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ON SIMPLE SINGULARITIES OF SKEW-SYMMETRIC
MATRIX FAMILIES

ABDRAKHMANOVA N.T.!, ASTASHOV E.A.2

There exists a number of papers devoted to the classification of smooth
or analytic matrix families. Such families naturally appear in the study
of binary differential equations, dependency sets of vector fields on
manifolds, as well as in connection with other problems in differential
geometry. It is natural to consider such families up to G-equivalence, i. e.,
up to parameter-dependent linear base changes and parameter changes.

In [1] analytic families of square matrices, which can be viewed
as linear maps between equidimensional spaces, are considered. In
particular, normal forms of G-simple mappings (i. e., those having a finite
number of adjacent G-orbits) are obtained. An ideologically similar paper
[2] is devoted to the study of analytic families of symmetric matrices.

In [3| analytic families of skew-symmetric matrices are considered. In
particular, a complete classification of two-parameter 4 x4 G-simple skew-
symmetric matrix families and a partial classification of three-parametric
4 x 4 G-simple skew-symmetric matrix families are obtained.

In our work we obtain a necessary condition for a skew-symmetric
matrix family to be G-simple in terms of number of parameters, matrix
size, and 1-jet rank. We also classify skew-symmetric matrix families with
1-jet of corank zero. Our work is generally inspired by aforementioned
papers [1] and [2], while our results are new compared to those obtained
in [3].

The main results of our work are given in Theorems 1, 2, and 3 below.
We consider the set Sk], of germs at zero of n xn skew-symmetric matrix

e . . _ n(n=1)
families analytically depending on r parameters and denote N = ———-.

Theorem 1. If either of the following conditions holds, then there exist
no G-simple germs in Sk;,:

a)n=r=>5;

b)n>6and3 <r <N —3.



Theorem 2. Assume that a germ A € Sk, has 1-jet of corank zero.
Then the germ A is G-simple and G-equivalent to the germ

0 371,2 e e xl,n
—I1,2 0
)
0 Tn—1n
—Tip .- ... —Tp_1n 0

where each entry above the main diagonal is a different parameter
xi7j(1§i<j§n).

Theorem 3. Assume that a germ A € Sk, has I-jet of rank s. If any
of the following conditions is satisfied, then the germ A is not G-simple:
a)n=s=2>5
b)n>6 and3<s< N —3;
c)n>3,r>3, and s = 0;
d)n>5r=2,ands=0.

The research was supported by the Russian Science Foundation grant
21-11-00080.
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ASYMPTOTIC HOMOLOGY OF PATHS SPACES:
TWO CASES STUDY

AGRACHEV A.A.
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Given a nonholonomic vector distribution on a smooth manifold M,
it is well-known that embedding of the horizontal loop space into the
whole loop space is a homotopy equivalence.

We know however that horizontal loop spaces have deep singularities
and extremely rich local and global structure even if M is contractible.

In principle, one can recover hidden structural complexity of the
horizontal loop spaces calculating homology of some natural filtrations
of the space. I am going to show two examples of such calculations.

SISSA, Trieste and MIAN, Moscow. Email: agrachevaa@gmail.com

ON A CYCLE IN ONE MODEL
OF CIRCADIAN OSCILLATOR

AKINSHIN A.A.', GOLUBYATNIKOV V.P.2) KIRILLOVA N.E.?
We consider 6D nonlinear kinetic system of differential equations
i1 = ki(T'1(z2) - m(ws) —21); &5 = kj(Ly(ws) - Lj(x1) —x5); 7= 2,3, 4;

5 = ks(U's(z6) — 25); 6 = ke(Le(7a) — w6); (1)
as a model of circadian oscillator functioning proposed in [1]. All the
variables denote concentrations of its components, the rates of their
natural degradation are characterized by positive coefficients k..

Smooth positive functions I'y, and 1 increase monotonically, they
describe positive feedbacks. The shapes of their graphs was described
in [2], see the Figure 1 there. Smooth positive functions L, are
monotonically decreasing, they describe negative feedbacks in the
oscillator. In contrast with [1, 3|, we do not specify here analytic forms
of all these functions. As in algebraic topology, subscript , denotes all
possible values of corresponding indices.

Lemma 1. If the functions T'y(x5), T's(xs), are proportional to T'y(xs),
and the functions Lo(x1), Ls(x1) are proportional to Ly(x1), then the
system (1) has a unique equilibrium point Sy.

Actually, proportionality conditions of this Lemma have a biological
background, they are just sufficient, and can be relaxed considerably.

Theorem 1. If the conditions of the Lemma 1 are satisfied, all

coefficients ky are equal, and

—LgT5 L4y > 8 — 2(T'1yy L5T3 + Ty Lyl), (2)
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then the point Sy is unstable, and the system (1) has a cycle.

Here all the derivatives L, I",, 4] are calculated at the equilibrium
point Sp; note that L, < 0, see [4].

In order to carry out numerical experiments with trajectories of the
system (1), its limit cycle, and visualization of these results, a special
cloud application based on the “client-server” approach similar to [3] is
elaborated: https://andreyakinshin.shinyapps.io/clock-bmall/

The numerical simulations are performed using the 'Isoda’ solver from
the Livermore family, which automatically switches between stiff and
non-stiff methods. Here, we have observed bifurcation cycles as well.

In the cases when the condition (2) is not satisfied, we have seen in
these experiments that trajectories of the system (1) tend to the stable
equilibrium point Sj.

The research was supported by RFBR grant 20-31-90011.
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ON THE DIRICHLET PROBLEM FOR A LINEAR
SECOND ORDER ELLIPTIC EQUATION WITH A
PARTIAL MUCKENHOUPT WEIGHT

ALKHUTOV YU.A.!, SURNACHEV M.D.2
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In a bounded domain D C R™, where n > 2, we consider the equation
Lu = div (w(x)Vu) =0 (1)

with a nonnegative weight w € L'(D) such that w™! € L*(D). To define
a solution we introduce the class of functions

W =W(D,w)={uecW-Y(D) : (u?®+|Vu|*)w e LY(D)},
equipped with the norm

lullw = ( o+ yvumdx) "

D

By Wy(D,w) we denote the closure in W(D,w) of the set of functions
from W(D,w) with compact support in D.
A function v € W(D,w) is a solution of (1) in D if

/Vu-wwdx_o Vip € Wo(D, w).
D

We consider partial Muckenhouipt weigts introduced in [1] and [2].
The domain D is split by the hyperplane ¥ = {z,, = 0} into two parts
DM = Dn{z, >0} and D? = DN {z, <0}, and the weight

w=w; in DY =12,

where the weights wi, we are even with respect to ¥ and belong to the
Muckenhoupt class As. We assume that for balls B, of radius with centers
on X for almost all z € B, for r < rg there holds

w1 (a;) (,UQ(LU)
(B = Cn(B,)

with a constant C independent of r and x. Our conditions imply

(2)

/]u|2wd:1c < C’(n,w)/\Vu|2wdx Yu € Wo(D,w),
D D

so the space Wy(D,w) can be equipped with the scalar product
(u,v) = /VU-VU wdx.
D
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Let us define a (generalized) solution to the Dirichlet problem
Lug=0 in D, wug|,,=f€C(0D) (3)

Extend f by continuity to the whole space without increasing the
maximum of its modulus. Let fr € C°°(D) uniformly converge to f
in D. Let ug be solutions to the Dirichlet problems

Lup=0 in D, wu— fk S W()(D,w).

Then uy, uniformly converge to a function w in D and uy, — u in W (D', w)
for any D’ @ D. The limit function u is a solution to (1) in any D" € D,
is independent of the extension and approximation of f, and u is called
the (generalized) solution of the Dirichlet problem (3).

Theorem 1 ([3]). Let the intersection of complement of D with {x, < 0}
contains an open cone in a neighbourhood of the boundary point xg. Then
for any f € C(OD) solutions of the Dirichlet problem (3) are continuous
at xo and

«
oS85 < C/P G+ e
for sufficiently small 0 < r < p. The positive constants C and o depend
only on the dimension of the space, the angular opening of the cone, the
Muckenhoupt constants of the weights w1, wa, and the constant in (2).

The proof relies on a special form of the Harnack inequality established
in [4]. The research was supported by RFBR grant 19-01-00184.
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REGULARITY PROBLEM TO A CLASS OF STRONGLY
NONLINEAR PARABOLIC SYSTEMS

ARKHIPOVA A .A.

We consider elliptic and parabolic quasilinear systems of equations
with nondiagonal principal matrices and strongly nonlinear (quadratic)
in the gradient additional terms.

Partial regularity of weak solutions to the strongly nonlinear systems
is always studied under the assumption that the solution is bounded and
its L°°- norm is small enough.

We relax this assumption and study weak unbounded solutions. Under
a one-side restriction on the strongly nonlinear terms, we describe
conditions of the local smoothness of weak solutions.

As is known, the one-side condition for the strongly nonlinear term
provides boundedness and further regularity of solutions to the scalar
elliptic and parabolic equations. At the same time, this condition does
not guarantee smoothness of weak solutions even for the diagonal
systems. The singularities can appear in the case of such systems.

The research was supported by RFBR, grant 20-01-00630a.
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ANTISYMMETRIZED
GELFAND-KAPRANOV-ZELEVINSKY SYSTEM, ITS
SOLUTIONS AND THEIR APPLICATION

ARTAMONOV D.V.

In the 80-th I.M. Gelfand, M.I. Graev, V. S. Retakh, A. V.
Zelevinskii, M. M. Kapranov created the theory of A-hypergeometric
functions. These are multivariate functions that can be viewed as

generalizations of hypergeometric functions of one variable. There
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many such generalizations, but from one hand the class of A-
hypergeometric functions includes most of certain examples of
multivariate hypergeometric functions and from the other hand it
posesses a lot of good properties. In particular these function satisfy
a promiment system of PDE called the Gelfand-Kapranov-Zelevinsky
(GKZ for short) system.

Such functions appear in many areas of mathematics: PDE, geometry,
algebra, representation theory. They naturally appear in the following
situation. Consider the group GL,(C) and function on this group. The
group acts on these functions by left shifts and thus the space of functions
is a representation of GL,(C). Every finite dimensional representation
of GL,(C) can be realized as a subrepresentation in this space. The
question is what are the functions that form a base in such a realization
of a finite dimensional representation?

To answer this question we come naturally to the following
construction.

Cosnider the complex space whose coordinates zx are indexed by
proper subsets X C {1,...,n}. For all possible indices i < j < y, and
subsets Y C {1,...,n} we consider the following system of PDE:

O*F O*F

_ -0
021,..i—iiv021, icijyy  O021,.i-ijvO21, i—iiyY

This is a particular example of a GKZ system, it’s solution space is
well investigated. But we associate with it the antisymmetrized GKZ
system (A-GKZ for short)

O*F O*F N
821,...,i7i,i,Y821,“.,ifi,j,y,Y 821,...,ifi,j,YaZI,...,ifi,i,y,Y
O*F
+ =0

021,...i—i, Y021, . imid, Y

In the talk a description of the solution space for this system will be
given. It turns out that solution of the GKZ system are in some sence
the intial conditions for the solutions of the A-GKZ system.

The obtained description of the solution space for the A-GKZ system

allows to answer the question in the representation theory posed above.
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ON AN OPTIMAL CONTROL PROBLEM WITH A
DISCONTINUOUS INTEGRAND

ASEEV S.M.

We consider the following problem (P):

T
J(T.2()) = o(T, 2(0),2(T)) + /0 Al (t))da (2(t)) dt — min,

(t) € F(z(t)),
I’(O) € My, x(T) € M.

Here z(t) € R™, F(-) is a locally Lipschitz continuous multivalued
mapping with nonempty convex compact values, ¢(-,-,-) is a locally
Lipschitz continuous function, A(-) is a C'(R") positive function, My
and M are nonempty closed sets in R”, M is an open set in R”, and

1, xeM,
5M($):{O v M

We assume that both the set M and its complement G = R" \ M
are nonempty, and for any z € G the Clarke tangent cone T (z) has
nonempty interior. The terminal time T > 0 is free.

Theorem 1. Let x.(-) be an optimal trajectory in (P), and Ty > 0 be
the corresponding optimal terminal time. Then there are a ¥° > 0, an
absolutely continuous function v: [0,T.] — R™, and a bounded reqular
Borel vector measure n on [0, Ty] such that the following conditions hold:

1). We have suppn C M = {t € [0,1y]: z.(t) € 0G}. Moreover,
for any continuous function y: M — R™ with values y(t) € Ta(z4(t)),
t € M, the following inequality takes place:

/ y(t)dn <0.
m
13



2). For a.e. t € [0,Ty] the refined Euler-Lagrange inclusion holds:
) t
P(t) € conv{u: (u,d)(t) —l—/ Az« (s))dn
0

40 [ 0urGon () PG ds) € Ry (0): .0 .

3). Fort = Ty and for any t € [0,Ty) which is a point of the right
approximate continuity of the function dpr(z«(+)) we have

i (Feanvto) + [ Awnin+ 00 [ ooy

— N (1)) (2 (1)) = H (F(:(0)), 9(0)) — ¥ A(24(0))dns ((0)) -

4). The transversality condition takes place:

T T TS
(G 0@+ [ Mo [ o) PG5,
" " O (z.(s)
00 =) = [ A =0 [ susto () G as)

~

€ WO0(Te, 2.(0), 2 (1)) + {0} X Nig (2.(0) x Ny (wa(T2)).

5). The nontriviality condition holds:

YO+ 9 (0)] + lInll # 0.

Here N, A(a) is the cone of generalized normals to a closed set A at
a€ A, 0p(T,x1,x2) is a generalized gradient of a function ¢(-,-,-) and

My =

—~ My if ZL‘*(O)EM, M . My if $*(T*)€M,
MoﬂG if .CC*(O)EG, MlﬂG if .r*(T*)EG.

The proof of Theorem 1, discussions and an example see in [1].
The research was supported by the Russian Science Foundation under

grant 19-11-00223.
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OPTIMAL DESIGN PROBLEM FOR THREE DISKS ON
TORUS

ASHIMOV YE.K.

One of the topical problems both in geometry and physics is an
optimal design problem. Majority of valuable works were devoted to
the problem for elliptic functions, for example, the square lattice, the
hexagonal lattice, problems with the fundamental translation vectors.
Note, that the vectors are periods for the square lattice, and there are
two fundamental translation vectors for the hexagonal lattice. Moreover
all these combinations are linear. It is considered, that the periods can
be continued and shifted.

Consider the torus, the hexagonal lattice, with the fundamental
translation vectors. Also we consider Weierstrass functions and their
invariants. It is well-known, that the problem became sophisticated under
consideration of the complex variable functions.

In general case, the series associated to periodic analytical
functions, Eisenstein’s series, are considered. The series are used
under consideration of the Weierstrass invariants. A supplementary
Weierstrass’ function is introduced. The function is used for simulation
of the disks. Then the disks are summarized. The disks are embedded to
the square with probability and this radius on Ox axis. The same on the
axis Oy. Therefore, it is verified an imposition of the disks. In the case
of the disks imposition are thrown out.

The process is repeated for all disks. We are going to use the Eisenstein
structural sums for multivariable functions. It should be noted, that they
are applied to compete a property of the composite fibre materials. The
random process is called isotropy. It is possible, that there are a lot of
disks.

Regarding this we have to simulate and assume that the second disk

is known a3=0. Then we calculate e2. It is calculated with one unknown
15



point. By minimizing of the function we can find the optimal packing of
the disks. In the paper we describe the problem deeply.

The research was financially supported by the Science Committee of
the Ministry of Education and Science of the Republic of Kazakhstan
(Grant No. AP08856381).
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A SOLVABILITY TO NONLOCAL PROBLEM FOR
SYSTEM OF HYPERBOLIC EQUATIONS WITH
PIECEWISE-CONSTANT ARGUMENT OF
GENERALIZED TYPE

ASSANOVA A.T.

On the domain © = [0,7] x [0,w] we consider the nonlocal problem
for system of hyperbolic equations with piecewise-constant argument of
generalized type

0%u ou ou
5100 Alt, x)% + B(t, m)a + C(t, x)u(t,z) + f(t,x)+
+ 4t 20D ., ()
P(a:)aug;x) + S(a:)au(;;m) = (), z € [0,w], (2)
w(t,0) = (1),  te0T], (3)

where u(t,x) = col(uy(t, z),ua(t,x), ..., un(t,2)) is unknown vector fun-
ction, the n x n matrices A(t,z), B(t,x), C(t,x), Ao(t,x), Co(t,z) and
n vector function f(¢,z) are continuous on Q; y(t) = (; if t € [0;,0;41),
J=0,N—-1,0; <( <041 forall j =0,N —1;
=0y <01 <..<0Oy_1 <0y =T;the n x n matrices P(z), S(x)

and the n vector function ¢(z) are continuous on [0,w], the n vector
function () is continuously differentiable on [0, 7).

Let C(€2,R™) be the space of continuous on §2 vector functions u (¢, x)
with the norm ||ul|p = max [|u(t, )]

T)E

A vector function u(t,z) € C(Q,R"™) is a solution to problem (1)—(3) if:
(i) u(t, z) has partial derivatives % e C(Q,R"), % e C(Q,R™);

2
(ii) the mixed partial derivative 8;{/75;2’7&") exists at each point (¢,z) € Q



with the possible exception of the points (6, z), j = 0, N — 1, for all
x € [0,w], where the one-sided mixed partial derivatives exist;

(iii) system of hyperbolic equations (1) is satisfied for u(¢,x) on each
subdomain (0;,6;11) x [0,w], 7 = 0, N — 1, and it holds for the right
mixed partial derivative of u(t,z) at the points (6;,z), j = 0,N — 1,
z € [0,w];

(iv) boundary conditions (2), (3) are satisfied for u(t, z) at the lines ¢ = 0,
t =T, x =0, respectively.

Differential equations with discontinuities comprise an important
tool for understanding real-world problems since they mathematically
express real phenomena. A particular class of such equations constitute
differential equations with deviating arguments that, in turn, include
functional-differential equations, delay differential equations, differential
equations with piecewise constant argument [1]. Differential equations
with piecewise-constant argument of generalized type are introduced in
the work [2]. Mathematical modeling of real processes often leads to
differential equations with piecewise-constant argument of generalized
type. Therefore, the questions of solvability of boundary value problems
for such equations are of great importance and relevance.

By a new unknown functions [3| problem (1)-(3) is reduced to a family
of problems for system of differential equations with piecewise-constant
argument of generalized type and unknown functions. It is shown that
the solvability of problem (1)-(3) is equivalent to the solvability of of
family problems. Methods for solving problem (1)-(3) are proposed.

This research is funded by the Science Committee of the Ministry
of Education and Science of the Republic of Kazakhstan (Grant No.
AP08855726).
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EXISTENCE OF A SOLUTION OF DISCRETE
EMDEN-FOWLER EQUATION CAUSED BY
CONTINUOUS EQUATION

ASTASHOVA 1.1, DIBLIK J.2, KOROBKO E.3

We consider a second-order non-linear discrete equation of Emden—
Fowler type
A?u(k) + E*u™ (k) = 0, (1)
where k € N(ko) := {ko,ko +1,...}, ko is an integer, u: N(kg) — R is
an unknown solution, Au(k) := u(k + 1) — u(k) is its first-order forward
difference, A?u(k) = A(Au(k)) is its second-order forward difference,
and «, m are real numbers
We study the asymptotic behaviour of the solutions of equation (1)
when k& — oo and we suppose to prove that there exists a solution to
equation (1) such that
u(k) ~ark™?, (2)
where s := o+ 2/(m — 1), ax := [Fs(s+1)]Y ™1 We will assume that
the sign + in equation (1) is admissible only in the case of m having the
form of a ratio of integers p/q where the difference p — ¢ is odd.
The form of a possible solution in the right-hand side of (2) is suggested
by continuous Emden-Fowler equation

y"(z) £ kY™ (2) =0
having exact solution y(x) = arx™*.

Theorem 1. Let s > —1, m # 0 and m # 1. Assume that there ezist
positive numbers g;, 1 = 1, ...,4 such that either

ms >0, e3 <e1, €3 >¢ey, €3 >mse1/(s+2), 4> mses/(s+2),
or
ms <0, e3 <e1, €2 >¢eq, €3> —msea/(s+2), €4 >—mse1/(s+ 2).

Then, for sufficiently large fized kg, there exists a solution u: N(ky) — R
of equation (1) such that inequalities

axr by ][ bx 17
—e1 < |u(k) — T el | |perr| S

ey < [Au(k) ~A (‘;i) A (ﬁ)] [A (;ﬁlﬂ T ea
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and
2140 (;) < [A2u(k) ~ A2 (‘;i) _ A2 (kbi)] :

p(be ms VT oL
ks 12 ©2 k)

where by = ays(s+2)/(s+ 2 —ms), hold for every k € N(kg).

The Theorem 1 makes assumptions about m and s. Nevertheless,
because the parameters in Emden—Fowler equation (1) are m and «,
we analyse their possible values deduced from this theorem, visualizing
the results in an (m, «)-plane. All the results are illustrated by examples.

The first author was supported by Russian Science Foundation, RSF
20-11-20272. The second and the third authors were supported by the
project of specific university research at Brno University of Technology,
Faculty of Electrical Engineering and Communication, FEKT-S-20-6225.
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ON THE EXTREMUM CONTROL PROBLEM WITH
POINT OBSERVATION FOR A PARABOLIC EQUATION

ASTASHOVA 1.V.1, FILINOVSKIY A.V.2, LASHIN D.A.3
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We consider the mixed problem for parabolic equation:

ur = (a(z, t)ug)z + b(z, t)ug + h(z, t)u, (1)
(z,t) € Qr =(0,1) x (0,T), T >0,

U(Oat) = (P(t)a um(Lt) = w(t)a te (OvT)a (2)
u(x,0) =&(x), =€ (0,1). (3)

Here a, b and h are smooth functions in Qp, 0 < a1 < a(z,t) < as < oo,
o € Wi (0,T), v € Wa(0,T), & € L2(0,1). We study the extremum
control problem for the functional

T
I[z, p, ¢ =/0 (up(xo,t) — 2(t))°p(x)dt, @€ ®, z€Z, (4)

where u, € V;%(Qr) is a weak solution (see [4, 5, 6]) of the problem

(1) — (3) with the control function ¢. Here p(z) € Loo(0,T) is a weight

function, ess i(nfT)p(t) = p1 > 0. Let the functions z and p be fixed.
te(0

)

Consider the minimization problem

m[z, p, ®] = inf J[z, p, ¢]. (5)
ped
Theorem 1. Let w be a solution of the problem (1) — (3)
with nonnegative boundary and initial functions: ess i(nf )go > 0,
te(0,T

ess inf ¥ > 0, ess inf & > 0. Then the solution w is nonnegative
te(0,T) z€(0,1)
too:

ess inf wu>0.
($,t)6QT

Theorem 2. Leta; >0, by —h >0, (x,t) € Qp; b> 0,

(x,t) € [0,20] X [0,T], zg € (0,1]; b(1,t) < 0, t € [0,T]. Then for the
solution w of the problem (1) — (3) the inequality

0
lu(zo, )|l 0,r) < el 0,m) + . (a2ll¥ll Ly o) + 1€l Ly 0.1)) 5

holds.
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Theorem 3. Let xy and a, b, d satisfy the conditions of Theorem 2.
Then the following inequality holds:

TJlg,p, 2]\ "
lellzy 0.1) = max{o, 120 2, 0.1y — <[p1]>

Zo

— a—l (ag”l/JHLl(O,T) + Hf”Ll(O’l))}‘

Theorem 4. For any z € Lo(0,T) there exists a unique function ¢y € ®
such that

mlz, p, ®] = J[z, p, ¢ol.
Theorem 5. Let a, b, h do not depend on t and m[z,p,®] > 0. Then
wo € 00.

