w � àíòèñîãëàñîâàííîé ñ ýòèì ðÿäîì, åñëè íåðàâåíñòâà (2) âûïîëíåíû äëÿ ëþáûõ k ∈ N.

2. Ñâÿçü ñîãëàñîâàííûõ è àíòèñîãëàñîâàííûõ ôóíêöèé ñ ãëîáàëüíûìè

ýêñòðåìóìàìè

Òåîðåìà. Ïóñòü v ∈ (−1; 1) è Ev åñòü ìíîæåñòâî òî÷åê ãëîáàëüíîãî ìàêñèìóìà (ñîîòâåò-
ñòâåííî, ìèíèìóìà) ôóíêöèè Tv íà îòðåçêå [0; 1]. Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) Åñëè ñ òî÷êîé 2v ñîãëàñîâàí (ñîîòâåòñòâåííî, àíòèñîãëàñîâàí) ðÿä F2v(x) = c0 + c1x +
. . .+ cnx

n + . . ., òî
1à) ìíîæåñòâî Ev ñîäåðæèò òîëüêî äâå (âîçìîæíî, ñîâïàäàþùèõ) òî÷êè: x−(v) ∈ [0; 1/2]

è x+(v) ∈ [1/2; 1]. Ïåðâàÿ òî÷êà è åå äâîè÷íîå ðàçëîæåíèå èìåþò âèä:

x−(v) = 1/2− F2v(1/2)/4 = 0,x−1 x
−
2 . . . ,

ãäå

x−n = (1− cn−1)/2, n ∈ N.
Âòîðàÿ òî÷êà è åå äâîè÷íîå ðàçëîæåíèå èìåþò âèä:

x+(v) = 1− x−(v) = 1/2 + F2v(1/2)/4 = 0,x+1 x
+
2 . . . ,

ãäå

x+n = 1− x−n = (1 + cn−1)/2, n ∈ N.
1á) Ãëîáàëüíûé ìàêñèìóì (ñîîòâåòñòâåííî, ìèíèìóì) ôóíêöèè Tv ìîæíî âû÷èñëèòü ïî

ôîðìóëàì

Tv(x
±(v)) =

1

2(1− v)
− 1

4

∞∑
n=0

cn · (2v)n
∞∑

p=n

cp
2p

è

Tv(x
±(v)) =

1

2(1− v)
− 1

4πi

∫
|z|=r

F2v(z)F2v(v/z)

2z − 1
dz,

ãäå r � ëþáîå ÷èñëî èç èíòåðâàëà (max(1/2, v), 1).
2) Åñëè c 2v ñîãëàñîâàí (ñîîòâåòñòâåííî, àíòèñîãëàñîâàí) ìíîãî÷ëåí P2v,N (x) = c0 + c1x+

. . .+ cnx
N , è F±2v � ïðèñîåäèíåííûå ðÿäû, òî:

2à) ìíîæåñòâî Ev,N òî÷åê ãëîáàëüíîãî ìàêñèìóìà (ñîîòâåòñòâåííî, ìèíèìóìà) ôóíêöèè

Sv,N (x) =
∑N

n=0 v
nT0(2

nx) íà îòðåçêå [0; 1] èìååò âèä Ev,N = [aN , bN ] ∪ [1− bN , 1− aN ], ãäå

aN (v) = 1/2− P2v,N (1/2)/4− 1/2N+2, bN (v) = aN (v) + 1/2N+1.

Ïðè ýòîì äâîè÷íûå ðàçëîæåíèÿ îáåèõ òî÷åê aN (v) è 1 − aN (v) êîíå÷íû: aN (v) =
0,x−1 x

−
2 . . . x

−
N+1, 1− aN (v) = 0,x+1 x

+
2 . . . x

+
N+1, ãäå

x−n = (1− cn−1)/2, x+n = 1− x−n = (1 + cn−1)/2, n = 1, . . . , N + 1.