Theorem 6. Let a, b, h do not depend ont and ®;, j = 1,2 are bounded
convex closed sets in W21(0,T) such that ®9 C IntP; and
m[z, p, ®1] > 0.
Then
mlz, p, 1] < m|z, p, D2l

Definition 1. We call the problem (1) — (3), (5) exactly controllable
from the set ® to the set Z, if for any z € Z there exists ¢g € ¢ such
that

J[z, p, o] = 0. (6)
The exact control is the function ¢y € Wi (0,T) making the functional
to vanish (6).

Theorem 7. The set Z of all functions z € Ly(0,T) admitting exact
control, i. e. such that J[z,p,¢] = 0 for some p € WH(0,T) is a first
Baire category subset in La(0,T).

Definition 2. We call the problem (1) — (3), (5) densely controllable
from ® to Z, if for any z € Z we have

m[z, p, ®] = 0.
Theorem 8. Let a, b, h do not depend on t. Then the problem (1) —
(3), (5) densely controllable from W}(0,T) to L2(0,T).
Remark 1. We also obtain necessary conditions for an extremum in terms
of the conjugate boundary value problem.

The research was supported by RSF grant 20-11-20272.
21



References

[1] Astashova I. V., Filinovskiy A. V. On the dense controllability for the parabolic
problem with time-distributed functional, Tatra Mt. Math. Publ., 71, (2018), 9

— 25.

2| Astashova 1. V., Filinovskiy A. V. On properties of minimizers of a control
Yy
problem with time-distributed functional related to parabolic equations, Opuscula

Math., 39, (2019), 595 — 609.

[3] Astashova I. V., Lashin D. A., Filinovskiy A. V. Control with point observation
for a parabolic problem with convection, Trans. Moscow Math. Soc., 80 (2019),

221 - 234.

[4] Astashova I. V., Filinovskiy A. V. Controllability and Ezact Controllability in
a Problem of Heat Transfer with Convection and Time Distributed Functional,

J. Math. Sci., 244, (2020), 148 — 157.

[5] Astashova Irina, Filinovskiy Alexey, Lashin Dmitriy. On the estimates in various
spaces to the control function of the extremum problem for parabolic equation,
WSEAS Trans. on Appl. and Theor. Mech., 16 (2021), 187 — 192. DOLIL:

10.37394/232011.2021.16.21

[6] Ladyzhenskaya O. A. Boundary wvalue problems of mathematical physics,

Fizmatlit, Moscow, 1973 [in Russian].

!Lomonosov Moscow State University, Plekhanov Russian University of
Economics, Russia. Email: ast.diffiety@gmail.com

2Bauman Moscow State Technical University, Lomonosov Moscow State
University, Russia. Email: finv@yandex.ru

3SPC FITO, Russia. Email: dalashin@gmail.com

ON SPECTRA OF LAPLACIAN IN FICHERA-TYPE
DIRICHLET LAYERS

BAKHAREV F.L.

The main aim of the talk is to discuss the spectral problem for the

Dirichlet Laplacian
—Au(x) = Mu(z), z€ O; u(z) =0, z€00
in two domains O C R™:

1. “Corner layer”

?:{xER": min xj‘ <1}.
1<j<n
22
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2. “Cross layer”

2—{x€R : 1%1£n|xj|<1}. (3)
For n = 2 these domains are waveguides, and the problem (1) is

well studied, see, e.g., [1] and references therein. In both domains ©?

and ©3 the continuous spectrum of the problem (1) coincides with the
2 . . . 2

ray [%-,00), and there exists a unique eigenvalue s < 7, see [2], [1,

Proposition 1.2.2] for the two-dimensional corner, [3], [1, Proposition

1.5.2] for the two-dimensional cross, and also [4] for a more general

setting. Numerical calculations give \¢(©?) ~ 0.929 - %2, see, e.g., [6],
[1, Proposition 1.2.3], and \e(©3) = 0.66 - %2, see, e.g., [1, Proposition
1.5.2].

The case n = 3 was considered in [5] where the domain ©3 was named
the Fichera layer. For both domains O = @? (j = 1,2) it was proved
that the problem (1) has at most finite number of eigenvalues below
the continuous spectrum. However, the existence of an eigenvalue was
supported only by computation, without a theoretical proof.

We prove the existence of the discrete spectrum for the problem (1)
for O = ©} and O = ©F in any dimension n > 3. Then we apply the
obtained results to the so-called Brownian exit times problem in these
domains. For some classes of convex unbounded domains this problem is
well studied, see, e.g., [7, 8, 9, 10]. For ©2 and ©3 it was considered in
[11].

We note that the quantity of eigenvalues below the continuous
spectrum in O = OF and O = ©F for n > 3 is unknown. We conjecture
that similarly to the case n = 2 there exists a unique eigenvalue in
arbitrary dimension for both domains.

The results are mainly obtained in collaboration with Nazarov A.I and
Matveenko S.G. The research was partly supported by Russian Science
Foundation grant 17-11-01003.
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HOMOGENIZATION OF TRAJECTORY ATTRACTORS
FOR REACTION-DIFFUSION SYSTEMS IN
PERFORATED DOMAINS

BEKMAGANBETOV K.A.l!, CHECHKIN G.A.2, CHEPYZHOV V.V.3

We consider reaction-diffusion systems in perforated domains that
contain rapidly oscillating terms in the boundary conditions and in the
equations. In the problems under study, a small parameter € characterizes
the diameter of perforation holes and the oscillation rate of coefficients.
We do not assume any Lipschitz condition for the nonlinear functions in
the equations, so, the uniqueness theorem for the corresponding initial
boundary value problem may not hold for the considered reaction-
diffusion systems. We study the asymptotic behavior of trajectory

attractors of the considered inital-boundary value problem as ¢ — 0+.
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We apply homogenization methods and the the theory of trajectory
attractors.

The homogenization of attractors for reaction-diffusion equations was
studied by the authors in their recent works [1]-[3], where the reader can
also find an overview of the results, historical notes, and an extensive
bibliography. In particular, the cases of periodic perforated domains and
scalar reaction-diffusion equations were treated in [1] and [3].

Attractors describe the behavior of solutions to dissipative nonlinear
evolution equations as the time tends to infinity. Attractors show the
most important limit objects of the dynamical systems, that is, sets of
trajectories characterizing the entire dynamics of the model governed by
evolution equations.

The theory of trajectory attractors for dissipative partial differential
equations was developed in [4]. This approach is essentially useful in the
study of the long-time behavior of solutions to evolution equations for
which the uniqueness result for the corresponding Cauchy problems has
not been proved yet (for example, the 3D Navier-Stokes system) or fails
(for example, the reaction-diffusion equation considered in this report).

We prove that the trajectory attractor of the considered reaction-
diffusion system in a perforated domain converge as ¢ — 04, to the
trajectory attractor of the corresponding homogenized reaction-diffusion
system with an additional “strange term” (potential).

The first author is supported by the Committee of Science of the
Ministry of Education and Science of the Republic of Kazakhstan (grant
No. AP08855579). The work of the second author is partially supported
by the Russian Foundation for Basic Research (project No. 20-01-00469).
The work of the third author is partially supported by the Russian
Science Foundation (project no. 20-11-20272).
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ON THE FREDHOLMNESS OF THE DIRICHLET
PROBLEM FOR A SECOND-ORDER ELLIPTIC
EQUATION IN GRAND-SOBOLEYV SPACES

BILALOV B.T.!, SADIGOVA S.R.?

It is considered a second order elliptic equation with nonsmooth
coeflicients in grand-Sobolev classes Wq?) (©2) on a bounded n-dimensional
domain  C R"™ with a sufficiently smooth boundary 0f2, generated
by the norm of the grand-Lebesgue space Lg) (€2). These spaces are
non-separable and therefore the definition of a reasonable solution in
them faces certain difficulties. For this purpose, a subspace NqQ) (Q) is
distinguished in which infinitely differentiable and finite functions are
dense. The strict inclusion W2 (€2) C qu) () holds, where W2 (€) is
the classical Sobolev space. This raises specific questions dictated by the
theory of spaces VVq2 (), for example, the characterization of the space
of traces of functions from N;) (Q) cannot be characterized following
the classical case. In this paper, the corresponding theorems concerning
traces, extensions, and compactness of a family of functions from N (f) (Q)
are proved. These results are applied to obtain a Schauder-type estimate
up to the boundary. Schauder-type estimates make it possible to establish
the fredholmness of the Dirichlet problem for the considered equation
in spaces NqQ) (Q) with data from grand-Lebesgue type spaces that are
different from Lebesgue spaces. Therefore, the results of this work cannot
be directly obtained from the results of the L,-theory. This work is a
continuation of the research carried out by the authors in articles [1, 2J.

This work is supported by the Scientific and Technological Research
Council of Turkey (TUBITAK) with Azerbaijan National Academy
of Sciences (ANAS), Project Number: 19042020 and by the Science
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Development Foundation under the President of the Republic of
Azerbaijan — Grant No. EIF-BGM-4-RFTF1/2017- 21/02/1-M-19.
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SIMPLE ERGODIC PROPERTIES OF TORUS PIECEWISE
ISOMETRIES

BLANK M.L.

By now, we have learned reasonably well how to study hyperbolic
(locally expanding/contracting or both) chaotic dynamical systems,
thanks to a large extent to the development of the so called operator
approach. Contrary to this not much is known about piecewise
isometries, except for a special case of one-dimensional interval
exchange transformations (IET) and a few similar very exceptional
multidimensional systems. It is worth noting that IETs are fundamentally
different from the general situation in the clear presence of an invariant
measure (Lebesgue measure), which helps a lot in the analysis.

While the IET represent mainly pure theoretical constructions, the
general piecewise isometries appear naturally in various applications
like contemporary methods of machine learning, some piecewise smooth
physical models (in particular Fermi-Ulam models), etc. Indeed, local
translations of an IET disrupt its structure completely, while preserve
the class of general piecewise isometries. Note also that the maps from
this class in general are non-invertible, which adds possibilities for
applications for “real life” modeling, but also additional problems for
their analysis.

In general from a measure-theoretical point of view one of the

first steps in the analysis of a dynamical system is the study of
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its invariant measures. In some cases one can easily find a “good”
invariant measure (e.g., for IETS), or to prove its existence if the map,
defining the dynamical system, is continuous or satisfies some special
properties (e.g., piecewise expanding). For systems with singularities
(e.g., discontinuities) even the question about the existence of an
invariant measure might become a difficult problem. The class of
piecewise isometries represents an example of the latter sort. The point
is that the methods (e.g., operator approach or symbolic dynamics) well
established for other types of chaotic dynamical systems do not work in
this setting and one needs to look for new approaches.

Let X be a subset of the Euclidean space R4, d > 1 equipped with a
certain translationally invariant metric p(-, ), and let {X;} be a partition
of X into disjoint regions. By a region we mean a convex set with a
nonempty interior. The union of boundary points of all regions we denote
by I', which by definition is of zero d-dimensional Lebesgue measure.

A piecewise isometry (PWI) is a map T : X — X, satisfying the
property that its restriction to each region X; is an isometry. We will
refer to {X;} as a special partition, and to the maps T;|x, as local maps.

A restriction Tjx, is said to be an extendable isometry if it can be
extended to an isometry 7T; on the entire X such that Tj|x, = X,
Correspondingly a piecewise isometry T is said to be extendable if its
restriction to each region Xj; is an extendable isometry.

The main result of our study is the following theorem about extendable
torus piecewise isometries.

Theorem 1. Let T be an extendable PWI of the unit torus X with a
finite special partition {X;}. Then there exists at least one probabilistic
T-invariant measure pr. Additionally, if the boundary set I' contains no
periodic points, this measure is non-atomic.

The proof of this statement, as well as a number of related results may
be found in [1].
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ON UNIFORM CONVERGENCE FOR OPERATORS IN
DOMAINS FINELY PERFORATED ALONG A MANIFOLD
WITH NONLINEAR ROBIN CONDITION

BORISOV D.I.}, MUKHAMETRAKHIMOVA A.I.2

We consider a boundary value problem for a second order scalar
differential operator H, with variable coefficients in a multi-dimensional
domain €2, finely perforated by small holes distributed along a given
manifold S. This manifold is located inside a given domain 2. The sizes
of the holes and the distances between them are governed by a small
parameter €; the union of the holes is denoted 6°. The perforated domain
Q). is obtained from {2 by removing the holes 6°. The shapes of the holes
in 0% are arbitrary as well as their distribution along the manifold. The
equation we consider in €2, reads as

9 __
@ PPy -
Zaxz Ja +Z Jaxj D, i T AT Jue =1

1,j=1

for a given complex parameter A and a given function f € Ly(€.); the
differential expression (without ) is assumed to be formally symmetric.
On the external boundary of the domain we impose the Dirichlet
condition, while on the boundaries of remaining holes are subject to
a nonlinear Robin condition. We consider two main cases. In the first
case the sizes of the holes are of the same order as the distances between
them, while in the second case the sizes of the holes are much smaller
than the distances between them. We show that in the second case the
homogenized problem involves no boundary condition on the manifold
S, while in the first case the homogenized problem involves a nonlinear
d-interaction on S.

Apart of the classification of the homogenized problems, our main
result provides the estimates for the convergence rates and the main
feature is that these estimates are uniform in the right hand side f.

The research was supported by Russian Science Foundation, project
no. 20-11-19995.
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ON PERIODIC SOLUTIONS FOR A FIRST-ORDER
DIFFERENTIAL INCLUSION TYPE

BOUABSA A.!, SAIDI S.2

In this paper we are going to study the stability of arbitrary global
periodic solution to a class of perturbed differential inclusion. Our study
is mainly motivated by [1] and [5]. We study here the existence and
uniqueness result which is obtained on the entire R for a Lipschitz single
valued perturbation strongly monotone. We further prove that the unique
solution is periodic when the right-hand-side is periodic in time.
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EXISTENCE AND UNIQUENESS RESULTS FOR A
HEMATOPOIESIS MODEL WITH VARIABLE DELAYS
AND A NONLINEAR HARVESTING TERM

BOUAKKAZ A.!, KHEMIS R.?

In this work, we investigate the following model of hematopoiesis with
a time-varying delay and iterative terms:

z(t—71())
1+ Pl ()
30

2 () =—a(t)z(t) +p(t)

—h (t,:c(t),mm (t)) . ()



where 22 (t) = z (2 (), a,p, 7 € C(R, (0,00)) are T—periodic functions
and h : [0,7] x R? — (0,00) is a continuous harvesting function.

Here z () is the density of mature cells in blood circulation at time ¢,
a (t) is the rate of lost cells from the circulation, p(¢) is the production
rate and 7 (t) represents the transit time required to release mature cells
into the circulating bloodstream.

By using the Green’s functions method as well as Schauder’s fixed
point theorem, we derive some sufficient criteria that ensure the existence
and uniqueness of positive periodic solutions for equation (1).

For T > 0, let X be the Banach space of T'—periodic continuous functions
equipped with the supremum norm and

QZ{ZL’GPT, 0<x< M, |{L‘(t2)—l'(t1)|§L|t2—t1|, th,tQER},

is a closed convex and bounded subset of (2.
Throughout this work, we need the following assumptions:

h(t+T,x,y)=h(t,z,y), forall t,z,y € R, (2)
2
ki, ke >0 |h(t,z1,22) — h(t,y1,y2)] Z il — il s (3)
" (t =7 (1)
plt=7l)) _ 2]

PO mgy M (se0 P 0) >0 e @)
Furthermore, for Ho = supycp ) h (¢,0,0) and 8 = W
assume that t

T5 (Ho + (k1 + ko + [Ipl]) M) < M, ()
and
B2+T|all) (Ho+ (k1 + k2 + [Ipl}) M) < L. (6)

The conversion of equation (1) into an equivalent integral one, allows
us to define an integral operator A : ) — X as follows:

o= [ [p6 EETED (st )| 6 5y

where

exp ([ a (u) du) ‘
exp(ft du)—l
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G (t,s) =




Theorem 1. If conditions (2)—(6) hold, then equation (1) has at least
one positive periodic solution in 2.

Theorem 2. Besides the hypotheses of theorem 1, we suppose that
BT (lpll + k2 (1 + L) + k1) < 1. (7)

Then, the solution of equation (1) is unique.
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VIRTUAL LEVELS OF LINEAR OPERATORS IN
BANACH SPACES

BOUSSAID N.!, COMECH A.2

Virtual levels of Schrodinger operators (also known as threshold
resonances) admit several equivalent characterizations: (1) there are
corresponding wvirtual states from a space slightly larger than L?; (2) there
is no limiting absorption principle in the vicinity of a virtual level (e.g.
no weights such that the “sandwiched” resolvent is uniformly bounded);
(8) an arbitrarily small perturbation can produce an eigenvalue. We
develop a general approach to virtual levels of operators in Banach spaces
and provide applications to Schrodinger operators with nonselfadjoint
potentials and in any dimension, deriving optimal estimates on the trace
of the resolvent [1, 2|. In particular, we prove the following results.

Let A be a closed densely defined operator in the Banach space X.
Assume that E and F are Banach spaces such that E C X C F (as sets)
and that A has a closed densely defined extension A:F > F.
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Theorem 1 (Limiting absorption principle vs. virtual states). Assume
that £2 is an open connected subset of C such that 2No(A) = 0 and that
20 € 0(A) N AN. The following two statements are equivalent:

1. r € Ny is the smallest value such that there is a bounded finite rank
operator B : F — E such that the resolvent (A + B — z)~! has a limit
as z — 29, z € {2,

(A+B—20l)ggp = wlm (A+B-zl),zrp: E-F (1)

z—20,2€02

in the weak operator topology of mappings E — F.

2. Dimension of the space of solutions to the problem

~

(A — 20I)¥ =0, ¥ € Range ((A + B - ZOI>;371E,F) (2)

equals . Here B : F — E is any finite rank operator (or, more generally,
any A-compact operator) such that the limit (1) exists.

Definition 1 (Virtual levels). If the statements in Theorem 1 hold with
r = 0, we say that zy is a reqular point of the essential spectrum of A
relative to (2, E, F). If r > 1, we say that 2 is a virtual level of A of
rank r relative to (2, E, F). The solutions to the problem (2) are called
virtual states corresponding to virtual level zy (relative to (2, E, F)).

Theorem 2 (Virtual levels vs. bifurcations). Assume that (2 is an open
connected subset of C such that 2 No(A) =0 and that zg € o(A) N L.

(1) If there is a sequence of bounded operators V; : F — E, j € N, with
lim; o ||VjllF»E = 0, and a sequence of eigenvalues z; € oq(A+V;)N{2,
zj — 2o, then zy is not a reqular point of oess(A) relative to (12, E, F).

(2) Assume that zy is a virtual level of A of finite rank r > 1 relative
to (2,E,F), and moreover assume that there is a finite rank operator
B : F — E such that there is a limit s-lim (A + B — zI)~! in the

z—20,2€02

strong operator topology of mappings E — F. There is § > 0 such that
for any sequence z; € 2 NDs(2p), j €N, z; — 2z, there is a sequence of
finite rank operators

Vj :F— E, HV]HF*}E — 0, zj € Ud(A+ VJ), 7 €N.

Here is an application of the theory to the limiting absorption principle

of Schrédinger operators in R? near zg = 0 (previously unknown).
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Theorem 3. Let V € Ceomp(R?, C). There is a limit of (—A+V —zI)~1
as z — zp, z € C\ [0,400) in the weak operator topology of mappings
LA(R?) — L2 _,(R?), s, > 1 if and only if there is no solution
U € L>(R?) to the equation (—A +V — zI)¥ = 0.
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CONTINUAL MODEL OF HYPERCYCLE REPLICATION
BRATUS A.S.!, CHMEREVA 0.S.2

Continual model of hypercycle replication in a form of nonlinear integ-
ro—differential equation with delayed in space variable are considered.
The existence and uniqueness theorem together with non-negativity
solution are proved. Spatially nonhomogeneous steady state solution is
considered. It is proved the existence of closed trajectories for sufficiently
small diffusion coefficient. The results of computational modelling are
presented.

This investigations are supported by RFBI grant Ne20-04-60157.
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ON THE SOLVABILITY OF A THREE-POINT
BOUNDARY VALUE PROBLEM FOR LINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

BRAVYI E.I.
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We consider a boundary value problem

#(t) = (THx)(t) — (T-2)(t) + f(t), tel0,1], (1)
z(0) + z(1) = 2z(c), (2)

where ¢ € (0, 1) is a given point, T and T~ are linear positive operators,
acting from the space of real continuous functions C[0, 1] into the space
of real integrable functions L0, 1] with the standard norms, f € L0, 1]
(here positive operators map continuous non-negative functions into
non-negative integrable functions). An absolutely continuous function
x : [0,1] — R is called a solution of problem (1)-(2) if it satisfies
equation (1) for almost all ¢t € [0, 1] and satisfies three-point boundary
value condition (2).

If we put ¢ = 0 or ¢ = 1, then condition (2) coincides with the
periodic boundary value condition. Integral necessary and necessary
conditions for the unique solvability of the periodic boundary value
problem for equation (1) in terms of two quantities fol (TT1)(s)ds and

fol (T~1)(s)ds are known [1] (here 1 : [0, 1] — R is the unit function).

Various three-point boundary value problems are also considered for
functional differential equations (see, for example, [2, 3]). Similar integral
necessary and sufficient conditions for three point problems, in particular,
problem (1)—(2), as far as we know, have not yet been obtained. It
is natural to consider the conditions for the unique solvability of this
problem in terms of four parameters, namely, the integrals of 771 and
T~1 over intervals [0, c| and [c, 1]:

c 1
/ (T*1)(s)ds = Py, / (T*1)(s)ds = Pp, (3)
0 c

c 1
/ (T™1)(s)ds = My, / (T71)(s)ds = Mp. (4)
0 c

We are interested in the structure of the uniquely solvable set € R4,
that is, the set of all points (Pr, Pr, M1, M) for which any problem
(1)-(2) with positive linear operators T, T~ satisfying the equalities
(3)—(4) is uniquely solvable.

It is easy to construct the set of unique solvability for two zero
parameters My, = 0 and Pr = 0. This section of €2 plays an important

role in the construction of the entire solvability set.
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Theorem 1. Let My = 0 and Pr = 0. Let non-negative numbers Py,
Mpg, be given. Boundary value problem (1)—(2) is uniquely solvable for all
linear positive operators TV, T~ satisfying the equalities (3)—(4) if and
only if

P €(0,4), Mr =0,

2(1 - Mgr++1— Mg), Mg € (0,3/4),
0< P < Mpr/(2Mgp —1), Mg € [3/4,3/2),

(1 —MR—F\/W)/?, Mg € [3/2,4).

But in general case conditions of solvability (necessary and sufficient)
turn out to be rather complicated.

The work is performed as part of the State Task of the
Ministry of Education and Science of the Russian Federation (project
1.5336.2017/8.9).
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EXISTENCE AND UNIQUENESS RESULTS FOR A CLASS
OF ITERATIVE DIFFERENTIAL EQUATIONS WITH
INTEGRAL BOUNDARY CONDITIONS

CHOUAF S.!, KHEMIS R.?2, BOUAKKAZ A.3

This work is devoted to investigate the following nonlinear second-
order boundary problem with iterative terms:

a" (t) = —f (t,x (), 2B @) + Lg (t,z(t), 212 ()

+ g (b (t), o (1), 0<t<b, W
z(0) =0, afonx(s)ds::c(b) with n € (0,b), o € R*,
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where (2 (t) = z (z (t)) and f,g : [0,b] x R? — [0, +00) are continuous
functions with respect to the first variable and are globally Lipschitz-
continuous with respect to the other variables. By virtue of Schauder’s
fixed point theorem, we establish the existence of bounded solutions.
Moreover, under an additional condition, and by the help of the
contraction mapping principle, we prove the uniqueness and continuous
dependence of the sought solution. For n € (0,b), let

n
CBrni = {x € C([0,b],R) : 2 (0) = 0, a/ 2 (s)ds =z (b), a ER*,},
0
endowed with the supremum norm, be a Banach space and
for0< L<band M >0, let
. 7€ CB, 0<a <L,
|:E(t2)—£l7(t1)| §M|t2—t1|, th,tge[(),b} ’
a closed convex and bounded subset of CBy;.
Moreover, we assume that
3 4 3p2 b (20 242 4) — an?
bC(aM +3b 1>+ (2b+ an? + 2an + 4) Omwg

=b
312b — an?| T3 |2b — an?|

C(3b2+773‘0<|) w(4b+2a+2amn)
( 3|2b—an?| ;_Cb + i7|12b—a?72\ ) < M, (3)
tho + X1 ki 2250 M

where p = sup |f(s,0,0)] and ¢ = p+LZ?:1 ci Z;;B M7,
s€[0,b]

Theorem 1. Suppose that conditions (2) and (3) hold. Then problem
(1) has at least one positive bounded solution x in T

For ¢ = 1,2, let ¢; and k; be the Lipschitz constants for f and g
respectively.

Theorem 2. Under hypotheses of Theorem 1, assume further that
3v24ajn® | 1 2 j=i—1 3 rj
<b (3|2b'3n"2| + 2b> i1 Ci Z;:E Mj)

b(2b+a772+2a77+4>—oc772 2 j=i—1 . (4)
+ S kidSZe M) <1,

[2b—an?|
then problem (1) has a unique solution in T.

Theorem 3. Suppose that the conditions of Theorem 2 hold. The unique

solution of (1) depends continuously on functions f and g.
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OPTIMAL CYCLIC DYNAMIC OF DISTRIBUTED
POPULATION UNDER PERMANENT AND IMPULSE
HARVESTING

DAVYDOV A.A.', VINNIKOV E.V.2

We consider on n-dimensional torus a distributed renewable resource,
the dynamic of which is described by equation of Kolmogorov-Piskunov-
Petrovsky-Fisher type in the divergent form

pr = (a(@)pe)s + alx)p — b(z)p?, (1)
where p = p(z,t) is the density of the resource at the point x at time ¢,
functions «, a and b characterize the diffusion of the resource, the rates
of its renewal and saturation of the environment with it, respectively. It
is assumed that the last two functions are measurable and bounded. In
addition, it is assumed that the saturation rate b is positive and separated
from zero by some positive constant, the matrix « is positive definite,
and its elements have derivatives satisfying the Holder condition with

some positive exponent. Such conditions are imposed on the saturation
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and diffusion rates in the paper [1], some of the results from which are
used in our studies.

The resource is exploited in two modes simultaneously. The first one
is permanent harvesting of a part of current density of the resource,
that adds to equation (1) the term —u(z)p to its right hand side. A
measurable function u characterizes this harvesting, it is considered as
control and satisfies condition Uy < u < Us everywhere on the torus
with some measurable bounded functions U; and Us. Such a control is
called admissible. The second is a periodic impulse harvesting of a share
of the resource. In this mode, the available effort E to harvest or a
part of this effort is distributed over the torus with a measurable effort
density r = r(x), which everywhere on the torus satisfies the constraints
R, < r < Ry with some nonnegative bounded measurable functions
Ry, Re, R1 # Rs. Such effort density is also called admissible. Admissible
efforts exist iff | Ri(z)dx < E. It is assumed that this condition is

’]I‘n

fulfilled. Besides we account the effect of both the difficulty of resource
detecting or extracting, depending on both the point of the resource
area and the effort density applied at this point, namely, the harvest
proportion is defined as

| — e—@r(@)

)

where a nonnegative continuous (or measurable) function v reflects this
complexity.

The evolution of the resource density between subsequent impulse
harvesting is defined by the solution of the Cauchy problem for the
studied equation (1) with the additional term —u(x)p in righthand side
and the initial data that are the resource density after the impulse
harvesting.

We prove that if [ Ri(z)dr < E then there exists admissible

Tﬂ

harvesting strategy {u, r}, which provide maximum time averaged
income over all admissible strategies, if the initial resource density is
no less its limit density without any harvesting.

This research continues the studies in [2|, [3]|, [4], but it differs
from them in the mode of harvesting, which is mixed here, and, as a
consequence, in the formulation of the optimization problem, although
the basic ideas of the proofs are from these works.

The research was supported by RSF grant 19-11-00223.
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STABILITY IN METRICS C° C! AND ABSOLUTE
STABILITY OF NEUTRAL SYSTEMS WITH
NONLINEARITY OF LURIE TYPE

DIBLIK J.

In the talk we consider absolute stability of a system of nonlinear
differential equations of neutral type

#(t) = Az(t) + Bx(t — 7) + Dz(t — 7) + bf (o(t)), t=0 (1)

where = (x1,...,2,)7: [-7,00) — R", A, B and D are n x n
constant matrices, b is an n-dimensional column constant vector, 7 > 0
is a constant delay, f: R — R, f(0) = 0, is a Lurie-type nonlinear
function satisfying Lipschitz condition, o(t) := ¢ z(t) and ¢ is a column
n-dimensional constant vector where the superscript T' denotes the
transpose.

The exponential C¥ stability of (1) is studied. Its proof is carried
out by the Lyapunov-Krasovskii method of functionals. Then, the
exponential C! stability of (1) is studied and final result on absolute
stability of (1) is formulated. The results are illustrated by an example.
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VERSION OF FLOQUET THEORY FOR DELAY
DIFFERENTIAL EQUATIONS

DOMOSHNITSKY A.

We propose a version of the Floquet theory for first order functional
differential equation

m

2(t)+ Y aj(t)a(t—7i(t) =0, t € [0,00), (1)

j=1
assuming that a;(t) = a;(t + w), 7;(t) = 7t + w), t — 75(t) > 0,
o m
[ > a;j(t)dt = oo for j = 1,..,m, t > 0. The Floquet formula of
0 j=1
solutions’ presentation is proposed. On this basis new assertions on
stability are obtained.
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HOMOGENIZATION OF NONSTATIONARY PERIODIC
EQUATIONS AT THE EDGE OF A SPECTRAL GAP

DORODNYI M.A.

In Ls(R), we consider a second-order elliptic differential operator A,
€ > 0, given by the differential expression

A, = —%g(m/e)% + 72V (x/e). (1)

Here g is a measurable function such that 0 < ap < g(z) < a1 < oo,
glx+1)=g(x),z e R, and V € L;(0,1), V(z +1) = V(z), z € R. We
assume that infspec A =0, A := A;.

It is well known that homogenization for operator (1) is a threshold
effect near the edge of its spectrum. The spectrum of operator (1) has
a band structure and may have gaps. Does it make sense to associate
analogs of homogenization problems with the edges of internal gaps?
We study this issue for a nonstationary Schrodinger equation and a

hyperbolic equation involving the operator A..
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Let o > 0 be a (non-degenerate) left edge of a band with odd number
s in the spectrum of the operator A. Let f,g € La(R). Consider the
Cauchy problems

igue(x,t) = (Acue)(z, 1),

ot (2)
Us(x70) = (Tef)(x)a
82
@vg(x, t) = —(Acv)(x,t) + e 2ove(x, 1), (3)
ve(w,0) = (T f) (@), (Orve)(x,0) = (Teg)(2),
where
(Tef)@) = Cr) 2 [ @D gy (ofeching, (0 d.

j=s

Here {eik"’: iz, k) ;";  are the Bloch waves corresponding to the spectral
bands of the operator A with numbers j > s,

Qj = (—jm,—(j — D] U((j — V)m,jr], jEN,

are the Brillouin zones, and (®f)(k) is the Fourier image of a function
f(z). We prove the following estimates

e (-, t) — €7 0o (-Je)ua (-, )l oy < O+ [HY2)el £l a2y @
f e H*(R),
[ve(,t) = o (-/E)vo (-, )| Ly (r)
< CO+H el fll ooy + M9llmrzm),  (5)
feH2R), ge H*R),

where ug and vg are the solutions of the effective problems

. 8 om 82 om

Z&’U,()(IL’,t) = (Ag uo)(x, t), @UO(xat) = _(Ag vo)(@, 1),

uo(x,O) = f(l‘), Uo(x,O) = f($)7 (8tv0)(x70) = g(x),
Ahom — —bg%, bs > 0 is the coefficient in the asymptotics of the band

function E(k) = Es(k): E(k) ~ 0+ bsk?, k ~ 0; and ¢, (7) = ps(x,0) is
the periodic solution of the equation Ay, = op,, normalized in Ly(0,1).
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These results are sharp with respect to the norm type as well as with
respect to the dependence on t. The other edges of the spectral gaps have
also been studied. The results are published in [1].

This research was supported by Young Russian Mathematics award
and Ministry of Science and Higher Education of the Russian Federation,
agreement Ne(075-15-2019-1619.
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DELTA-SHAPED PERTURBATIONS OF THE
LAPLACE-BELTRAMI OPERATOR ON A
TWO-DIMENSIONAL SPHERE

DOSMAGULOVA K.!, KANGUZHIN B.E.?

In a Hilbert space H with scalar product (-, -) and norm || -||o consider
a closed linear operator B with domain D(B) dense in H. We assume
that

KerB # {0}, Ran(B) = HanddimKer(B) = m < o0.

We define an additional norm || - ||; on the domain D(B) and denote
the closure by D(B) this norm by W. We assume that the additional
norm || - ||; is stronger than the norm | - ||p, that is Vo € D(B) C H
the inequality ||z|lo0 < CJ/z||1 holds. It is clear that the embedding
W C H has been completed. In the dual space W* we choose a system
m of linearly independent functionals Us, ..., Up,. Then there is a unique
system of elements {¢1, ..., 2} from Ker(B), subject to the conditions

(Ut; ()07“> =0z, 1,2 =1,2,...,m

where (Uy; pr) means the value of the functional U on the element ¢,
and d¢, is a Kronecker symbol.
Let Ag is an invertible restriction of the operator B. The operator A,

is defined by the formula Au = Bu on the domain
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D(A)Z{u€D( )iu=Ag'f - ths- s )VfGH}
Theorem 1. Operator A is an invertible operator, and

A=A s Us (A1) VS € H.

s=1

Moreover, for the resolvents (A — XI)~! and (Ao — M)~! the second
generalized Hilbert identity is valid:

A =AD" = (Ao = ADTH = > AN =MD oUs((Ag = ADT')
s=1
Note that the inequality D(A) # D(Ap) can hold.

The Laplace-Beltrami operator is considered on the two-dimensional

unit sphere: Ag2® = — [51529 Gpz — Ct 9%? %;g} , which plays the role

of the operator Ag. The eigenvalues of the operator Ay have the form
A = l(l + 1), where [ > 0 are integers. Each eigenvalue )\; has a
multiplicity 2] + 1. They correspond to their eigenfunctions
$m P (cosf)cosmep,m =0, ...,1
! { B‘m‘(cose)simm]go,m =-1,-2...,—L
Green’s function of the operator Ag has the form

-l

el 00, 5) = ZHH Z " (2, 0)Y)" (@, ).

The indicated Green’s function satlsﬁes the representation

(p:850,0) :
€ Y ; a? = *
4 V/2(1 — sinasing — cosacospcos(0 — B)

Let choose as ®y(¢,0) = (o, 0, ¢o,00),

®1(,0) = 35e(4,0, b0, 00),

®2(0,0) = 5:¢(6,0, b, 00), where (¢, 0)

is a fixed point. Further, according to the above scheme, a biorthogonal

system of functionals Uy, U;,Us is constructed. Then, according to

Theorem 1, the invertible operator A is written out. The operator A can
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be interpreted as a delta-shaped perturbation of the Laplace-Beltrami
operator on a two-dimensional sphere.

This work was financially supported by the Science Committee of the
Ministry of Education and Science of the Republic of Kazakhstan (Grant
No. AP08855402, IMMM).
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ON THE ASYMPTOTICAL NORMALITY FOR THE
SYSTEM “FIELD-CRYSTAL”

DUDNIKOVA T.V.

The talk is devoted to study of the long-time behavior of distributions
of solutions for infinite-dimensional Hamiltonian systems. As a model,
we consider a linear Hamiltonian system consisting of a real scalar Klein—
Gordon field 9(z) and its momentum (), z € RY, coupled to a “simple”
lattice described by the deviations u(k) € R™ of “atoms” and their
velocities v(k) € R™, k € Z% d,n > 1. The Hamiltonian functional
of the coupled field—crystal system reads

H(b.u,m0) = 5 [ (6@ +milp@) + (@) do

R4
d
23 (T Itk + ) — u? + b + o))
kezd j=1

+> /R(w — k) - u(k)p(z) da.

kGZde

Here mg, vy > 0, the coupled function R(z) is an R™-valued smooth
function, exponentially decreasing at infinity. This system can be
considered as the description of the motion of electrons (so-called Bloch
electrons) in the periodic medium which is generated by the ionic cores.

For the coupled system, we study the Cauchy problem with the initial
data Yy = (v, uo, 70, vo). We assume that the initial data Yy belong to

the real phase space &.
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Definition 1. £ := HLT(RY) @ [(2(ZD)]" @ HE(RY) @ [(2(Z)]", where
HE(RY) are the weighed Sobolev spaces, s, € R.

Assume that the initial state Yo(p) (p € RY U Z9) of the system
is a measurable random function with the distribution . The initial
measure /o is a Borel probability measure in £2 which is translation-
invariant with respect to the subgroup Z¢ in two half-spaces p; > a
and p; < —a with some a > 0. Given ¢ € R, denote by
the probability measure that gives the distribution of the solution
Y(t) = (¢, t),ul-t),7(-,t),v(-,t)) to the Cauchy problem with the
random initial state Yp. We study the asymptotics of u; as t — +oo.
The main result is the following theorem.

Theorem 1. The measures p; weakly converge to a limiting measure oo
as t — oo in the spaces 55 for any s <0 and B < a < —d/2. Moreover,
the measure o 1S a Stationary Gaussian measure which is translation-
invariant with respect to the group Z. The explicit formulas for limiting
correlation functions are given.

We prove the weak convergence of the measures by using the strategy
of [6]. In the case when the initial measure pg is translation-invariant
with respect to the subgroup Z¢, Theorem 1 was proved in [2]. Also,
we consider the case when the measure po is a Gaussian measure in
&S, with s, < —d/2, and initially some infinite “parts” of the system
have Gibbs distributions with different temperatures. In this case, we
calculate the limiting mean energy current density in the terms of the
correlation functions of . The similar results were obtained for the
harmonic crystals in [1, 4] and for the Klein—Gordon fields in [3, 5].
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CONSERVATION OF THE INTEGRABILITY PROPERTY
OF C!'-SMOOTH MAPS OBTAINED BY SMALL
PERTURBATIONS OF SKEW PRODUCTS

EFREMOVA L.S.

Let J, J' be closed intervals in the real line, and J? = J x J’ be a
closed rectangle in the plain. In the recent papers [1|-[3] maps of the
form

®(z, y) = (f(z) + (@, ), 9:(y)), where (z,y) € J?, (1)

were considered under the following conditions:

(ig) maps (1) are C'-smooth on J?;

(iip) ®(0J?) C 8J?, where O(-) is the boundary of a set;

(i,) the equality u(z, y) = 0 holds for every (z, y) € J%;

(if) f is Q-stable in the space of C'-smooth self-maps of the interval .J
with the invariant boundary;

(ii,) the standard Cl-norm of p satisfies some conditions of smallness
that is connected with the previous condition (if).

We prove the existence of the invariant lamination and the
integrability property of the map (1) on the support of this lamination.
We study the periodic trajectories of maps (1) and construct new
examples.
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ON ODD-ORDER QUASILINEAR EVOLUTION
EQUATIONS WITH GENERAL NONLINEARITY

FAMINSKII A.V.
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On an interval (0,R) for an arbitrary R > 0 consider an initial-
boundary value problem for an equation

up — (—1)N (02 + ag 0% u)
l_l . . . .
- Z(—I)JQJC lazj41(t, )05 u + ag;(t, x)0%u)
j:()

+Z Do [gi(t, z,u, ..., 05 )] = f(t,z), €N,

with an initial condition
(0, z) = up(z)
and boundary conditions
du(t,0) = du(t,R) =0, j=0,...,1—1, dLu(t,R) =v(t).

Equations of such a type are the class of quasilinear evolution
dispersive equations describing wave processes in various media.

It is assumed that ag; < 0, the coefficients a; for j < 2l —1 are small in
some sense or have appropriate signs, the functions gx (¢, x, yo, ..., yi—1)
satisfy certain growth restrictions with respect to y;. Then for small
functions uy € La(0, R), v € La(0,400) and f € La((0,+00) x (0, R))
there exists a unique weak solution to the considered problem u(¢, x) such
that u € C([0,T]; L2(0, R)), OLu € Lo((0,T) x (0, R)) VT > 0. Moreover,
if v and f decay exponentially when ¢ — +o0o then the solution also
decays exponentially in Lo(0, R).

The obtained results can be applied for the Kaup-Kupersmidt
equation (for example)

2 3
Ut — Ugzzre + bua:xx + AUy + ciu Ugzx + CoUUL Ugy + C3U, + C4uuaxa;x+
2
+ CrUzpUzr + CeU UL + Crut, = 0,

for which there is no global a priori estimate for solutions in the space
Ly (0, R) without assumptions on their certain smallness.

The results were published in paper [1].

The author was supported by the Ministry of Science and Higher
Education of the Russian Federation: agreement no. 075-03-2020-223/3
(FSSF-2020-0018).
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FREE BOUNDARY PROBLEM OF
MAGNETOHYDRODYNAMICS FOR TWO LIQUIDS

FROLOVA E.V.

We consider the free boundary problem of magnetohydrodynamics,
which describes the motion of two viscous incompressible liquids under
the action of magnetic field. The interface between the liquids is
unknown. Let the bounded variable domain §21; is filled by the first
liquid. The domain €4 is surrounded by the bounded variable domain
Qoq, filled by the second liquid. The boundary of €9; consists of two
disjoint components: the free surface I';y and the external given boundary
S which is a perfectly conducting closed surface. We assume that both
I'p and S are homeomorphic to a sphere, dist{I'g,S} > ¢ > 0.

We assume that the initial position of the free boundary I'y is a small
normal perturbation of the given smooth closed surface G

Fo={z=y+N(ypo(y), yeCl,
where N(y) is the external normal to the surface G, py is a given function,
lpo| < % We are looking for the free boundary in the similar form

I'y={z=y+N(yp(y.t), yeq},
where the function p(y,t) is unknown, and use the Hanzawa coordinate
transform to reduce the MHD free boundary problem to the problem
in a domain with a given boundary. We obtain the solvability result
for the corresponding linear two-phase problem for the magnetic field
[1] and prove the local solvability of the free boundary MHD problem in

Sobolev-Slobedetskii spaces W22 A/ 2, 1/2 <1 < 1 in the 3-dimentional
case.

Then, we consider the free boundary MHD problem in the multi-
dimentional case. The maximal L, — L, regularity result for the linearised
two-phase problem for the magnetic field is obtained in [2]. This part of
the talk is based on the joint work with Prof. Y. Shibata.
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NONLINEAR BOUNDARY-VALUE PROBLEMS
FOR HEAT-ELECTRICITY EQUATIONS

GALKIN V.A.

The process of direct transformation of heat energy to electricity
is considered. The effect is based on electrons generation on heated
emitters in chain of elements (EGE) which are connected in series. The
mathematical model of above mentioned phenomenon is based on system
of nonlinear boundary-value problems for equations

u (z) + f(zu(@) =0, 0<az<l

The dependence of function f on argument u is non-linear due to
Stephan-Boltzmann radiation law for heated bodies and is of polynomial
form. Similarly behavior of f is produced by non-linearity of electric
characteristics for EGE.

The justification of effective numerical methods are described for
above mentioned problems and regularization is applied to the boundary-
value problem with Stephan-Boltzmann heat non-linearity.

The symbols V., Vi are used as notification for potentials of emitter
and collector respectively. The index ¢ points out the relation of value
under consideration to ¢— th EGE in chain which consists of n elements.