Ãëîáàëüíûé ìàêñèìóì (ñîîòâåòñòâåííî, ìèíèìóì) Mv,N ôóíêöèè Sv,N íà îòðåçêå [0; 1] ìî-
æåò áûòü âû÷èñëåí ïî ôîðìóëàì

Mv,N =
1− vN+1

2(1− v)
− 1

4

N∑
n=0

cn · (2v)n
N∑
i=n

ci/2
i



3

è

Mv,N =
1− vN+1

2(1− v)
− 1

4πi

∫
|z|=r

Pv,N (z)Pv,N (v/z)

2z − 1
dz,

ãäå r � ëþáîå ÷èñëî èç ìíîæåñòâà (0; 1/2) ∪ (1/2; 1).
2á) Â ñëó÷àå vN+1 > 0 (òî åñòü v > 0 èëè N íå÷åòíî) ìíîæåñòâî Ev èìååò õàóñäîðôîâó

ðàçìåðíîñòü 1/(N + 1) è ñîñòîèò èç âñåõ òî÷åê x ñ äâîè÷íûì ðàçëîæåíèåì âèäà

x = 0,

[
x−1 x

−
2 . . . x

−
N+1

x+1 x
+
2 . . . x

+
N+1

[
x−1 x

−
2 . . . x

−
N+1

x+1 x
+
2 . . . x

+
N+1

. . . .

Ëþáóþ òî÷êó x ìíîæåñòâà Ev ìîæíî çàïèñàòü òàêæå â ôîðìå

x = 1/2± F (1/2)/4, (3)

ãäå F � íåêîòîðûé ïðîìåæóòî÷íûé ðÿä äëÿ ÷èñëà 2v, è íàîáîðîò, ëþáàÿ òî÷êà âèäà (3) ïðè-
íàäëåæèò Ev. Êðîìå òîãî,

inf Ev = 0,x−1 . . . x
−
N+1x

−
1 . . . x

−
N+1 . . . =

= 1/2− P2v,N (1/2)/(4− 1/2N−1) = 1/2− F+
2v(1/2)/4,

sup(Ev ∩ [0; 1/2]) = 0,x−1 . . . x
−
N+1x

+
1 . . . x

+
N+1x

+
1 . . . x

+
N+1 . . . =

= 1/2− P2v,N (1/2) · (1− 1/2N )/(4− 1/2N−1) = 1/2− F−2v(1/2)/4,
supEv = 1− inf Ev = 0,x+1 . . . x

+
N+1x

+
1 . . . x

+
N+1 . . . =

= 1/2 + P2v,N (1/2)/(4− 1/2N−1) = 1/2 + F+
2v(1/2)/4.

Ãëîáàëüíûé ìàêñèìóì (ñîîòâåòñòâåííî, ìèíèìóì) Mv ôóíêöèè Tv íà îòðåçêå [0; 1] â ýòîì
ñëó÷àå ìîæíî âû÷èñëèòü ïî ôîðìóëå

Mv =
Mv,N

1− vN+1
.

2â) Â ñëó÷àå vN+1 < 0 (òî åñòü v < 0 è N ÷åòíî) ìíîæåñòâî Ev ñîñòîèò èç âñåõ òî÷åê x
âèäà

x = 1/2± (P2v,N (1/2)/4 + 1/2N+2 − y/2N+1),

ãäå y � ëþáàÿ òî÷êà ãëîáàëüíîãî ìèíèìóìà (ñîîòâåòñòâåííî, ìàêñèìóìà) ôóíêöèè Tv íà
îòðåçêå [0; 1].

Ãëîáàëüíûé ìàêñèìóì (ñîîòâåòñòâåííî, ìèíèìóì) Mv ôóíêöèè Tv íà îòðåçêå [0; 1] â ýòîì
ñëó÷àå ìîæíî âû÷èñëèòü ïî ôîðìóëå

Mv =Mv,N + vN+1mv,

ãäå mv = miny∈[0,1] Tv(y) (ñîîòâåòñòâåííî, mv = maxy∈[0,1] Tv(y)).

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ëàáîðàòîðèè äèíàìè÷åñêèõ ñèñòåì è ïðè-
ëîæåíèé Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòåòà Âûñøàÿ øêîëà ýêîíîìèêè, ãðàíò Ìè-
íèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ cîãëàøåíèå � 075-15-2019-1931.
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