The system of equations for the potentials is written below

‘/;”e + Biej(Vie— Vi) =0, (1)

Vi + Bini(Vie = Vig) =0,  0; <z < h,
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where ., Ok are positive constants and j is current density. The following

boundary conditions hold

1 1
_’y -

ﬁkz Z ﬂks ﬂe,s
1 1
—u;(0;) + —u

Br.i i(0) Besi "

where positive constant -y is deﬁned as

1
’y_[R(Be,n Bkn +Zh

=1

(2)

The boundary-value problem (1), (2) is solved by the regularization
method. It is supposed that current density has bounded negative

derivative such that

aj

—A<
A@u

< =4,

where A and § are positive constants. Suppose the value k£ > A. Let us

consider the functional space

H:{U}, U:(Ul,UQ,,Un}, ulEWQI[Oz,hZ], 1§’L§TL

The norm on Hilbert space H is defined as following

n M
Jull? =Y [ r? + (2 o 15
i=1¢,
The operator P: H — H is defined by relations
u = P(v),

u; — k(u; —v;) + (Beyi + Bri)ji(us,x) =0, 0; <z < h, 1 <i <,

1
IBkZ VZ ﬂ k,s EUS(OS)%
Bi,u;(oi) + [;u;<hi> —0,

Theorem 1. Operator P has unique fized point and boundary-value
problem (1), (2) has an unique solution when reqularization applied to

the Stephan-Boltzmann law.
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BLOW-UP FOR SEMILINEAR PARABOLIC EQUATION
WITH NONLINEAR MEMORY CONDITION AND
VARIABLES COEFFICIENTS

GLADKOV A.

We investigate the global solvability and blow-up in finite time for
semilinear heat equation with a nonlinear memory boundary condition:

up = Au+ c(t)u? for v € Q, t>0, (1)
t
Ou(z,t) = k(t)/ ul(z,7)dr for x € 9Q, t >0, (2)
ov 0
u(z,0) = ug(z) for x € Q, (3)

where € is a bounded domain in R™ for n > 1 with smooth boundary
08, v is unit outward normal on 992, p > 0 and ¢ > 0. Here ¢(t) and k(t)
are nonnegative continuous functions for ¢ > 0. The initial datum wug(x)
is a nonnegative C''(Q) function which satisfies the boundary condition
at t = 0.

We prove global existence of solutions of (1)—(3).

Theorem 1. If max(p,q) < 1, then every solution of (1)—(3) is global.

If max(p,q) > 1 solutions of (1)-(3) may tend to infinity for finite
time.

Theorem 2. There are not nontrivial global solutions of (1)—(3) if

p>1 and /ooc(t)dt:oo
or ’
¢>1, k() > k(t) >0 and /ootk(t) dt = 0o
and at least one of the following conditionsois fulfilled
k(t) < t% for large values of t, ¢ > 0,

or

t179k(t) is nonincreasing for large values of t.
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Let min(p,q) > 1. To formulate global existence result for problem
(1)—(3) we suppose that

/ (c(t) + th(t)) dt < 00 (@)
0
and there exist positive constants «, tg and K such that a > ¢ty and
toTk(T)
dr < K for t > «. (5)
t—tg V t—T71

Theorem 3. Let min(p,q) > 1 and (4), (5) hold. Then problem (1)—(3)
has bounded global solutions for small initial data.

Similar results we obtain for the case p =1,¢q¢ > 1.
The results of the talk have been published in [1].
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ON THE WENTZELL CONDITION FOR ONE
EVOLUTION EQUATION

GONCHAROV N.S.1!, ZAGREBINA S.A.2, SVIRIDIUK G.A.3
Let Q@ C R", n € N\ {1}, be a bounded connected domain with the

boundary 92 of the class C*. In cylinder Q7 = Q x (0,7), T € Ry, let
us consider the linear Dzekzer equation

A — A)uy(z,t) = apAu(z,t) — BoA?u(x,t)—

—’}/U(IL‘,t) + f(ZE,t), (:Ea t) € QT-
which modeling the evolution of the free surface of the filtered liquid
[1]. In particular, the authors are interested in the solutions, which must
satisfy both to Wentzell boundary conditions

(1)

Au(x,t) + ang($7t) + fru(z,t) =0, (z,t) € 02 x (0,T7), (2)
and to Roben boundary conditions
anz(x’t) + Bou(z,t) =0, (x,t) € 02 x (0,T), (3)
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as well as the initial Cauchy condition
tgrél+(u(x,t) —up(z)) =0, z €. (4)

Here A € R, ag, Bk, 7 € Ry, k = 0,1 are real parameters characterizing
the medium; the function f(z,t) corresponds to liquid sources, v = v(x)
is a external unit normal to 9€). In this report the authors, taking into
account the use of methods of the theory of degenerate holomorphic
semigroups, construct exact solutions for the linear Dzekzer equation
with Wentzel and Roben boundary conditions. In particular, for suitable
spaces 4 and § the following theorem is proved.

Theorem 1. Let A € o(A) and the coefficients (ag,7) € R? and B € Ry
are such, that no eigenvalue A\ € o(A) is the root of the equation
Bos? — ao€ + = 0. Then for any f € C'((0,7);3%) N C°([0,7]; ")
and ug € U such that

Z<UO,<pk>gok = Z (£(0), pr)ger

ISV
= AszOéo)\ BoA? — v

there exists the unique solution u € C1((0,7);4) N CY([0, 7];4h) to Ca-
uchy—Wentzell problems (1)-(4), where the solution uw = u(t) has the
following form

_ tuk SOk TPk
= e (ug, Pr)gPr + +
0=y ot T A EREE
!
1 o0 u(t—s)
L e /ds/ ‘Pk>&'90kdu7
2mi =

=1

where the dash at the sign of the sum means that there are no summands
with numbers k such that X\ = \.

The research was partially funded by RFBR and Chelyabinsk Region,
project number 20-41-740010.
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FOURIER TRANSFORMS WITH NON-TRIVIAL KERNEL
AND INVERSION THEOREMS

GORSHKOV A.V.

Usualy Fourier transform F' can be associated with some operator
A with the full set of generalised eigen functions. It lead to inversion
formulas for F~! as well as Plancherel equity. But if A has the non-
zero kernel, then the system of generalised eigen functions should
be complemented by ordinary eigen functions {ex} associated with
eigenvalue A = 0 for which Plancherel-Parseval equity like

A1 = IELAIP + Y (f en)?
k

holds.
We study Weber-Orr transform in the space of square-integrable
functions Ly(rg, 00; r) with infinitesimal element 7 d r:

Wi kx1[f / Ay i Yk(/\S)Jkﬂ(MO)f(S)sds,
\/Jk:tl Aro) + Vi (Aro)
Wipa [fl(r) = /0 = Jer)Yie1(Aro) = YelAr) Je1 (M) 55 4,

\/Jlgztl()‘ro) + Y2, (Aro)

where rg > 0, k € R, Jg(r), Yi(r) are the Bessel functions of the first
and second kind respectively.

Lemma 1. For k > 1 function 1/r* € ker(Wyx_1), and for k < —1
b€ ker(Wi k1)
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Theorem 1. Let f(r)\/r € Li(rg,00) N La(rg,00), ro > 0, k € R. Then
the Weber-Orr transforms satisfy almost everywhere

f(T’) = Wk_,]i—l [Wk,k—l[f]] (7’), k<1,

_ 2(k=1)  ,oo
Fr) =Wy Wiralf]] (r) + Ml),f“/ sTRHLf(s)ds, k> 1,

r 0

Fo) =Wk Wegpalfl] (r), k> -1,

k 00
f(r)= Wk:IiH W k1 [f1] () — W/ sFHf(s)ds, k < —1.

g
and the following Plancherel-Parseval equity holds:
11200 00y = IWh k1 [F11Z5 0,000 % < 1

1175 0,000 = IWhk-1 L1117 5 0,000m)
+2(k — 1)r§(k_1) (f, 1/7”’“)

Hf”%g(ro,oo;r) = ‘|Wk7k+1[f}”%2(0700;7')7k > —1,

2
k>1,

La(ro,00m)

I712(0.00ir) = Wik 11z 0.0
2(k + 1) k)2
G k< —1.
T(z)(kﬂ) (f )Lg(?”o,oo;?")
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VANISHING TOPOLOGY OF MATRIX SINGULARITIES
GORYUNOV V.V.

We are considering local singularities of holomorphic families of
arbitrary square, symmetric and skew-symmetric matrices, that is, of
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mappings of smooth manifolds to the matrix spaces. Our main object
is the vanishing topology of the pre-images of the hypersurface A of all
degenerate matrices in assumption that the dimension of the source is at
least the codimension of the singular locus of A in the ambient space.

We will notice that the complex link of A is homotopic to a sphere of
the middle dimension and give a geometric interpretation of such spheres.
This will allow us to introduce vanishing cycles on the singular Milnor
fibre of a matrix family, that is, on the local inverse image of A under
a generic perturbation of the family. According to Lé and Siersma, such
a fibre is a wedge of middle-dimensional spheres. It turns out that in
some important cases, which include all simple matrix singularities, the
number pa of the spheres in the wedge is equal to the relevant Tjurina
number 7 of the family. This allows to formulate a general puan = 7
conjecture for matrix singularities.

I will also introduce two kinds of bifurcation diagrams of matrix
singularities. For simple matrix families, there is a version of the Lyashko-
Looijenga theorem for the larger diagrams, while the smaller ones are the
discriminants of the Weyl and Shephard-Todd groups.

The talk is mainly based on the paper [1].
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IDENTIFYING, MODELLING AND NUMERICAL
ANALYSIS OF THE OPERATION OF ASYNCHRONOUS
MOTOR

GOURI N.!, MIHOUB M. L.2, BENDJAMA H.3

In this talk, we study the steady-state operation of motor-converter
system. However, difficulties arise during the operation of this system.
These difficulties present discontinuities on time. In order to avoid this
problem we will try in our study to investigate in numerical analysis,
applying mathematical techniques in differential equations which model
the operation of the system. We aim in this work to optimize the

functioning of the system and its efficiency.
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CONFORMAL INVARIANCE OF THE STATISTICS OF
THE ZERO-ISOLINES OF 2d SCALAR FIELDS IN
INVERSE TURBULENT CASCADES

GREBENEV V.N.!, WACLAWCZYK M.2, OBERLACK M.?3

This study concerns conformal invariance of certain statistics in 2d
turbulence. Namely, there exists numerical evidence by Bernard et al.
[Nature Phys. 2, 2006], that the zero-vorticity isolines x(I,t) for the 2d
Euler equation with an external force and a uniform friction belong
to the class of conformally invariant random curves. Based on this
evidence, the CG invariance was formally proven in [Grebenev et al.
J. Phys. A: Math. Theor, 50, 2017| by a Lie group analysis for the
1-point probability density function (PDF) governed by the inviscid
Lundgren-Monin-Novikov (LMN) equations for 2d vorticity fields under
the zero external force field. In this work we consider the first equation
from the LMN chain for 2d scalar fields under Gaussian white-in-time
forcing and large-scale friction. With this, the flow can be kept in a
statistically steady state and the analysis is performed for the stationary
LMN. Specifically, for the inviscid case we prove the CG invariance of

the 1-point statistics of the zero-isolines x(I) of a scalar field, i.e. the
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CG invariance of the probability fi(x(l),®)d¢ that a random curve
x(l) passes through the point x with ¢ = 0 for | = ;. We show
an example, where the proposed transformations represent a change
between PDF’s describing homogenoeus and non-homogeneous fields.
Possible implications of this result are discussed. The results presented
are published in Phys. Rev. Fluids 6, 084610 (2021).
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LANDIS’ PROOF OF HARNACK INEQUALITIES
GRIGOR'YAN A.A.

We present the approach of E.M. Landis to the proof of the uniform
Harnack inequality for second order elliptic equations both in divergence
form (theorem of Moser [6]) and in non-divergence form (theorem of
Krylov-Safonov [4]). Different parts of this method were published in [3]
and [5].

This approach has been recently used in [1| and [2] in order to prove
the Harnack inequality in the setting of Dirichlet forms on fractal-type
spaces.

The research was supported by SFB1283 of the German Research
Council.
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ON GRADIENT-LIKE FLOWS WITHOUT
HETEROCLINIC INTERSECTION

GUREVICH E.Y.

We will say that gradient-like flow f! belongs to a class G(M™), where
M™ is connected closed oriented manifold of dimension n > 3, if:
(a) Morse index (dimension of unstable manifold) of any saddle
equilibrium state of the flow f! equals either 1 or n — 1;
(b) invariant manifolds of different saddle equilibria do not intersect.

Denote by vy and pye the numbers of saddle and node equilibria of
the flow f! € G(M") and set

gft = (I/ft — /,Lft + 2)/2
Everywhere below S7' stands for manifold which homeomorphic either
to the sphere S™ if g = 0 or to connected sum of g > 0 copies of S*~! x S!.

Theorem 1. Let f' € G(M™), n > 2. Then M™ is homeomorphic to
S;Lft.

For n = 2 Theorem 1 immediately follows from [5] and for n > 3 it
follows from [1], [2].

Theorem 2 below states that for manifolds S}

: . L. 'R n = 4, the condition
(b) implies the condition (a).

Theorem 2. Let f' be gradient-like flow on S92 0, n >4 If
invariant manifolds of different saddle equilibria of f' do not intersect,

then Morse index of any saddle equilibrium equals 1 or (n — 1), that is
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ft e G(S}). Moreover, there exists k > 0 such that vy = 29 + k and
Bt = k+ 2.

For case ¢ = 0 Theorem 2 is proved in [4], where necessary
and sufficient conditions of topological equivalence of flows from class
G(S™), n > 3, where obtained. Theorem 2 allows to obtain topological
classification of flows from class G(Sg), g > 0, in combinatorial terms
using techniques of [4], [3].

For any f! € G(S;‘) we put in correspondence a bicolor graph Ty
which describes mutual arrangement of invariant manifolds of saddle
equilibria of the flow f*, and provide the following result.

Theorem 3. Flows ft f'" € G(Sy) are topological equivalent iff
their bicolor graphs Lo, Ipre are 1somorphic by means preserving colors
1somorphism.

The research was supported by RFS, grant 21-11-00010.
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PERIODIC, PERMANENT, AND EXTINCT SOLUTIONS
TO POPULATION MODELS

HAKL R.!, OYARCE J.2

The existence of a critical parameter A, > 0 is proven for some
population models, that splits the set of parameters into two parts

where the existence, resp. nonexistence, of a positive periodic solution
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is guaranteed. Moreoever, it is shown that in a quite wide class of
population models, all the positive solutions are permanent, resp. extinct
ones, provided there exists, resp. does not exist, a positive periodic
solution. The results are based on a theoretical research dealing with
a boundary value problem for functional differential equation with a real
parameter

u'(t) = L(u)(t) + AF(u)(t) for a.e. t € |a,b], h(u) =0,

where ¢ and F' : C([a,b];R) — L([a,b];R) are, respectively, linear and
nonlinear operators, h : C([a,b]; R) — R is a linear functional, and A € R
is a real parameter.

R. Hakl acknowledges support from RVO 67985840.
J. Oyarce acknowledges support from Chilean National Agency for Research
and Development (PhD. 2018 — 21180824).
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ON ASYMPTOTIC PROXIMITY TO HIGHER ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

I.ASTASHOVA!, M.BARTUSEK?, Z.DOSLA3, M.MARINI*

We study the existence of unbounded solutions and their asymptotic
behavior for the equation

n—1
ul™ + " a;(t)u) = r(t)|usgnu (1)
=0
where A > 0, n > 3, the functions r, ag, . . . , a,_1 are continuous for ¢ > 0,

considered as a perturbation of the linear differential equation
n—1
V4 3 a0 =0, 2
§=0

and for the special case of equation (1) where a;j(t) = 0 as j # n — 2,
an—2(t) = q(t) > 0:

u™ + q(t)u(”_Q) = r(t)|u|’\ sgn u, (3)
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considered as a perturbation of the linear differential equation
y™ + gty =0. (4)

Definition 1. By a solution to (1) or (3) we mean a C" function wu
defined on [T, ), T, > 0, satisfying (1) or (3) on [T, 0), and such
that

sup{|u(t)|:t>T} >0 for any T > T).

Definition 2. Equation (1) is said to be in asymptotic prozimity to (2)
if for any solution y of (2) there exists a solution u of (1) such that
ultimately, i. e. for sufficiently large t,

uD(t) =y D) (1 +6(t) +eit), i=0,...,n-1,
where all §;, €; are continuous functions tending to 0 at infinity.

Definition 3. Equation (1) is said to be in strong asymptotic prozimity
to (2) if for any solution y of (2) there exists a solution u of (1) such
that ultimately

ul () =y () +ei(t), i=0,...,n—1,
where all €; are functions of bounded variation tending to 0 at infinity.

Theorem 1. Consider equation (1) with A > 1. Suppose that the

continuous functions ag,...,an_1 Satisfy
00
/t”_j_1|aj(t)]dt<oo forallj € {0,...,n—1},
0
Assume that for some integer number m € {0,...,n — 1}
00
/ 1 A-Dm )] df < o,
0

Then for any C # 0 there exists a solution u to equation (1) satisfying,
as t — oo,

Cmltm—J
(m— )

u(j)(t)—>0 forallje{m+1,...,n—1}.
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In particular, if
o0

/ A ()] dt < 00,
0
then (1) is in asymptotic prozimity to (2).

Theorem 2. Let the equation
h" + q(t)h =0

be non-oscillatory. Assume that for some real number m € [0,n — 1]

(0.9}
/ VT HEmA (1) dE < oo,
0
where iq = 0 in the case [[tq(t)dt < oo and ig = 1 in the case
o0

Jo tq(t) dt = co.

Then for any solution y to (4) such that y(t) = O(t ™) there exists a
solution u to (3) such that ultimately

u@(t) =y () +ei(t), i=0,...,n—1,

where all €; are functions of bounded variation tending to 0 at infinity,
i.e. (3) is in strong asymptotic proximity to (4).

As a corollary, we obtain more precise result on the strong asymptotic
proximity of (3) to (4).

Remark 1. Some methods of proofs and some previous authors’ results
are contained in [1]—[4]. Related results can be found in [5] and [6].

The research of I. Astashova has been supported by RSF (Project 20-
11-20272.), the research of M. Bartusek and Z. Dosld has been supported
by the grant GA20-11846S of the Czech Science Foundation.
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FUNDAMENTALS IN PEACEMAN MODEL FOR
WELL-BLOCK RADIUS FOR NON-LINEAR FLOWS

IBRAGUIMOV A.

In our talk we will present recent non-published results on PDE
aspects of the flow in porous media. This research was motivated by
discussion with my teacher Evgeni Mikchalovich Landis.

We consider sewing machinery between finite difference and analytical
solutions defined at different scale: far away and near source of the
perturbation of the flow |2]. One of the essences of the approach is that
coarse problem and boundary value problem in the proxy of the source
model two different flows [3]. We are proposing method to glue solution
via total fluxes, which is predefined on coarse grid. It is important to
mention that the coarse solution “does not see” boundary.

From industrial point of view our report can be considered as a
mathematical “shirt” on famous Peaceman|1] well-block radius formula
for Darcy radial flow but can be applied in much more general scenario.

This is a joint project with E. Zakirov. I. Indrupskiy, D. Anikeev from
Oil ang Gas Res. Inst. of Russian Academy of Science.
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OPTIMAL BOUNDS FOR THE ATTRACTOR DIMENSION
OF THE DAMPED REGULARIZED EULER EQUATIONS

ILYIN A.A.

We consider the following approximation of the damped Euler system,
the so-called inviscid damped Euler-Bardina model

ou+ (u, V)u+~yu+ Vp =g,
divu =0, u(0)=uy, u=(1—-ald)u.

The system is studied for d = 2,3
1) on the torus Q = T¢ = [0, L]? with standard zero mean condition;
2) in Q C R%;
3) on the sphere or in a domain on it Q C S?;
4) if @ ¢ R or Q ¢ S?, then @|po = 0 and @ is recovered from u
by solving the Stokes problem if there is a boundary, or the Helmholtz
equation, otherwise.

Here o = o/ L?, and o/ > 0 is a small dimensionless parameter, so that
@ is a smoothed (filtered) vector field, and v > 0 rendering the system
dissipative.

The phase space with respect to % is the Sobolev space H! with
divergence free condition

HY(T), z €T [ u(z)dz=0,
ueH' :={ H'(RY), zecR? diva =0,
H(Q), ze€QgRYS?
where d = 2, 3.

Theorem 1. Let d = 2. In each case of the boundary conditions the

system possesses a global attractor A € H' with finite fractal dimension
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satisfying

1 2
pmin ([rovgle, 192, e RY S
. 1 ay 2c
dimp A < — - )
8m ||9||L2 0 C R2.S?
20274 r € G RS
In the 3D case the estimates in all tree cases look formally the same
dim A<ngH%2 zeT zeR z2€ Q¢ R3
F = 127 055/2’}/4 ) ’ ) .

Finally, on the torus T¢, both for d = 2 and d = 3, the upper bounds
are optimal in the limit as o — 0.

This is a joint work with S.V.Zelik and A.G.Kostianko and
was supported by Moscow Center for Fundamental and Applied
Mathematics, Agreement with the Ministry of Science and Higher
Education of the Russian Federation, No. 075-15-2019-1623.
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ON THE SOLVABILITY OF A
PARAMETER-DEPENDENT CANTILEVER-TYPE BVP

INFANTE G.

We utilize a Birkhoff-Kellogg-type theorem [1] to discuss the
solvability of a parameter-dependent fourth order equation subject to

functional boundary conditions. We prove the existence of non-negative
67



solutions for this problem. A localization of the solutions is obtained via
their norm.
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SINGULARITIES OF PARALLELS TO TANGENT
DEVELOPABLE SURFACES

ISHIKAWA G.

A surface in Euclidean 3-space is called developable if it is locally
isometric to the plane. Developable surfaces are roughly classified into
cylinders, cones and tangent developables. A tangent developable surface
is defined as a ruled surface by tangent lines to a space curve and
it has singularities at least along the space curve, called the directriz
or the edge of regression ([1]). The class of developable surfaces (resp.
tangent developable surfaces) turns to be invariant under the parallel
deformations by the flow generated by the unit normal vector field along
the surfaces.

The notions of tangent developable surfaces and their parallels are
naturally generalised for frontal curves in general in Euclidean spaces of
arbitrary dimensions.

A smooth map-germ f : (R™,0) — R is called a frontal if there

exists a smooth n-plane field (R",0) > u — f(u) C Ty R™*P along

f such that f.(T,R™) C f(u), ie., if the “tangent spaces"along f is
well-defined even on singular (non-immersive) points of f (|2]). Then
the pull-back Euclidean bundle f*(TR"*?) is decomposed into the sum
Ty @ Ny of the tangent bundle Ty (of rank n) and the normal bundle Ny
(of rank p) of f over (R",0).

Let 71,...,7, be a local frame of T;. Then the tangent map
Tan(f) : (R™,0) x R™ — R™"P to f is defined by

Tan(f)(u1, ..., Up, S1,- - - ,6?) = f(u)+ >0 simi(u).



See [3]. Moreover if the normal bundle N of a frontal f is a flat bundle,
then the family of parallels P(f) : (R™,0) x RP — R™P to f is defined
by

P(f)(uty oo un, m1yeeymp) = flu) + 30 rvi(u),
for an orthonormal and normally flat frame v,..., 1, of Ny ([4][5]).

If n = 1, we see that the tangent map or the tangent developable
surface Tan(f) : (R%,0) — R*P of a frontal curve f : (R,0) — RI*?
has the flat normal bundle under some weak conditions and then we can
discuss its parallels P,(Tan(f)), (r € RP~!) to the tangent developable
surface Tan(f) of f ([5]).

In this talk the singularities appearing on parallels to tangent
developable surfaces of frontal curves and the expressions of their
directrixes are studied from both geometrical and dynamical aspects of
frontals. Moreover the classification results of generic singularities on
parallels to tangent developable surfaces for frontal curves in 3 or 4
dimensional Euclidean spaces are presented (see [6]). The related topics
such as the generic bifurcations of wave fronts by Arnold, Zakalyukin,

and so on will be mentioned, regarding the general classification problem
of frontal singularities (|7][8][9]).

The author was supported by JSPS and RFBR under the Japan-
Russia Research Cooperative Program 120194801 and JSPS KAKENHI
Grant Number JP19K03458, JP19H00636.
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ON DIFFUSE ORTHOGONALLY ADDITIVE OPERATORS
ITAROVA S. Y.

Orthogonally additive operators in vector lattices have been studied
by some authors in [2, 3, 4, 5]. It was shown in [5] that the vector space
OA,(E, F) of all regular orthogonally additive operators from a vector
lattice F to a Dedekind complete vector lattice F' is a Dedekind complete
vector lattice. This result motivate to state natural questions about
the order structure of OA,(FE,F). In these notes we consider diffuse
orthogonally additive operators and state the criterion of the diffuseness
of a regular orthogonally additive operator.

For the standard information on vector lattices and orthogonally
additive operators we refer the reader to [1, 4].

Definition 1. A map T from a vector lattice E to a vector lattice F' is
said to be an orthogonally additive operator if T'(x +y) = Tx + Ty, for
every disjoint x,y € E.

Definition 2. An orthogonally additive operator T: £ — F' is said to
be disjointness preserving if Tx 1 Ty for all disjoint x,y € E. The set of
all disjointness preserving orthogonally additive operator from F to F
we denote by OAg,0(E, F). We say that a regular orthogonally additive
operator T': E — F' is diffuse if T € {OAgpo(E, F)}2.

Definition 3. Let E, F' be vector lattice with F' Dedekind complete and
T € OA.(E,F). We define a function py: E — FT called the Enflo-
Starbird function of T, by setting
m m
pT(:c)—inf{\/\Thci: x = |_|37Z-, xz; € E, mEN}, x € FE.
i=1 i=1
The next theorem is the criterion of the diffuseness if a regular

orthogonally additive operator.
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Theorem 1. Let E, F be vector lattices with F' Dedekind complete and
T € OA,(E,F). Then the following assertions are equivalent:

(1) T is diffuse;

(2) pr(z) =0 forallz € E.
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THE SOMMERFELD PROBLEM FOR THE HELMHOLTZ
EQUATION

KALMENOV T. SH.!, LES A. K.?

The study of a time-periodic solution of the multidimensional wave
equation g—;ﬂ — Ayt = f(x,t), u(z,t) = e*u(z), over the whole space
R?3 leads to the condition of the Sommerfeld radiation at infinity. This is
a problem that describes the motion of scattering stationary waves from
a source that is in a bounded area.

The inverse problem of finding this source is equivalent to reducing
the Sommerfeld problem to a boundary value problem for the Helmholtz
equation in a finite domain. Therefore, the Sommerfeld problem is a
special inverse problem. It should be noted that in the work of Bezmenov
[I. V. Bezmenov, Transfer of Sommerfeld radiation conditions to an
artificial boundary of the region based on the variational principle, Sb.
Math. 185 (1995), no. 3, 3-24| approximate forms of such boundary
conditions were found. In [T. S. Kalmenov and D. Suragan, Transfer
of Sommerfeld radiation conditions to the boundary of a limited area, J.
Comput. Math. Math. Phys. 52 (2012), no. 6, 1063-1068|, for a complex

parameter A, an explicit form of these boundary conditions was found
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through the boundary condition of the Helmholtz potential given by the
integral in the finite domain 2:

e ) = [ o= € N)ple Vi 1)
where e(z — £, ) are fundamental solutions of the Helmholtz equation,
—Ae(z) — Xe(x) = 0(x),

p(&, A) is a density of the potential, A is a complex number, and § is
the Dirac delta function. These boundary conditions have the property
that stationary waves coming from the region €2 to 992 pass 92 without
reflection, i.e. are transparent boundary conditions. In the present work,
in the general case, in R™, n > 3, we have proved the problem of
reducing the Sommerfeld problem to a boundary value problem in a finite
domain. Under the necessary conditions for the Helmholtz potential (1),
its density p(&, \) has also been found.

The research was supported by by the grant of the Science Committee
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ON ASYMPTOTIC AND NUMERICAL SOLUTION TO
ELLIPTIC-PARABOLIC EQUATION

KAPUSTINA T.O.

This research is devoted to singularly perturbed elliptic—parabolic
equation with small parameters by the elder derivatives. Coeflicients
of equation and boundary conditions obey the requirements providing
existence of unique solution [1]. First, asymptotic representation for our
solution with respect to the small parameter is constructed. We use
boundary functions method [2|, and its modification for mixed type
equations [3], [4].

Then, an efficient numerical algorithm for our problem is created.
The main idea is that numerical calculation of parabolic equation is

much easier and requires less operations then the elliptic one. Using once
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more the smallness of parameter, we construct approximate factorization
of elliptic operator, replacing it by the product of two parabolic
operators [5]. Instead of one elliptic problem, we calculate numerically
two successive parabolic problems, providing their well-posedness by the
choice of time direction. To begin algorithm, we need to know initial
condition for the first parabolic equation. As it cannot be calculated
explicitly, we replace it by its asymptotic representation calculated in
the first part.

Combination of asymptotic representation and factorization idea, both
suitable for equations with small parameters, allow us to create an
effective numerical algorithm. The main advantage of this algorithm is
significant gain in speed and economy of computer resources, compared
to classical numerical scheme.

Thus we unite asymptotic and numerical approaches for singularly
perturbed elliptic—parabolic equation.

This research is supported by Moscow Center for Fundamental and
Applied Mathematics, project 075-15-2019-1621.
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POSITIVE PERIODIC SOLUTION FOR A NEUTRAL
DELAY HEMATOPOIESIS MODEL

KHEMIS M.!, BOUAKKAZ A.2, KHEMIS R.3

The present work is concerned with the existence and uniqueness

of positive periodic solutions for the following first-order neutral delay
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production blood cells model:

) 22
Ele(t) —ex (t -7 (1)) :—a<t>x<t>+w

dt
“H <t,x(t),x[2] (t)) : (1)

where ¢ € 0,1, a,p,7 € C(R,R%) and H € C([0,T] x R% R%) are
T—periodic functions,  (t) represents the density of mature cells in blood
circulation at time t, 1% (t) = z (z (t)), a(t) is the destruction rate of
blood cells, p (t) is the production rate and 7 (¢) represents a transit time
required for the release of mature cells into the bloodstream. The method
used here lies in Banach and Krasnoselskii’s fixed point theorems.

Let Pr be the Banach space of all continuous and T-periodic functions
equipped with the supremum norm and for «, 5,I" > 0, let

D={xe€Pr, a<z(t)<p, |z(t2) —z(t1)| <T|ta —t1], Vt1,t2 € R},

is a bounded convex and closed subset of Pr.
For ease of exposition, we introduce the following notations:

a1 = sup a(t), po= inf p(t),
' oel0.7] () ’ o€[0.T] 0

exp (— fOT a(u)du)
exp (f(;f a(u)du) 1
exp <f0T a(u)du)

L2 - ’
exp <fOT a(u)du) -1
p1= sup p(t), Hy= sup H(0,0,0),
c€[0.7] o€l0.7]

L3 = Hy+ B (A + A2+ cap) ,
Li= (T +1) A+ A2 +p1) + car.

Furthermore, we need the following hypotheses:
There exist two non negative constants A; and Ao such that

|H (t,21,22) — H (t,y1,y2)| < Ao —yi + A2 |lz2 —w2f ,  (2)

TLopy +c <1, (3)
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(67
LiTpg—— — LoTL > 4
1p01+6 ol L3+ ca 2 «, (4)

and

Ly(2+Tar) (Bpr + L3) +cI' (I'+1) <T (5)
First of all, we convert equation (1) into an integral one. Next, we define
two operators R, Ry : D — Pr as follows:

4T 22 (o
)0 = [ 6 (t0) |plo) s — H (70 ()5 (0)
—ca (o) x (o — 7 (0))]do,
and
(Rax) (t) = cx (t — 7 (1)),
where

exp (fts a(u) du) ‘
exp (ftTa (u) du> -1

Theorem 1. If hypotheses (2) - (5) are satisfied, then equation (1) has
at least one positive periodic solution in .

G (t,s) =

Theorem 2. Suppose the condition (2) holds. If
LolL,T+c<1,

then equation (1) has one and only one positive periodic solution in D.
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ON NEUMANN TYPE PROBLEMS FOR HIGHER ORDER
ORDINARY DIFFERENTIAL EQUATIONS

KIGURADZE I.T.

On a finite interval [a, b], we consider the differential equation

u®™ = p(t)u + q(t) (1)
with the Neumann type boundary conditions
u(k)(a) =cy (k=1,...,m—1), u(2m—1)(a) = Cim, )

uP (@) =cop (k=1,...,m—1), u®" V() =cyy.

Here m > 2, p,q : [a,b] — R are Lebesgue integrable functions, while c;
(1 =1,2;k=1,...,m) are real constants.

We call (2) Neumann type conditions since they do not contain the
values of a solution sought at the points a and b. Thus, in the case where
p(t) =0, problem (1), (2) either has no solution or has an infinite set of
solutions. In the case, where

mes {t € [a,b] : p(t) # 0} >0, (3)

we found integral conditions guaranteeing the unique solvability of
problem (1), (2).
Put

b

P_= / (—1)™p(e)]_ dt,
b

Py= / (—1)™p(0)] dt,

0 22—2m(b_a)2m—1
" (2m=-3)((m—2)1)%
The following theorem is valid.

Theorem. Let along with (3) the inequality
Pr<P_/A+{,P-)
hold, or

(=1)™Mp(t) >0 for a<t<b, /b Ip(t)|dt < 1/6y,.

Then problem (1), (2) has a unique solution.

Analogous results are obtained for nonlinear differential equations.
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ON ORBITAL STABILITY OF GROUND STATES FOR
FINITE CRYSTALS IN FERMIONIC
SCHRODINGER-POISSON MODEL

KOMECH A.IL

We consider crystals which occupy the finite torus T := R3/NZ3 and
have one ion per cell of the cubic lattice I' ;== Z3/NZ3, where N € N.
We denote by o(x) the charge density of one ion,

o€ C¥(T), / o(x)dr =eZ >0, (1)
T
where e > 0 is the elementary charge. Let us denote

T.=TV .= {z=(v1,..,a5):2; €T, j=1,..,N}, N := N3.

Let ¢(-,t) € F for t € R be the antisymmetric wave function of the
fermionic electron field, g(n,t) denotes the ion displacement from the
reference position n € I'. Denote the second quantized operators

N N
AP =N Ay, U@ ) =) D(wj,t).
=1 i=1

The coupled Schrédinger-Poisson-Newton equations read as follows

(T 1) = —%A®¢(E,t)—e<b®(f,t)¢(f, B, zeT, @)

—AdD(x,t) = p(x,t) = Z o(z —n—q(n,t)) + p(z,t), x € T(3)
nel’

Min,t) = —(VO(z,t),0(x —n — q(n,t))), nel, (4)
where
N
(x,t) := —e T — T z,t)|?dzT, x .
o (.1 /T;& D@ Pdz, ceT.  (5)
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We show that under the Jellium condition all ground states with
I’-periodic arrangement of ions have the form

S(t) := (Yoe ™ 7.0), reT. (6)
Here
FeT: 7(n)=r nerl, (7)
while 1y is an eigenfunction
1 _
*§A® l/lg(f) = wmﬁo(f), zeT, (8)
corresponding to the minimal eigenvalue wg := min Spec(—%A‘@). We

establish the stability of the real 4-dimensional solitary manifold
S ={Sar = (¥, 7,0) : Va(T) = “o(T), a€0,27]; €T} (9)
We denote the Hilbert manifolds
Vi=H' T aTeR¥Y. (10)

Theorem 1. Let the Jellium and Wiener conditions hold (see [1, 2]).
Then for anye >0 there exists §=06(¢) >0 such that for dy(X(0),S)<é
we have

mdy(X(t),5) <e, teR, (11)
where X € C(R, V') is the corresponding solution to (2)—(4).

Remark 1. The Pauli exclusion principle, i.e., the antisymmetry of the
wave functions (7, t), plays the crucial role in the proof of the orbital
stability.
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ON LARGE TIME BEHAVIOR OF SOLUTIONS OF
HIGHER ORDER EVOLUTION INEQUALITIES

KON’KOV A.A.l, SHISHKOV A.E.2
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We consider inequalities of the form

> Oaaletu) —ue > o glu) i Qx (0,00), (1)
|a|=m
where () is a non-empty open subset of R", m,n > 1, and a, are
Caratheodory functions such that

with some constants A > 0 and p > 0 for almost all (z,t) €  x (0, 00)
and for all ¢ € [0, 00).

For solutions of (1) we obtain exact sufficient conditions to stabilize to
zero in Li-norm on any compact subset of 2 as ¢ — o0o. These conditions
are different in the cases of so-called slow diffusion p > 1 and of fast
diffusion 0 < p < 1. Detailed proofs of all results are given in [1, 2.

This research is supported by RUDN University, Strategic Academic
Leadership Program. The research of the first author is also supported
by RSF, grant 20-11-20272.
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STABILITY OF SOLITARY WAVES OF KLEIN-GORDON
EQUATION WITH MEAN FIELD INTERACTION

KOPYLOVA E.A.

We consider U(1)-invariant nonlinear Klein-Gordon equation on a line
with mean field self-interaction:

b, t) = O3p(w, t) —m*P(, t)+p(x) F((Y(, 1), p), W(w,t) €C, zeR.
We write the equation as the dynamical system:

v() = {@%Em? ﬂ“’”*p(” [F«w(-,t),p»]’ o) = [m,t) '
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The system admits finite energy solutions of the form

__—iwt __—iwt cp(x,w) _

U,(x,t) =e “ou(x)=e [—iwgo(x,w)] . we€E (—m,m),
called solitary waves. The solitary waves form a two-dimensional solitary
manifold in the Hilbert space of finite energy states of the system.

We show that for the system (1) the standard criterion for orbital
stability ([1] and references therein) holds:

9,Q(¢w) = Ou(wll@ullr2m)) <0, (2)

where the charge Q(¥) = Im [ ¢(z)7(x) dz is conserved.

In the case when p is close to J-function, we express the criterion
in terms of nonlinearity condition. In particular, in pure power case
F(z) = 22%%1 the criterion holds for any x < 0 and w € (—m,m); if
k> 0, it holds only for my/k < |w| < m.

Our second result is asymptotic stability of solitary waves. Namely,
we prove scattering asymptotics of type

W(t) ~ Uy, () + W)L,  t— foo, (3)

where W (t) is the dynamical group of the free Klein-Gordon equation,
Ei € E:= H'(R) @ L?(R) are the corresponding asymptotic scattering
states, and the remainder decays to zero as O(|t|~'/?) in global norm of
E. The asymptotics holds for the solutions with initial states close to the
stable part of the solitary manifold, extending the results of |2, 3.

The proof is essentially based on properties of linearized dynamics at
a solitary wave e~“!¢,,. The model (1) allows us to explicitly check the
most of them. Namely, we prove weighted energy decay for the solution
of the linearized equation and the limiting absorption principle for the
corresponding resolvent. For linearization operator we prove the absence
of virtual levels at the embedding threshold +i(m + |w|) and give the
criterion for the absence of virtual levels at the endpoints +i(m — |w|) of
the essential spectrum.

We show also that under condition (2), the linearized operator has no
real nonzero eigenvalues, and zero eigenvalue is of multiplicity 2 in the
case when 0,,9(¢,) # 0.

The only assumption we postulate is the absence of pure imaginary
eigenvalues of the linearized operator. For p close to d-function, we

provide examples of nonlinearities when this assumption is satisfied. In
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particular, in pure power case F(z) = 22T1 the condition holds for any
k < —=1/2 and w € (—m,m); if Kk > —1/2, kK # 0, it holds only for

1+2k)2
m(3+4'2 < |lw] < m.

References

[1] Grillakis M., Shatah J., and Strauss W., Stability theory of solitary waves in
the presence of symmetry. I, J. Funct. Anal. 74 (1987).

[2] Buslaev V., Komech A., Kopylova E., and Stuart D., On asymptotic stability of
solitary waves in Schridinger equation coupled to nonlinear oscillator, Comm.
Part. Differ. Equat. 33 (2008).

[3] Buslaev V., and Sulem C., On asymptotic stability of solitary waves for
nonlinear Schrodinger equations, Ann. Inst. H. Poincaré Anal. Non Linéaire
20 (2003).

Institute for Information Transmission Problems, Moscow, Russia and Faculty
of Mathematics of Vienna University, Vienna, Austria. Email: ek@iitp.ru

ON THE ASYMPTOTIC CLASSIFICATION OF
SOLUTIONS OF SECOND-ORDER EQUATIONS WITH
POWER-LAW NONLINEARITY OF GENERAL FORM

KORCHEMKINA T.A.
Consider the second-order nonlinear differential equation
y" = p(x, y, o) ly[™ |y ["senlyy’), ko >0, k1 >0, ko, ki €R (1)

with positive continuous in x and Lipschitz continuous in u, v function
p(z,u,v) satisfying inequalities

0<m<p(x,u,v) <M < +oc. (2)

The results on the behavior of solutions depending on the nonlinearity
exponents kg, k1 and qualitative properties of solutions were studied
in [1].

The asymptoptic behavior of solutions to (1) in the case k1 = 0 is
described in [2, 3|. In the case p = p(z) asymptotic behavior of solutions
to (1) is obtained by V.M. Evtukhov [4]. Using methods described in |5,
6, 7] by I.V. Astashova, the behavior of solutions to (1) near domain
boundaries is considered with respect to the values kg and k1.

The following definitions are used further:
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Definition 1. |7] A solution y: (a,b) - R, —o0 < a < b < +00 to an
ordinary differential equation is called a p-solution, if

1) the equation has no other solutions equal to y on some subinterval
(a, b) and not equal to y at some point in (a, b);

2) the equation either has no solution equal to y on (a, b) and defined
on another interval containing (a, b) or has at least two such solutions
which differ from each other at points arbitrary close to the boundary of

(a, b).

Definition 2. [8] A solution satisfying at some finite point x* the

conditions lim |y/(z)| = oo, lim |y(z)] < oo is called a black hole
T—* r—z*

solution.

Definition 3. [9] A pu-solution satisfying at finite point (its domain

boundary) # the conditions lim ¢/(z) = 0 and lim y(z) # 0 is called a

white hole solution.

Definition 4. A solution to equation (1) is called a Kneser solution at
decreasing argument on the interval (—oo; xg) if y(x) > 0, ¢'(x) > 0 for
any r < Zo.

Definition 5. A solution to equation (1) is called a negative Kneser
solution on the interval (zg; +00) if y(z) < 0, y/(x) > 0 for any x > x.

Definition 6. [10] A u-solution y(z) to equation (1) is called a singular
of the type II at a point a € R iff lim y(z) = lim ¢/(z) = 0.
r—a T—a

Lemma 1. Let the function p(xz,u,v) be continuous in x, Lipschitz
continuous in u,v and satisfying the inequalities (2). Then all p-solutions
to equation (1) are monotonous.

Denote

1
N S LSS

T kothki -1 Po
~ 1
For s > 0,t € R\ {0} denote D(s,t) = (|1 — kq| s [t|"0) TF1 .

Theorem 1. Suppose ko + k1 < 1. Let the function p(x,u,v)
be continuous in x, Lipschitz continuous in wu,v and satisfying
inequalities (2). Let there also exist the following limits of p(x,u,v):
1) py as x — +00, u — +00, v = 400,
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2) p_ as x — —00, u — —00, U — +00.
Denote p, = p(a,0,0) for any a € R. Then a < —1 and all increasing
p-solutions to equation (1) according to their asymptotic behavior can be
divided into three types:
1. Increasing solutions defined on the whole axis with zero at some
point xg:
y(x) = Clp-) (w0 —2) *(1 +o(1)), = — —oo,
y(@) = Clpy) (@ — 20) (1 +0(1)), @ — +oc.
2. Positive singular solutions defined on semi-azis (a,+00):
y(x) = C(py) (x —a) " *(1+0(1)), =—a+0.
y(x) = Clpy) (z —a) (1 +o(1)), = — oo,
3. Negative singular solutions defined on semi-axis (—o0, b):
y(x) = Clp-) (b—x)"*(1+o0(1)), z— —oo,
y(x) =C(pp) (b—2)"*(1+0(1)), =—b—0.
Theorem 2. Suppose ko + k1 > 1, ki < 2. Let the function
p(z,u,v) be continuous in x, Lipschitz continuous in u,v and satisfying
inequalities (2). Let there also exist the following limits of p(x,u,v):
1) P* asxz — a—0, u — 400, v — +00, for every a € R;
2) P, asx — a+0, u— —00, v— +00, for every a € R;
3) Py as x — 00, u — 0, v — 0;
4) P_ asx — —oo, u— 0, v — 0.
Then o > 0 and all mazimally extended increasing solutions to (1)
according to their asymptotic behavior can be divided into three types:
1. Increasing solutions with two wvertical asymptotes x = x. and
=% x, <zt
y=C(P%) (z* —x) (1 +0(1), z — z* -0,
y=—C(Py,)(r—x:) “(1+0(1)), 2 — .+ 0.
2. Kneser solution at decreasing argument defined on the semi-axis
(—o0,x*):
y = C(P_) [z ~(1 + o(1)), & — —ox,
y=C(P") (2" —x)"“(1+0(1)), z = z* — 0.
3. Negative Kneser solutions defined on the semi-azis (., +00):

y=—C(Py,)(xr—z:) “(140(1)), 2 = x.+ 0,
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y=—C(Py)xz “(1+0(1)), v — +o0.

Theorem 3. Suppose k1 > 2. Let the function p(x,u,v) be continuous in
x, Lipschitz continuous in u,v and satisfying inequalities (2). Let there
also for any a,b > 0 exist a limit Py as x — a, u — b, v — +00 and for
any a,b < 0 a limit Py as x — a, u — b, v — +00. Then any increasing
u-solution y(x) to equation (1) is defined on a finite interval (x—_,zy)

and has finite limits y, = lim Oy(z:) and y_ = lierO. Moreover,
T—oTL— TT_

~ 1

Y(2) = D(Pr, gy ys) (e —2) 5T (140(1), @2y 0,

y'(z) = D(Py_y_,y_) (z — x_)_ﬁ (I14+0(1)), x—ax_+0.

Theorem 4. Suppose kg > 0, 0 < ki < 1. Let the function
p(x,u,v) be continuous in x, Lipschitz continuous in u,v and satisfying
inequalities (2). Denote py = p(z4,y+,0) and p—- = p(z_,y_,0).
Then any decreasing p-solution y(x) to equation (1) is defined on a
finite interval (x_, x4 ), has a zero at some point xo and finite limits

y+ = lim y(z) andy_ = lim . Moreover,
z—x4+—0 z—z_+0

Y (@) = —D(psys) (24 — )= (L+0(1)), @ — a4 —0.
V(@) = —D(p_,y_) (x—2_)TF (1+0(1)), -z +0.

Theorem 5. Suppose 1 < k; < 2. Let the function p(z,u,v)
be continuous in x, Lipschitz continuous in wu,v and satisfying
inequalities (2). Let there also p(x,u,v) — p as x — +oo, u — a,
v — 0 and p(xz,u,v) — p,; as x — —o0, u — a, v — 0. Then any
decreasing p-solution y(z) to equation (1) has a zero at some point x,
is defined on the whole axis and have finite limits yy = IE&looy(x) and

y— = lim . Moreover,
Tr——00

~ 1

Y'(z) = =Dy, ,+) (x—20) 75 (1+0(1)), = — +o0.

Y (2) = —D(p; ,y) (w0 —2)TF (1+0(1)), = — —o0.

Theorem 6. Suppose k1 > 2. Let the function p(x,u,v) be continuous in
x, Lipschitz continuous in u,v and satisfying inequalities (2). Let there

also exist limits p* as v — +o00, u — —00, v — 0 and p~ as x — —o0,
84



u— —00, v — 0. Then —1 < a < 0 and any decreasing solution to (1)
has a zero at some point xo and has the following asymptotic behavior:

y(@) = —C(p") (x —20) (1 +0(1)), = — +oo,
y(z) = Cp7) (w0 —2) (1 +0(1)), = — —oc.

The research was supported by RSF, project number 20-11-20272.
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SEMICLASSICAL SPECTRAL ANALYSIS FOR
BOCHNER-SCHRODINGER OPERATORS AND
BEREZIN-TOEPLITZ QUANTIZATION

KORDYUKOV YU.A.

Let (X, g) be a closed Riemannian manifold, L a Hermitian line bundle
on X with a Hermitian connection V¥ and E a Hermitian vector bundle
on X with a Hermitian connection V. We assume that the curvature
RY = (V)2 € Q%(X) of V! is non-degenerate.

Let AL"®F be the Bochner Laplacian acting on C*°(X, LP ® E) by

ALP®E — (VL”@E)* VLP®E

where (VLP@E)* D C¥(X,T*"X @ LP @ E) — C>®(X,LP ® F) is the
formal adjoint of VI*®F . C°(X [P @ E) — C®(X, T*X® L’ R E). Let
V € C*(X,End(F)) be a self-adjoint endomorphism of E. We study the
Bochner-Schrédinger operator Hy, acting on C*°(X, LP ® E) by

1
H,=-AY®E Ly
p

First, we give a rough asymptotic description of the spectrum of H,
in the semiclassical limit p — oo in terms of the spectra of certain
model operators. Under some conditions on the Riemannian metric g,
this allows us to prove clustering of eigenvalues near certain numbers,
which can be naturally called Landau levels. We fix such a cluster
and develop calculus of Toeplitz operators acting on the eigenspace,
corresponding to this cluster. We show that it provides a Berezin-Toeplitz
type quantization of the manifold X equipped with the symplectic form
B = iR~

The research was partially supported by the development program of
the Volga Region Mathematical Center, agreement N 075-02-2020-1478.
Institute of mathematics, Ufa Federal Research Center of Russian Academy of
Sciences, Russia. Email: yurikor@matem.anrb.ru

SOLVABILITY FOR A CLASS OF HIGHER ORDER
NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS

LACHOURI A.!, ARDJOUNI A.2
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In this work, we study the existence and uniqueness of solutions to
the following higher order fractional differential equations with multi-
strip fractional integral boundary condition

Hpog (t) = f(t,x), te (1,T),
z(1)=0, 2/ (1) =0, 2/ (1) =0,...,2"2 (1) = 0,

k (1)
0P (T) = 3 0; [13%a () =" TNz (pi)] 0 € R,
=1
where 7% "8 denotes the Hadamard fractional derivatives of orders
a and [ respectively, n— 1 <a<n,n—2<pg<n—1,n>2 neN,
HyAi is the Hadamard fractional integral of order \; > 0, i = 1,..., k,
Ni,pi € (L,T), 1<pi<m<..<pe<mp<T, f:[,T]xR—=Risa
given continuous function.
To obtain our results, We convert the problem (1) into an equivalent
integral equation. Then we construct appropriate mappings and employ
the Schauder fixed point theorem to show the existence of a solution.
We also use the Banach contraction principle to show the existence of a
unique solution. At the end, an illustrative example will be introduced
to validate the theoretical results.
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ASYMPTOTIC LOCALIZATION, MASSIVE FIELDS, AND
GRAVITATIONAL SINGULARITIES

LEFLOCH P. G.

I will review three recent developments on Einstein’s field equations
under low decay or low regularity conditions. First, the Seed-to-Solution
Method for Einstein’s constraint equations, introduced in collaboration
with T.-C. Nguyen, generates asymptotically Euclidean manifolds with
the weakest or strongest possible decay (infinite ADM mass, Schwarzs-
child decay, etc.). The ’asymptotic localization problem’ is also proposed
an alternative to the ’optimal localization problem’ by Carlotto and
Schoen. We solve this new problem at the harmonic level of decay.
Second, the Euclidian-Hyperboloidal Foliation Method, introduced in
collaboration with Yue Ma, applies to nonlinear wave systems which
need not be asymptotically invariant under Minkowski’s scaling field
and to solutions with low decay in space. We established the global
nonlinear stability of self-gravitating massive matter field in the regime
near Minkowski spacetime. Third, in collaboration with Bruno Le Floch
and Gabriele Veneziano, I studied spacetimes in the vicinity of singularity
hypersurfaces and constructed bouncing cosmological spacetimes of big
bang-big crunch type. The notion of singularity scattering map provides
a flexible tool for formulating junction conditions and, by analyzing
Einstein’s constraint equations, we established a surprising classification
of all gravitational bouncing laws. Blog: philippelefloch.org

Sorbonne University and CNRS, France. Email: contact@philippelefloch.org

NUMERICAL APPROXIMATION OF
TWO-DIMENSIONAL STOCHASTIC NEURAL FIELD
EQUATIONS WITH FINITE TRANSMISSION SPEED

LIMA P.M.!, SEQUEIRA T.

Neural field equations are intended to model the synaptic interactions
between neurons in a continuous neural network, called a neural field
[1], [2]. This kind of integrodifferential equations proved to be a useful
tool for the spatiotemporal modeling of the neuronal activity from a
macroscopic point of view, allowing the study of a wide variety of
neurobiological phenomena, such as the processing of sensory stimuli.

The aim of the present talk is to study the effects of additive noise in
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one- and two-dimensional neural fields, while taking into account finite
signal transmission speed. A Galerkin-type method to approximate such
models is presented, which applies the Fast Fourier Transformation to
optimise the computational effort required to solve this type of equations.
Numerical simulations obtained by this algorithm are presented and
discussed.
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CONVEX TRIGONOMETRY
LOKUTSIEVSKIY L.V.

The talk will focus on the singularities of solutions of Hamiltonian
systems describing geodesics on Finsler and sub-Finsler manifolds.
The Hamiltonian is usually non-smooth, and therefore the uniqueness
of solutions is lost. I will speak about a new apparatus of convex
trigonometry, which makes it possible to prove the uniqueness of
solutions at almost all points of nonsmoothness and fully investigate
remaining ramification points. In the last 2 years, this apparatus allowed
to make great progress in the study of sub-Finsler geodesics, and even
to write out explicitly the formulae for geodesics on some manifolds
that previously did not lend themselves to precise research. Examples
are problems on the Cartan and Engel groups, all three-dimensional
unimodular Lie groups, isoperimetric inequalities in the Finsler metric,
etc.
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ON A DIRICHLET PROBLEM IN A CONVEX DOMAIN
MAKAR-LIMANOV L.G.

In my talk I’ll recall the story of a proof that the solution of a Dirichlet
problem Au = —1 in a convex domain which is zero on the boundary
has only one local maximum and remind why this is true.
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INVERSE PROBLEMS FOR THE KAWAHARA
EQUATION WITH INTEGRAL OVERDETERMINATION

MARTYNOV E.V.

In the following research we study the inverse problems for the
generalized Kawahara equation

Ut — Uggzer + OUgre + QUL + F/(u)ur = f(t> :B) (1)

u = u(t,x), a,b € R, | F(u) |< ¢ | u |? where 1 < ¢ < 6 posed on a
rectangle Q7 = (0,7) x (0, R) with the initial condition:

u(0,2) = ug(z), =z €[0,R]; (2)
boundary conditions:
u(t,0) = p(t), u(t,R) =v(t); (3)
ur(t? 0) = e(t)7 ux(ta R) = h(t), (4)
Uz (t, R) = o(t), te€][0,T]; (5)
with integral overdetermination:
R
/0 u(t, v)w(z)de = p(t), tel0,T]; (6)
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Impose the following conditions to some function w:
we H0,R), w(0)=w(R)=uw(0)=w'(R)=u"(0)=0. (7)
The main results of our research are the following thoerems:
Theorem 1. Letug € Ly(0,R), ¢ € WH(0,T), p,v € (H*>(L,)(0,T),

h,0 € (HY/S\L,)(0,T), f € Ly(0,T;Ls(0,R)) for some p € [2,+oc],
the condition (7) is satisfied and, moreover, w'(R) # 0,

R
o0 = [ w(@)e@ds (8)
0
Let
co = [luoll Lo 0.R) + el zr2rs 0,0y + WM 250, +
12l gr1/50.7) + 101 mr/5 0.7y + 1 F lzac@r) + 19 Lac0.)-
Then

1). For fized co there exists a Ty > 0 such as if T € (0,Tp), then
there exists a unique function o € L,(0,T) and the corresponding unique
solution u € X (Qr) of the problem (1)-(3) with condition (6).

2). For fixed T there exists a 6 > 0 such as if co < 8, then there exists
a unique function o € L,(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).

Theorem 2. Let ug € L3(0, R), ¢ € WH(0,T), v € (H*>(L,)(0,T),
h, 0 € (H/°NLy)(0,T), o € Linaw(2,p)(0,T) for some p € [1,+0q] the

condition (7) is satisfied and there exists a positive constant gy such as
for allt € [0,T]

R
mgﬁgmmmwm. (9)
Let
co = 1ol oo,y + il r2ss 0.2 + 191 arso.y+
Wl 0.z + 161l rsss .0y + ol ooy + 16l acor-
Then

1). For fized cq there exists a Ty > 0 such as if T € (0,Ty), then there
exists a unique function fo € L,(0,T) and the corresponding unique
solution u € X (Qr) of the problem (1)-(3) with condition (6).
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2). For fixed T there exists a § > 0 such as if co < 0, then there exists
a unique function fo € Ly(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).

This work is supported by the Ministry of Science and Higher
Education of the Russian Federation: agreement no. 075-03-2020-223/3
(FSSF-2020-0018).

References

[1] Faminskii A. V., Controllability Problems for the Korteweg de Vries Equation
with Integral Overdetermination, Differential Equations, Vol. 55, No. 01 2019.

Peoples’ Friendship University of Russia (RUDN University), Russia.
Email: e.martynov inbox.ru

MESO-SCALE UNIFORM ASYMPTOTIC
APPROXIMATIONS
FOR SINGULARLY PERTURBED
PROBLEMS

MAZ’YA V.G.!, MOVCHAN A.B.2

There is a growing interest to problems in physics and mechanics
associated with domains whose boundaries are singularly perturbed. In
particular, heterogeneous solids containing large number of inclusions or
perforations represent the object of studies, which may require advanced
numerical methods or analytical homogenisation approximations. The
numerical evaluation of physical fields around multiple defects of different
scales, and full computational analysis of their interaction, represent
a serious challenge. The asymptotic approximations, which take into
account a large number of inclusions within the cluster and different
scales reflecting on the size of individual inclusions, offer an efficient
analytical tool, which can also enhance the existing numerical schemes.
Green’s functions, and their uniform asymptotic approximations, are of
special interest, as motivated by the pioneering work of J. Hadamard.
The uniformity of the asymptotic approximations is important, as
well as the formal link between Green’s functions and solutions of
boundary value problems for meso-scale structures, containing large
clusters of defects. In mechanics, such systems involve large number

of small inclusions, so that a small paramater, the relative size of an
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inclusion, may compete with a large parameter, representing an overall
number of inclusions. We demonstrate that the approach of meso-
scale asymptotic approximations provides an effective alternative to the
conventional homogenisation algorithms for solids with large clusters of
small inclusions. Also, problems of vibrations in domains with meso-
scale structured interfaces are discussed in detail. Theoretical results are
accompanied by numerical simulations and illustrative examples.
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STOCHASTIC SEMIGROUPS ASSOCIATED
WITH PARTIAL DIFFERENTIAL AND
PSEUDO-DIFFERENTIAL EQUATIONS

MELNIKOVA 1.V.', BOVKUN V.A.?

The lecture is devoted to operator semigroups topical both from the
point of view of applications and studying solution operators to PDEs
and some more general WDEs.

The semigroups under study describe important probability
characteristics of stochastic processes, defined as functions of transition
probabilities P(O x;t B):

fR" 0 x;t dy) <f('),p(0,$;t,')> (1)

and transition densities p, in general, generalized functions. For U(t),
t > 0, related to Markov processes, the semigroup property follows from
the Kolmogorov-Chapman equation:

P(s,x;t,B) = [ P(s,z;7,dy)P(r,y;t,B), 0< s <r <t
Markov semigroups are families with the following properties:
Ut)l=1; f>0=U)f>0; f<1=U(t)f<1; feBy(R").
The relevance of studying semigroups associated with Levy processes,
the important subclass of Markov processes, is due to the fact that
Levy processes allow simulating various continuous and jumps random

disturbances arising in physics, economics, social and biosystems. Along

with the study of semigroups, an important place in the lecture is given
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to semigroup generators, which are proven to be YDOs and operators
with kernels.

The modern theory of operators has provided techniques for studying
PDE s and more general WDEs for probability characteristics of LI'©vy
processes (see, e.g. [1], [2]). Moreover, techniques of operator semigroups
combined with the generalized Fourier transform techniques allowed
us to extend the Gelfand-Shilov classification of Cauchy problems for
PDEs to some subclass of WDEs, including problems related to Levy
processes, which we classify as problems well-posed in the Petrovsky
sense. The lecture is divided into three sections. In Section 1, we
consider the semigroups of operators U; (t) —Uy(t),t > 0, associated with
basic LI'(©vy processes: shift, Wiener, simple and compound Poisson
processes. It is shown that the considered semigroups are representable
in the form (1) with the transition densities p, generally, generalized
functions on the space Cj.

Section 2 shows that the generators of an important subclass of
Markov semigroups, Levy semigroups, are ¥DO s with symbols s(z, o)
of not more then power growth in « and locally bounded in z, and
operators with kernels from the space S'(R?"). The proof is based on
the famous Levy—Khintchine formula and Schwarz’s kernel theorem. A
construction of kernels is given for generators of semigroups U; — Uy and
for the semigroups themselves.

In Section 3, on the basis of the generalized Fourier transform
techniques, an extension of the Gelfand—Shilov classification is
constructed for the case of equations with WDOs of a special form. The
scheme establishing connections between properties of solution operators
to the Fourier transformed Gelfand—Shilov systems and the semigroup
properties of the solution operators [3] has been extended to equations,
that contain WDO s associated with Levy processes.
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PERIODIC SOLUTIONS OF A NEUTRAL DELAY MODEL
OF SINGLE-SPECIES POPULATION GROWTH WITH
ITERATIVE TERMS

MEZGHICHE L.}, KHEMIS R.2, BOUAKKAZ A.3

In this work, we consider the following first-order neutral delay
differential equation:

[z(t) —cx(t—7 () =—a(t)z(t)+f (t, z (t), (t))
—H <t,x (t),z2 (t)) , (1)

where ¢ € [0,1[, a(t),7(t) € C(R,(]0,00[)) and f,H € C (R3]0, 0])
are T-periodic functions. With the help of Banach and Krasnoselskii’s
fixed point theorems, the existence and uniqueness of positive periodic
solutions to the equation (1) are established.

Let Pr be the Banach space of all T'—periodic continuous functions
endowed with the usual sup norm and

K= {1‘ € Pr, m<x< M, |{L‘(t2) —{L‘(tl)| < L|t2 —t1|,Vt1,t2 ER},

is a closed convex and bounded subset of Pr. To simplify notations, we
introduce the following constants:
ap = infieforya(t), a1 = supe| 0,71 a(t), fi = maxieor | f (2,0,0)],
A= Z?:l ki Z;:%) Lja Ay = Zzﬂl Z; %)L]

u)du
H, = maXie(o,T] |H (ta 0, O)| T = eXp(( )
In this work, we assume that:
(Hy) f(t,z1,22) and H (t,x1,x2) are globally Lipschitz in z1,z9, i.e.
there exist positive constants ki, k2 and [1, s such that:

) _ exp(fo a(u du)
1’ exp(fo du)

2
I (t 1, w2) = f Gy g2)l <D kil — il (2)
=1
2
|H (t,21,w2) — H (t,y1,92)| <DLl — il (3)
i=1
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(H2) There exists fo > 0 such that:
f(t,xl,.%’g) > fo, Vt € [O,T], Vzy,x2 € R. (4)
(H3) The following estimates are satisfied:

772TA1+772T%+C§17 (5)
Tfo—noT (MAy + Hy) — ¢Tnoar M
mT fo —neT (MAs + Hy) — cT'paan Les (©)
m
e (24+ a1 T) (MM + f1) + (AoM + Hy) +cMa))+L(1+L)c< L.
(7)

Theorem 1. If conditions (2)-(7) hold, then equation (1) has at least
one solution in K.

Theorem 2. Suppose (2) and (3) are satisfied and if
n2T (A1 + A + cay) + ¢ < 1, (8)

then equation (1) has a unique solution in K.
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CHARACTERESTIC LIE ALGEBRA OF KLEIN-GORDON
EQUATION AND HIGHER SYMMETRIES

MILLIONSHCHIKOV D.V.
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Consider Klein-Gordon equation written in the form ug, = f(u). We
define characteristic Lie algebra x(f) as a Lie subalgebra in the Lie
algebra of differential operators generated by two operators

0 0 0 0
Xo = %,Xf :f67m+D(f)87m+W+Dn_1(f)87un+'”’
where D = ula% + uQa%l + -+ un+1% + ... The properties of the
characteristic Lie algebra x(f) are related to the integrability of Klein-
Gordon equation. We are going to discuss characteristic Lie algebras of
two integrable cases: sine-Gordon f(u) = sinh h equation and Tzitzeica
f(u) = e + e2* equation.
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SYNCHRONIZATION OF QUASIPERIODIC
OSCILLATIONS IN NEARLY HAMILTONIAN SYSTEMS:
THE DEGENERATE CASE

MOROZOV A.D.!;, MOROZOV K.E.2

Quasiperiodic perturbations of two—dimensional nearly Hamiltonian
systems with a limit cycle are considered. We study the behavior of
solutions in the neighborhood of a degenerate resonance, i.e. such a
resonance that correspond to an extremum of the natural frequency of
the unperturbed Hamiltonian system. Special attention is paid to the
synchronization problem. Bifurcations of quasiperiodic solutions that
take place when the limit cycle passes through the neighborhood of a
resonance phase curve are studied. This study is based on the analysis of
an autonomous nearly Hamiltonian system of a pendulum type, which
is obtained by the method of averaging and determines the dynamics in
the resonance zone. To a first approximation, two possible topological
structures of the averaged system are distinguished. For each case, the
intervals of a control parameter that correspond to the synchronization
of oscillations are specified. The results are applied to an equation of a

Duffing—Van der Pole type.
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BOUNDS ON THE SPEED OF SUBSPACE EVOLUTION
MOTOVILOV A.K.

Let H be a (possibly unbounded) self-adjoint operator on a Hilbert
space $). Assume that Py is an orthogonal projection in §) such that the
domain Dom(H) of H is invariant under Py, i.e.,

PoyDom(H) C Dom(H). (1)
Under the hypothesis (1), we study the subspace path
B :=Ran(P;), 7€R, (2)

formed by the ranges of the orthogonal projections P, = e 1H7 Py elf7,
Below, the notation ¥(R, Q) is used for the maximal angle between
subspaces R and Q of the Hilbert space ),

J(R, Q) := arcsin(||[R — Ql]), (3)

where R and @ are the orthogonal projections in $ onto R and 9Q,
respectively. By using the maximal angle (3) as the measure of closeness
between subspaces in the path (2) we estimate the speed of their variation
with varying 7. Our first principal result concerning the subspace path
(2) is as follows.

Theorem 1. Assume the hypothesis (1). Assume, in addition, that

Vi,p, = sup (I = Po)H f|| < oo, (4)
f € PBoNDom(H)
Ifll=1
where I is the identity operator in $). Then the following sharp inequality
holds:

D(PBs,Be) < Va,p |t —s|  for any s,t € R. (5)
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Corollary 1. Suppose that Vi p, # 0. Assume that at 7 = Ty the
mazimal angle between the initial subspace Po and a subspace in the path
B, 7> 0, reaches the value of 0, 0 < 0 < T, that is, 9(Po, Pr,) = 0.
Then 9

N VH7P0

Vv

Ty

. (6)

Theorem 2. Assume the hypothesis (1). Assume, in addition, that

ABy, = sw  ([Hf? = (HL 1)) <00 (1)
f € PBo N Dom(H)
IfIl =1
If AEqy, # 0 then the following lower bound holds:
0
Ty > (8)

ALy, ’
where 0, Ty are the same as in Corollary 1.

Inequality (8) represents a generalization of the celebrated bounds on
the speed of variation of one-dimensional subspaces known in quantum
theory as the Mandelstam-Tamm and Fleming quantum speed limits.

Our final lower estimate for Ty concerns the special case of bounded H.

Theorem 3. Let H be a bounded self-adjoint operator on the Hilbert
space $). Suppose that the spectrum of H lies in the segment [m, M] and
m < M. Then the following lower bound holds:

20
Ty >
Q_M—m’

where 8 and Ty are the same as in Corollary 1.

©)

This presentation is based on joint works [1, 2| with Sergio Albeverio.
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ON A GELFAND-SHILOV TYPE SPACE
MUSIN I.KH.
Let H = {h,}32, be a family of convex functions h,: R" — R

with h,(0) = 0 such that for each v € N:
1) hy(x) = hy(lz1], . [on]), © = (21, 20) € R

v|[0,00)" 18 nondecreasmg in each varlable

hy(z)

2) h
3) 1 = +00;
s500 ]
4HYVYM >0 FA, pm > 0s.t. for v = (z1,...,2,) € [0,00)"

hy(z) < Z :L'jlnMj—l—Al,,M;
1<j<n:z;#0

5) Ja, > 0 and 3, > 0 s.t. for x = (21,...,2,) € [0,00)"
hu( )_ 1/+1 >CLV Zx] Yvs

6) 31, > 0 such that for z,y € [0,00)"
hys1(z +y) < ho(z) + ho(y) + b
For each v € N and m € Z, define the normed space
Gm(hy) = {f € C"(R"):

B( Do
Hf”m,h,, = sup M

< o0}
z€R™,BELT |a|<m /3'6 v (B)

Let G(h,) = ﬂ G (hy). Endow G(h,) with the topology defined by

the family of norms | - ||,,,5, (m € Z4). Considering G(H) = U G(hy)

supply it with the topology of the inductive limit of spaces G (h )
i{z,€) n
For f € G(H )let(}-f)()—(m)nfﬂgn e d§, z € R™
The Young-Fenchel conjugate of a function g : R™ — [—o0, +0o0] is the

function ¢g* : R” — [—o00, +00] defined by ¢*(z) = sup ((z,y) — g(y)).
yeRrn®
For v € N, m € Z, consider the normed space

Em(hy) ={f € C*(R"):
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omn(f) = sup L IEDTIDYN)(@)]

< 00;.
z€R™,a €L alehv(e) }

Let £(hy) = () Em(hy). Endow E(h,) with the topology defined by the
m=0

family of norms py,, (m € Zy). Let E(H) = J E(hy). Supply E(H)
v=1

with an inductive limit topology of spaces £(hy).

Denote by A the mapping f € £(H) — Fy, where Fy is the (unique)
extension to entire function in C™.

For each v € N define a function ¢, on R" by

ou(x) = hi(In" |21],...,InT |2,]), © = (z1,...,2,) € R™
For each v € N and m € Z consider the normed space
Em(py) ={f € H(C"):

I+ D™

ePv (Imz)

pu,m(f) = sup

zeCn

[e.e]

Let @ = {p,}22, and E(®) = |J E(py). Supply E(®) with a topology
v=1

of the inductive limit of spaces E(y,).

Theorem 1. The mapping A establishes an isomorphism between the
spaces E(H) and E(P).

Theorem 2. The mapping AF establishes an isomorphism between the
spaces G(H) and E(D).

Theorem 3. The Fourier transformation establishes an isomorphism
between G(H) and E(H).
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LANDIS PROBLEMS. RECENT PROGRESS

NADIRASHVILI N.S.
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Survey of works related to the problems raised by E.M.Landis, from
old results to the most recent ones.
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ON THE PHRAGMEN-LINDELOF PRINCIPLE
FOR MIXED BOUNDARY VALUE PROBLEMS
IN UNBOUNDED DOMAIN

NAZAROV A.L

We investigate the qualitative properties of solutions to the Zaremba
type problem in unbounded domain for the non-divergence elliptic
equation degenerating at infinity. We establish the Phragmén-Lindelof
type principle on growth/decay of a solution at infinity. The result is
formulated in terms of so-called s-capacity (the concept introduced by
E.M. Landis in 1960s) of the Dirichlet portion of the boundary, while the
Neumann boundary should satisfy certain “admissibility” condition.

The talk is based on the joint paper [1].
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ASYMPTOTICS AT INFINITY OF SOLUTIONS TO
ELLIPTIC PROBLEMS IN ANGULATE DOMAINS WITH
ALTERNATING BOUNDARY CONDITIONS

NAZAROV S.A.

Although results are obtained for general second-order formally self-
adjoint systems with polynomial property [1]|, we here consider the mixed
boundary-value problem for the Poisson equation

—Au(z) = f(z), x € Q, u(z) =0, z € 'p, dphu(x) =0, z €'y, (1)
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where 0 € R? is a domain with a Lipschitz boundary which, outside the
disk Bg of radius R > 0, coincides with the angle

K={z:7r>0,¢p€(0,a)}
of opening « € (0, 27). Moreover, I'p contains the ray
YTo={z:r>Rp=0a}
and the set of intervals
v={z:zy=0,21 — R (=bj ™, bj ™} C Yo, b>0 m>0, (2)

while T'y = 00\ T'p.

The case m = 0 when the intervals (2) are distributed periodically
along the abscissa axis, was in essence considered in the paper [2]| and
the infinite asymptotic series at infinity was constructed involving power-
logarithmic functions 7*®(¢;Inr) written in the polar coordinates (r, ¢)
as well as the boundary layers r#WU(z;Inr) located near the ray Y.
Here, ® is a polynomial in Inr with coefficients in C'°°[0, o] while the
polynomial ¥ has coefficients periodic in 1 and exponentially decaying
as xo — +00. The negative exponents A\ and p are taken from certain
countable sets given in [2|. In particular, for a compactly supported right-
hand side f, the main term takes the form

Kor~™/*sin (ggp) (3)

with some coefficient Ky € R.

In the case m > 0 the lengths of the intervals (2) vanish in the limit as
7 — +o0o. However, the asymptotic results mentioned above remain valid,
in particular, the main asymptotic term keeps the form (3). However,
higher-order asymptotic terms get boundary layers of two types, namely
the periodic in x7 exponential ones near Yy and the power-law ones in
the vicinity of the interlas /.

The main difficulty in the performed analysis of the problem (1)
concerns the justification of the asymptotic formulas that requires
derivation of various weighted a priori estimates of the solution, reduction
of the original problem to the pure Dirichlet problem in the angle K,
and restoration of decay properties of the asymptotic remainders near
the boundary ray Y.
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NARROW ESCAPE PROBLEM
NURSULTANOV M.!, TZOU J.C.2, TZOU L.3

Let (M,g,0M) be a compact connected orientable Riemannian
manifold with non-empty smooth boundary. Let also (X;,P;) be the
Brownian motion on M with initial condition at x, that is, the stochastic
process generated by the Laplace-Beltrami operator A,. For any I' C OM
open we denote by 7 the first time the Brownian motion X; hits I':

m:=inf{t >0: X; € I'}.

In the case when I' = I'c ;, is a small elliptic window of eccentricity
V1 —a? and size ¢ — 07, the narrow escape/mean first arrival time
problem wishes to derive an asymptotic expansion as ¢ — 0 for the
expected value E[rr, ,[Xo = ] of the first arrival time 7p, , amongst all
Brownian particles starting at x.

Many problems in cellular biology may be formulated as mean
first arrival time problems; a collection of analysis methods, results,
applications, and references may be found in [5|. For example, cells have
been modelled as simply connected two-dimensional domains with small
absorbing windows on the boundary representing ion channels or target
binding sites; the quantity sought is then the mean time for a diffusing
ion or receptor to exit through an ion channel or reach a binding site
8, 4, 6].

There has been much progress for this problem in the setting of planar
domains, and we refer the readers to [4, 6, 10, 1| and references therein
for a complete bibliography. An important contribution was made in the

planar case by [1] to introduce rigor into the computation of [6]. The
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use of layered potential in [1]| also cast this problem in the language of
elliptic PDE and facilitates some of the approach we use here.

Few results exists for three dimensional domains in R™ or Riemannian
manifolds; see [2, 7, 9, 3] and references therein. The additional
difficulties introduced by higher dimension are highlighted in the
introduction of 1] and the challenges in geometry are outlined in [9].
In the case when M is a domain in R? with Euclidean metric and Pea
is a single small disk absorbing window, [7, 9] gave an expansion for the
average of the expected first arrival time, averaged over M, up to an
unspecified O(1) term.

In this paper we outline an approach which allows one to derive all the
main terms of E[rr,,[Xo = ] for Riemannian manifolds of dimension
three with a small absorbing window which is boundary geodesic ellipse.
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A NOTE ON THE EIGENVALUE CRITERIA FOR
POSITIVE SOLUTIONS OF A CANTILEVER BEAM
EQUATION WITH FREE END

PADHI SESHADEV

In this paper, we study the existence of at least one positive solution
to the fourth-order two-point boundary value problem(BVP)

{ W) = Ag(8) f(tu(t), 0<t<l,
u(0) =u/(0) = u"(1) =" (1) =0,

which models a cantilever beam equation, where one end is kept free.
Here
feco 1] xR,Ry), geC(0,1,Ry)

and A is a positive parameter. The sufficient conditions are interesting,
new and easy to verify. We have used some inequalities on the nonlinear
function f and eigenvalues of a linear integral operator as bounds for the
parameter A in order to obtain our results. OQur approach is based on a
revised version of a fixed point theorem due to Gustafson and Schmitt.

Birla Institute of Technology Mesra Ranchi — 835215, India.
Email: spadhi@bitmesra.ac.in

ON ENTROPY SOLUTIONS OF SCALAR
CONSERVATION LAWS WITH DISCONTINUOUS FLUX

PANOV E.YU.
In the half-space II = (0, +00) x R™ we consider the conservation law
up + divyp(u) =0 (1)
with a jump continuous flux vector p(u). The curve (u, p(u)) in R* 1 is
known to admit a continuous extension

u=>b(v) € C(R), ¢(u)=g(v) e C[R,R"),
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such that the function b(v) is non-strictly increasing and [b(v)| — oo as
v — oo. After the change u = b(v) equation (1) reduces to the equation

b(v); + divyg(v) =0 (2)
We study the Cauchy problem for equation (1) with initial data
u(0,x) = up(z) € L=(R"). (3)

Definition 1 (cf. [1]). A function v = wu(t,z) € L*(II) is called an
entropy solution (e.s.) of problem (1), (3) if there exists a measure valued
solution v 4(v) of equation (2) such that the push-forward measure
(b*vt 5)(u) coincides with the Dirac mass 6(u—u(t, z)) for a.e. (¢, z) € II,
and etsi%iinu(t, ) = up in Li, (R").

We recall (see [2]) that v, is a measure valued solution of (2) if for
all k e R

% / 1b(v) — b(k)|dva (v) + diva / sgn(v — £)(g(v) — g(k))dva(v) < 0

in the sense of dibtributions on II. We observe also that in view of the
assumption (b*v;,)(u) = 6(u — u(t,x)) we can write

/|b ) — bk |dvea (v) = |ult, ) — b(E)).

The main our result is the existence of the largest and the smallest e.s. of
(1), (3). In the case of continuous flux vector this property was known,
see [3]. In particular, this result implies the uniqueness of e.s. in the
case of periodic initial data and the following more general comparison
principle.

Theorem 1. Let u; = wi(t,x), us = ua(t,z) be e.s. of (1), (3) with
initial functions ug1, uge, respectively. If ugr < wuge a.e. in R™ and at
least one of these initial functions is periodic then ui(t, z) < us(t,x) a.e.
wn 11

The research was supported by RSF grant 22-21-00344.
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ON ONE NONLOCAL PROBLEM FOR SECOND ORDER
LINEAR SINGULAR DIFFERENTIAL EQUATIONS

PARTSVANIA N.

On a finite open interval Ja,b[, we consider the linear differential
equation

u’ = p1(t)u + po(t)u’ + q(t) (1)

with the nonlocal boundary conditions

ao b
/ u(t)dpi(t) = e, / u(t)dpa(t) = ca. (2)
a bo

Here p; :]a,b|— R (i = 1,2) and q :]a, b[— R are measurable functions,
satisfying the conditions

b b
/ ((t) (1) [pr (8) |+ pa(B)]) e < +oo, / (t-a)(b-) g(8)|dt < +o00, (3)

a

a < ag < by <b, ¢ (i =1,2) are real numbers, while ¢; : [a,a9] — R
and @9 : [bo, ] — R are nondecreasing functions such that

p1(a0) > p1(a), pa(b) > p2(bo).

We assume that the values of any solution to equation (1) at the points
a and b are its right and left limits, respectively, the existence of which
is guaranteed by condition (3).

We are mainly interested in the case where the functions p; and ¢ have
nonintegrable singularities at the points a and b. However, the results
below on the unique solvability of problem (1), (2) are new even in the

case where those functions are integrable on [a, b].
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For any continuously differentiable function w defined on some interval
I C [a,b], we put
h1(p1, p2, w)(t) = [pr(t)]_w(t) + [p2()]_w' (),
ha(p1, 2, w)(t) = [pr()]_w(t) — [p2(t)], w'(t).
Theorem 1. Let conditions (3) hold and there exist a number ty € |a, b|

and continuously differentiable functions wy : [a,to] — [0,+o00[ and
wy : [to, b] = [0, 400[ such that

to

wi(a) =0, wi(t) >0, /hl(pl,pg,wl)(s)ds <wi(t) for a <t <tg,

wa(b) = 0, wh(t) <0, /hg(pl,pg,wg)(s)ds < lub(t)| for to <t <b,

to
to h t h
limsup/ 1(pl’pQ’wl)(s)ds—i—lirnsup/ 2(p1’p2’w2)(s)ds <2. (4)

tto wi (t) o |y (t)]
0

Then problem (1), (2) has a unique solution.

Note that the strict inequality (4) in Theorem 1 is unimprovable and
it cannot be replaced by the nonstrict one.

Corollary 1. Let conditions (3) hold and there ezist ty € |a, b[ such that
to

b
J (@l +pal)de < 1, [ (-0l O)+Hpa0)]:)de < 1. 6)

a

Then problem (1), (2) has a unique solution.

Corollary 2. Let conditions (3) hold and there exist nonnegative
constants ¢; (i = 1,2) such that

p1(t) > —l1, pa(t)sgn(2t —a —0b) <ly for a<t<b,

/+wd$<<b—aV2 ©)
o A1+ lox + 22 ’

Then problem (1), (2) has a unique solution.
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In the right-hand sides of inequalities (5) in Corollary 1, the number 1
cannot be replaced by 1+ ¢ no matter how small € > 0 is, and the strict
inequality (6) in Corollary 2 cannot be replaced by the nonstrict one.

A. Razmadze Mathematical Institute of Thilisi State University, Georgia.
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IMPROVED APPROXIMATIONS
FOR RESOLVENTS OF ELLIPTIC OPERATORS
IN THE ENERGY OPERATOR NORM

PASTUKHOVA S.E.

In the space R? d>2, we consider divergence-type operators of an
even order 2m>2

Ac=(-1)" > D*(aig(x)D")

lo]=[B|=m
with e-periodic coefficients agz(z) = aag(y)|y=c-12, € > 0 is a
small parameter. Here, a=(a1,...,qq) is a multiindex of length

|Oé|:a1 + ...+ ay, OéjEZZO, D> = D?l .. .ng, D; =Dy, i=1,... ,d;
the coeflicients aag(y) are real, measurable, 1-periodic with periodicity
cell Y= [—5, 5) , and satisfy the conditions
laagllLoe(yy < A1, Ve, B, |af = |B] =
/ Z aap(x) (2)DPoD%pdx > )\0/ Z |Da<p|2 dx

|a|=[B]=m la=m

for all p € C$°(R?) with some positive constants g and \;.
With the family A, we associate the homogenized operator

A=(=)" 3, D%esD", (2)
|lal=|B|=m
which is of the same class (1). The coefficients a,g are constant and are
expressed via solutions to so-called cell problems. It is known [1] that
[(Ac+ 17" = (A+ )™ — el oty < Oz, (3)

where the constant C' depends only on the dimension d and the constants
Ao and Ap in (1). The correcting operator K¢ is obtained by using the

solutions to the cell problems introduced to compute the coefficients a .
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Now we seek e2-order approximations of the resolvent (A + 1)~! in
the energy operator norm || - |[z2_,gm. To this end, we introduce the
homogenized operator, slightly different from that in (2); namely,

"3 DY D ke YD basD)
lor|=m |Bl=m |6|=m+1

Here, the coefficients a,p are the same as in (2) and b,s are constants
defined via solutions to the additional cell problems. We define the
correcting operators

= > Ny( DVSE(A +1)7!

ly|=m
and

Kmii(e)= Y Ns(= D5S5SE(A +1)7!
|6|l=m+1

where N, |y|=m, and Ns, |0|=m+1, are the solutions to the above-
mentioned cell problems, S¢ is the Steklov smoothing operator defined
as (S°¢)(z) = [y ¢(x — ew) dw. In [2], the following estimate is proved:
[(Ac41) " ™K (€)+€™  Kmp1(8) = (A1) ™| p2(may o prm (ray < CE,

where the constant C' is of the same type as in (3).
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ON VARIATIONAL APPROACH IN HOMOGENIZATION
OF CONVOLUTION TYPE OPERATORS

PIATNITSKI A.L.

We consider a symmetric operator of the form

= [ o(FAE D ) @y )
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with a small parameter € > 0 and the corresponding quadratic functional

Fe(u) = 5dl+2/Rd /]Rd a(x ; y)A(g, g)(u(y,t) — u(x,t))? dydz.

The talk will focus on I'-convergence results for functional F¢, as € — 0.
We assume that the coefficients a(z) and A(&,n) possess the following
properties: integrability

a(-) =0, /a(z) dz =1, /\z|2a(z) dz < o0 (2)
R4

Rd

ellipticity”
0<A™ < A(&n) <AF 3)

for some positive constants A~ and AT. symmetry
a(—z) = a(z) for all z e RY,  A(&,n) = A)(n,€) for all £, 1. (4)

We also assume that either A(€,n) is periodic both in  and 1, or A(€,n)
is random statistically homogeneous ergodic random field.
In the periodic case the following result holds:

Theorem 1. Let A(&,n) be periodic in & and 7, and assume that
conditions (2)—(4) are fulfilled. Then, as € — 0, the family F¢ T'-
converges in L?(RY) equipped with a weak topology to the functional F°
defined by

FO(u) = /Rd avVu - Vudz, if ue H'(RY),
400, otherwise,

where a 1s a symmetric positive definite constant d x d matriz.
Similar result holds in the random case.

Theorem 2. Let A(&,n) be random statistically homogeneous ergodic
random field in R??, and assume that conditions (2)-(4) are fulfilled.
Then almost surely the family F€ T'-converges in LQ(Rd) equipped with a
weak topology to the functional F° defined in Theorem 1 with a constant
deterministic positive definite matriz a.

This is a joint work with Andrea Braides (Rome).
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OSCILLATION CRITERIA FOR THIRD-ORDER
DIFFERENTIAL EQUATIONS WITH NEUTRAL
COEFFICIENTS

PINELAS S.

In this work it is introduce a criteria to the oscillatory behavior of
solutions to a class of third-order differential equations with neutral
coefficients. Sufficient conditions for all solutions to be oscillatory are
given and some examples to illustrate the main results.

References

[1] Baculikov B., Dzurina J., On certain inequalities and their applications in the
oscillation theory, Adv. Differ. Equ. 2013, Article ID 165, 1-8.

[2] Chatzarakis G. E., Grace S. R., Jadlovsk4 I., Li T., Tung E., Oscillation criteria
for third-order Emden-Fowler differential equations with unbounded neutral
coefficients, Complexity 2019, Article ID 5691758, 1-7.

[3] Dosld Z., Liska P., Comparison theorems for third-order neutral differential
equations, Electron. J. Differential Equations 2016, No. 38, 1-13.

[4] Graef J. R., Savithri R., Thandapani E., Oscillatory properties of third order
neutral delay differential equations, Proceedings of the Fourth International
Conference on Dynamical Systems and Differential Equations, May 24-27, 2002,
Wilmington, NC, USA, 342-350.

Academia Militar, Portugal. Email: sandra.pinelas@gmail.com

THE KALTON AND ROSENTHAL TYPE
DECOMPOSITION OF ORTHOGONALLY ADDITIVE
OPERATORS

PLIEV M.A.

Narrow operators on symmetric function spaces, as introduced in [1],
may be thought of as a generalization of compact operators. There
is a deep connection between the theory of narrow operators and

classical results of Kalton [3|, Rosenthal [5], concerning decompositions of
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continuous linear operators on £(L1). The next theorem can be regarded
as a generalization of [3, 5] to the setting of dominated orthogonally
additive operators (OAOs) on lattice-normed spaces (LNSs).

All necessary information on LNSs and dominated OAQOs the reader
can find in |2, 4].

Theorem 1. Let (X, E) be a decomposable lattice-normed space, where
E is a vector lattice with the principal projection property, F' be an order
continuous Banach lattice and T: X — F be a dominated orthogonally
additive operator. There then exists a unique decomposition

T="Ty+Txy
where Ty is a narrow operator and Ty is an atomic operator.

The research was supported by the Ministry of Science and Higher
Education (the agreement numbers is 075-02-2021-1844).
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SURFACES IN R?* AND THEIR CONTACT WITH CIRCLES
REEVE G.

It has long been known that we can use the contact between a
surface and so called model submanifolds to tell us about the underlying
geometry of the surface. For example, we can tell something about how
flat a surface is by its contact with either planes or lines, and something
about how round it is by its contact with spheres or circles. In this talk I’ll
revisit the idea of contact between a surface and circles and introduce the

concept of a "surface of centres"of circles with sufficiently high contact,
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a kind of generalisation to the focal set. This is joint work with Peter
Giblin.
Liverpool Hope University, UK. Email: reeveg@hope.ac.uk

DECOUPLING OF QUASILINEAR DYNAMIC SYSTEMS
ON TIME SCALES

REINFELDS A.

Let T be unbounded above and unbounded below time scales T [1].
We consider the rd-continuous on ¢ € T dynamic system

P = AW+ f(t,7,y), )
A = B(t t L
y )y +g(t,z,9),
in a Banach space, where nonlinear terms are e-Lipschitz and the system

(1) has a trivial solution. Let X (¢,7) and Y (¢,7) be the transition
operators of the corresponding linear system

A
= = A(t)x
’ 2

{ y® = B(t)y. ®
Suppose that the system (2) satisfy the conditions of integral separation

V= max <sup / 1Y (s, 0(6)|| X (2, )| At

s —00

S

+o0
sup/ |X(s,a(t))HY(t,s)\At> < 400

with the separation constant v. Based on the integral version of the idea
developed in the article [2] we generalize [3].

Theorem 1. Let 4ev < 1 and the linear system (2) is regressive. Then
the dynamical systems (1) and

{wA = Al)z+ f(t,z,u(t,x)), (3)
y® = B(t)y+g(t,v(t,y),y).

on time scales are global dynamic equivalent.

In the case of unbounded above time scales we also find sufficient
condition under which the system (1) is dynamic equivalent to system

(4).
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Theorem 2. Let 4ev < 1 and the linear system
B = A(t)x
is regressive. Then the dynamical systems (1) and
2 = Az + f(t,z,u(t,x)),
{yA = By +g(t,k(t,z,y),y).

on time scales are global dynamic equivalent for t > T.
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AN ADDITION TO A NEW APPROACH TO NON-LOCAL
BOUNDARY VALUE PROBLEMS

RONTO M.!, RONTO A.2
We study the non-linear boundary value problem of general form
ul(t) = f(t7u(t))a te [a’ b} ; (I)(u) =d, (1)

where @ : C([a, b] ,R™) — R™ is a vector functional (possibly non-linear),
d is a given vector, and f : [a,b] x D — R™ is a continuous function
satisfying the Lipschitz condition in a bounded closed domain D,

F(t.2) = F(Ey)| < K 2 —y|, forall {z,y} C D, t€fab]. (2)

We are interested in establishing the solvability of (1) and approximate
finding its solution. An approach to this was suggested in [1|, which
involves a kind of reduction to a parametrized family of problems

u'(t) = f(tut), t € lab];  ula) =2, u(b)=n, (3)

where z = col(z1,...,2,), n = col(n1,...,n,) are unknown parameters.

AsSsUMPTION 1. There is a non-negative p such that, componentwise,
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p > - (b—a)dyp(f),

where 054, p(f) = 5 (Max (s u)efasxp St ) — ming ,)efsxp(t w)).

| =

ASSUMPTION 2. 7(Q) < 1 for the spectral radius of @ = wa)K.

The techniques are based on properties of the iteration sequence

Um+1 (¢, 2,m) = ug (t, 2,m) /fsum(szn))d

t—a

/fsumszn))d (4)

where ug (t,2,1) = (1 — =%)z + =%p, t € [a,b], m = 0,1,2,.... These
formulas are used to compute the correspondmg functions explicitly for
certain values of m which, under additional conditions, allows one to
prove the solvability of the problem and construct approximate solutions.
If the function involves transcendental non-linearities with respect to the
second variable, the correspondent explicit computations, in the general
case, cannot be carried out due to the impossibility to find the exact
values of the corresponding integrals. One of the ways to overcome this
difficilty is to use, instead of (4), the polynomial approximations

t
Ugn (t7 57 77) = ’U,()(t, fa 77) + / Lq(NUm—l ('7 57 n))ds

t—a
b—a

where vl (¢,€,m) = uo(t, €, n). Here, we need to construct the gth order
Lagrange interpolation polynomials Ly(Nvy—1(-,&, 1)) over the ¢ + 1
Chebyshev nodes for functions obtained as a result of application of the
Nemytskii operator N, (Ny)(t) := f(t,y(t)), t € [a,b], y € C([a,b],R™).

To relax the conditions involved in Assumptions 1 and 2, following [2],

b
/ LQ(NUmfl ('aé»ﬁ))d‘ga te [avb]v m=12...,

we use the interval division tg = a, tx = tp_ 1+ hg, E=1,.... M — 1,
tayr = b, and instead of (3), consider M model problems
du®)

o =ftu) b et tely ulteor) = 2470, u(ty) = 20,

where k =1,2,..., M and 29, 2 . 2V are to be determined. Each
of these problems is studied on an interval of length hj. Assumption 1 is
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then replaced by r(Qx) < 1,k =1,2,..., M, where Qj, = %Kk and K},
is the Lipschitz matrix for f on [tx_1,t;] x D¥| DI¥ ¢ D. Assumption 2
is likewise weakened. The approach is illustrated on examples.
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THE RESOLUTION OF SINGULARITY IN THE
NEIGHBORHOOD OF A SECOND ORDER SINGULAR
EXTREMAL IN TWO-INPUT CONTROL PROBLEMS

RONZHINA M.I.1, MANITA L.A.2, LOKUTSIEVSKIY L.V.3

Pontryagin’s maximum principle (PMP) reduces the study of optimal
control problems to the study of controlled Hamiltonian systems. If the
Hamiltonian system is affine in control, then the typical phenomenon is
the existence of a singular trajectory that is characterized by the fact
that the Hamiltonian reaches its maximum over a finite time interval
at more than one point. In other words, the optimal control can not
be determined directly from the PMP maximum condition. A class of
problems that appear in many applications is the ones with singular
trajectories of the second order.

The behavior of optimal trajectories near a singular trajectory of the
second order can be quite complex, e.g. nonsingular trajectories can
have infinite number of control discontinuities near the matching point
with the singular arc (this is called the chattering regime, or Fuller’s
phenomenon). In problems with one-dimensional control, it was proved
that optimal chattering trajectories are typical for controlled systems
with singular trajectories of the second order [1, 2].

In the case of one-dimensional control, the problems with singular
trajectories of the second order are well studied. A complete description

of the structure of optimal solutions in a neighborhood of singular
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extremals of the second order was given by [2]. In problems with
multidimensional control the behavior near a singular trajectory can be
much more complex and has been studied only in a few special cases.

The main tool of studying the behavior of nonsingular extremals in a
small neighborhood of a singular extremal is the resolution of singularity.
The method consists in a geometric transformation that replaces a
singular point with a surface of higher dimension.

In the series of papers [3, 4, 5] we have implemented the resolution
of singularity in a neighborhood of a second order singular extremal
for problems with two-dimensional control. We consider a Hamiltonian
system that is affine in two-dimensional bounded control taking values in
an ellipse. In a neighborhood of a singular extremal of the second order,
we obtain a family of solutions in the form of logarithmic spirals that
reach the singular point in a finite time and have a countable number of
revolutions around it.

This work is partially supported by the Russian Science Foundation
(grant No. 20-11-20169).
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ASYMPTOTIC MODELLING OF SOFT AND STIFF
INTERFACES IN KIRCHHOFF-LOVE’S PLATES THEORY

RUDOY E.M.

The characterization of the interface conditions between bonded
together elastic media is a classical problem in solids mechanics. This
problem arises in many fields of engineering when composite material
should be modelled. For example, laminate structures can be built by
gluing together thin plates. Due to the small thickness of glue layer (or
adhesive) the numerical computation of the solution of the corresponding
boundary value problem can be very difficult because it requires a
fine mesh and, consequently, increasing of degree of freedom of the
corresponding system.

In this situation, instead of the full model the approximate model with
the interface condition between adherents is introduced. Many interface
conditions are currently studied rather well from both mathematical
and mechanical point of view for different models of solids mechanics:
linear and nonlinear elasticity, piezoelectricity, magneto-electro-thermo-
elasticity [1, 2, 3, 4, 5].

In the present work, we consider a composite structure consisting of
two plates glued together by a third one (adhesive layer) along some
common interfaces. The structure is in equilibrium under the action of
applied forces. The composite plate is fixed on the parts of the external
boundary. The equilibrium problem (case of pure bending) is formulated
as a variational one. Namely, a minimization of the energy functional over
a set of admissible deflections of the composite plate in the space H?.
It means that the deflections of each plates are described by biharmonic
equations. And on the common boundaries the condition of equality of
the deflections and their normal derivatives is satisfied. It is assumed
that the elastic properties of the adhesive layer depend on its thickness
e as eV, N € R. Parameter ¢ is a small parameter of the problem. But
the elastic properties of the glued plates do not depend on & and remain
constant.

The main goal of the work is to strictly mathematically justify the
passage to the limit when ¢ tends to zero. It is shown that there are 7
limit problems in dependence on N. Moreover, for these 7 problems it
is shown that the influence of adhesive on adherents can be replaced by

interface [6].
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ON A PROBLEM GOVERNED BY SUBDIFFERENTIALS
AND CAPUTO FRACTIONAL DERIVATIVES

SAIDI SOUMIA

Differential equations of fractional order have recently been
proved valuable tools in modeling many phenomena in various
fields of science and engineering. There are many applications to
problems in viscoelasticity, electro-chemistry, control, porous media,
electromagnetics, etc. There has been a significant theoretical
development in fractional differential equations in recent years, see for
instance [1], [2], and the references therein. In particular, the existence
of solutions of boundary value problems and boundary conditions for
implicit fractional differential equations and integral equations with
fractional derivatives constitutes an attractive subject of research.

We study here a dynamical system involving a differential inclusion
governed by subdifferential operators and a differential equation with

Caputo fractional derivatives [3|. To establish our main theorem, we
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combine the necessary results of fractional calculus and an existence
(and uniqueness) theorem concerning first-order evolution problems with
single-valued perturbations [4].
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SUB-RIEMANNIAN GEOMETRY AND BICYCLE
MATHEMATICS ON THE GROUP OF MOTIONS OF THE
PLANE

SACHKOV YU.L.

We will discuss the unique, up to local isometries, contact sub-Rie-
mannian structure on the group SE(2) of proper motions of the plane
(also known as the group of rototranslations).

The following questions will be addressed:

geodesics,

their local and global optimality,

cut time, cut locus, and spheres,

infinite geodesics,

bicycle model,

bicycle transform and relation of geodesics with Euler elasticae,
group of isometries and homogeneous geodesics,

applications to imaging and robotics.

The research was supported by RSF grant 17-11-01387-P.
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ON MATHEMATICAL MODELS OF EVOLVING
NETWORKS

SADYRBAEV F.!, SAMUILIK I.2, SILVANS A.3

We study systems of ordinary differential equations (ODE), which
model the interrelation and evolution of large networks. We mean gene
regulatory networks (GRN), neuronal networks and telecommunication
networks. They can contain an arbitrary number of elements, which
are interpreted as genes in the case of GRN. These systems contain
multiple parameters. The interrelation between the elements of a network
is described by the so called regulatory matrix W, that is a square matrix
with constant coefficients. The state of a network is associated with the
solution vector X (t) = (x1(t),...,xn(t)), where t is interpreted as time.
Evolution of a network can be described by studying the behavior of
solutions of the associated system of ODE. The main factor, defining the
evolution in a model, is the set of possible attractors in phase space. One
can find non-trivial attractors in these systems, and they vary in nature.

Both analytical and computational means are used in the study of a
system. The study of stable equilibria can be made using the standard
analysis of critical points. The geometry of the vector fields can be
investigated using the method of nullclines, this works well in low
dimensional cases. The computational approach is productive, however

the usual restrictions on capability of devices arise.
123



In our talk we try to mention the typical issues that arise in qualitative
study. The main problem is to treat systems of high dimensionality, where
we encounter issues with visualisation and processing limitations.

Nevertheless, the amount of relevant results increases, and some
suggestions for behavior of the state vector X (¢) can be made even for
relatively high-dimensional cases.
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DYNAMICS OF LOCALIZED WAVES WITH
CONTROLLABLE NONLINEARITIES

SAKKARAVARTHI K!, KANNA T2

The objective of the present work is to investigate the consequences
of varying nonlinearities in the dynamics of localized waves propagating
through inhomogeneous media. For this purpose, we consider a coupled
nonlinear Schrodinger equation consisting of temporally varying self-

phase & cross-phase modulations and four-wave mixing nonlinearities
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governing multimode beam propagation in inhomogeneous fiber. The
corresponding mathematical model is described as

0A 0? S
. j 2 2
za—; + <58m2 + V(Zal')> Aj+(2) (%’ A7 + %:Uﬂ Al > 4

M
—(2) (Z 0@A§> A5 =0, j=1,2,3,---,M, (1)
y4

where Aj(z,z): jth optical mode, d: second-order dispersion, oj;:
self-phase modulation, oj;: cross-phase modulation, o,: four-wave
mixing, V(z,x): graded refractive index profile, and 7(z): temporally-
varying nonlinearity. We investigate the importance of such modulated
nonlinearities in the dynamics of optical bright solitons, spatially
or temporally periodic (Akhmediev or Ma) breathers, and doubly
localized bright-dark rogue waves with the help of explicit analytical
solutions constructed through a dedicated similarity transformation. We
explore the possibility of controlling these solitons, rogue waves and
breathers possessing different characteristics. Especially, we provide a
demonstration for three types of inhomogeneities that shows snaking or
creeping, tunnelling through a localized barrier/well, and amplification
driven by compression type modulations with physically interesting
changes in their dynamical characteristics. An important advantage of
our study is that the methodology can be extended to multicomponent
systems in a straightforward manner.

The results discussed in this work will be beneficial to the theoretical
studies and experimental realization in engineering and controlling
mechanism of different waves. Particularly, the wave propagation
in graded refractive index (GRIN) media can attract interest toward
further exploration in the context of atomic soliton/breather /rogue wave
management in binary and spinor condensates, periodic lattice arrays,
magnetic materials with layered structure, and so on. Furthermore, the
influence of such modulations in higher-dimensional nonlinear optical
systems featuring vortex solitons, optical bullets, resonant solitons,
lumps and dromions will be immediate future interest.
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BOUNDARY OPTIMAL CONTROL AND
HOMOGENIZATION: CRITICAL CASE

SHAPOSHNIKOVA T.A.

We consider the homogenization of an optimal control problem in
which the control v is placed on the part I'g of the boundary and the
spatial domain contains a thin layer of "small particles very close to the
controlling boundary, and a Robin boundary condition is assumed on
the boundary of those "small particles". We assume that the size of the
particles and parameters involved in the Robin boundary condition are
critical ( and so they justify the occurrence of some "strange terms'"in
the homogenized problem and in the limit of the cost functional).

Let QCR} ={z € R": 2, >0}, 02 =TqUI'y, ['g = 02N {z,, = 0}
is the (n — 1)-dimensional domain on the plane z,, = 0, I'; = 9Q \ Ty.
We set j = (ji,.--Jn-1,0), ji € Z,i=1,...n— 1 and G = a.Gy + €j,
where G is the unit ball with the center (0,...,0,1/2) and a. = Cpe®
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witha = (n—1)/(n—2), Ye={j €Z":j = (j1,...,jn-1,0),GL C Q1.
Next, we introduce sets

Ge = Ujer.GL, S = Ujer.0GL, Q. = Q\ G., 00 = S: UToUT}.

For an arbitrary function v € L?(Ty), we denote by u(v) € H'(Q,T1)
the solution of the problem

—Au.(v) = f, x € (e,
Oyus(v) + e Ya(x)us(v) =0, x € S, (1)
Oyus(v) = v, x € Iy,
us(v) =0, x eIy,

where f € L*(Q), a(z) € C®(Q), a(x) > ap = const > 0, v € R, d,g
is the partial derivative along the outward unit normal vector v to the
boundary. Consider the cost functional J; : L?(Tg) — R,

n

1.0 = 3 [ B@)V(a(o) ~ un)V(us(o) = ur)ds + 5 ol

Qe

where B(x) = (b;j(x)) is an n X n positive symmetric matrix, b;; € C(Q)

and ur € HY(Q) is the target function, n, N are arbitrary positive

constants. It is well known that there exists a unique element v. € L?(T)

such that J.(v.) = 321(111}){]5(1)). It is known that an optimal control
v 0

ve = — 35 Pz, where (ue, P:) is a weak solution of the coupled system

( —Au, = 1, x € e,
AP, = div(B(z)V(ue — ur), x € e,
Oyue + E_WG(J")UE =0, x €S,
Oy P. — (B(x)V(us —up),v) + e Ya(x)P. =0, x €S, (2)
Oye = —%Pa, x € Iy,
Oy P. — (B(x)V(us —ur),v) =0, x € Iy,
u. = P. =0, zely.

\

Denoting by u. and E the E L_extensions of functions u. and P: to €,
we have as € — 0,0z — ug, P- — Py, weakly in H(Q,T').

Theorem 1. Let n > 3, a = v = =L and a pair (ue, P:) is a weak
solution of the system (2). Then, the pair (ug, Py) is a solution of the

system
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_AuO — f’ APO = le(BV(UO - uT))) (S Q’

ayuo—kAla(g)(ii)cnuO:—%PO, . JIEFO:

Oy Py = (B()V (up — ur), v) + Ar iyt Po—
trB(x)a?(x) _

~ A2+t to =0, el

ug = Py =0, x €.

n

where trB(x) = ‘Z1bjj(X)7 Ay = (n— 2)C3_2wn, Ay = %, C, = "C—_OQ,
J:

wy, 18 the surface area of the unit sphere in R™.
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SOME NEW SOLUTIONS TO SEMILINEAR EQUATIONS
IN R* WITH FRACTIONAL LAPLACIAN

SHCHEGLOVA A.P.

2
Let n > 2, and let s € (0,1). Denote by 2% = n2 the critical
n

—2s
embedding exponent for the Sobolev—Slobodetskii space H*(R"). For
q € (2,2%), we consider the equation

(=A)ou4u = |u|T%u in R", (1)

where (—A)® is the conventional fractional Laplacian in R™ defined for
any s > 0 by the Fourier transform

(=A)%u = F~ (| Fu(g)) .

Semilinear equations driven by fractional Laplacian have been studied
in a number of papers. We construct some new classes of solutions to the
equation (1), which, apparently, were not considered earlier.

In [1], for the model equation

—Au+u=1u? in R",

a variational approach was suggested. It is based on the concentration-
compactness principle by P.-L. Lions and on the reflections. This
method, also applicable to the equations driven by p-Laplacian, allows to
construct in a unified way the solutions with various symmetries which

can also decay in some directions.
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Let €2 C R™ be a convex polyhedron. For a positive sequence R — +o0,
we define a family of expanding domains

Qpr={zeR": z/R € Q}
and consider the problem
(—A)Gpu+u= w7y in Qg, (2)

where (—A)ER stands for some fractional Laplacian in Qpg, such as
spectral fractional Dirichlet or Neumann Laplacian, etc.

Lemma 1. There exists a least energy solution u of (2), positive and
smooth in Qg.

Now we assume that the polyhedron €2 has the following property:
the space R™ can be filled with its reflections, colored checkerwise. Then
we can extend the function u to the function u in the whole space by

reflections consistent with the boundary conditions of (—A)g, .

Theorem 1. The function u is a solution of the equation (1) in R™.

In this way, we construct solutions of the equation (1) with various
symmetries. Among them, there are: positive and sign-changing periodic
solutions with various periodic lattices, quasi-periodic complex-valued
solutions, breather-type solutions. These classes of solutions, apparently,
were not studied earlier. In the local case, similar solutions are considered
in [1]. However, some of our solutions are new even for s = 1.

This talk is based on joint work with Alexander Nazarov, see [2]. A
part of our results was announced in the short communication [3].

The research was supported by RFBR, grant 20-01-00630.
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CRITICAL TRAVELING WAVES
SHCHEPAKINA E.A.!, SOBOLEV V.A.2, ZHANG L.3

The paper deals with a special type of traveling waves. We call these
traveling waves critical since they simulate critical phenomena. The
specificity of critical traveling waves is that they profile is a duck—
trajectory (or canard) [1]. Recall, that canards are trajectories of a
singularly perturbed system which at first move along the stable slow
invariant manifold and then continue for a while along the unstable slow
invariant manifold [2, 3].

Canard traveling waves were considered first in [4] for a combustion
model, where it was shown that they separate the waves of slow burnout
and the explosion waves. Later, other papers on the canard traveling
waves appeared, see, for example, [5, 6, 7, 8] and references therein.

It should ne noted that critical traveling waves are of different types
depending on their profile which can be periodic, homoclinic, and
heteroclinic. For heteroclinic profile, it is possible to distinguish the cases
of point-to-cycle and point-to-point traveling waves.

In this paper, we demonstrate some types of critical traveling
waves using the reaction—diffusion system. We consider processes
characterized by small diffusion, which leads to the appearance of
singular perturbations in the corresponding ODE systems. The use of
the method of invariant manifolds of singularly perturbed systems allows
us to reduce the traveling wave problem of the original PDE system to
the analysis of their profiles in the ODE system with the lower order.

This work is partially supported by RFBR and NSFC according to
the research project No. 20-51-53008 (E. Shchepakina and V. Sobolev),
and NSFC projects No. 12011530062, No. 12172199 and No. 11672270
(L. Zhang).
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LARGE SOLUTIONS OF SEMILINEAR ELLIPTIC
EQUATIONS WITH DEGENERATE ABSORPTION TERM

SHISHKOV A.E.!, YEVGENIEVA Y.A.2
Let  C R™, n > 1, be a bounded domain and f(-,-) a nonnegative

continuous function in Q x R! such that f(x,0) = 0 Yz € Q. We consider
the so-called large solutions of the equation

—Au+ f(z,u) =01in Q, (1)

i.e. solutions u(x) of (1), satisfying boundary condition
d(lgg?_l)ou(x) =00, d(x):=dist(x,00N). (2)
When f = f(u) is monotonic function, then the existence of large

solution is associated with well known Keller-Osserman condition on the

growth of f(u) as u — co. An adaptation of mentioned KO-condition to

nonmonotonic f(-) was realized in the work of S. Dumont, L. Dupaigne,

O. Goubet, V. Radulescu (2007), for general nonlinearities f(x,u) —
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by J. Lopez-Gomez (2000) and many other authors. More difficult is
problem of uniqueness of large solution. For smooth domain €2 and
flu)=uP, p= Z—i‘g, n > 2, uniqueness was firstly proved by C. Loewner,
L. Nirenberg (1974), for general f(u) = u”, p > 1, mentioned uniqueness
was proved by C. Bandle and M. Marcus (1992). As to f(z, ), M. Marcus
and L. Veron (2003) proved uniqueness of large solution for C?~smooth
bounded Q if: f(z,u) > cod(z)*uw? Vo € Q, YVu > 0, p > 1, a > 0,
co = const > 0. At last in [1] authors hypothesized the uniqueness if the
following condition holds:

f(z,u) = coexp (—crd(z) ™) uP
Ve, Vuz20,p>1, 0<a<l, ¢ >0.

We prove the validity of this hypothesis. Moreover, we prove even more
general result.

Theorem [2]. Let f(xz,u) > cohy, (d(z))uP Vo € Q, p > 1, where
ho(s) = exp (—s 'w(s)) and nondecreasing continuous function w(-)
satisfies Dini condition:

/ s lw(s)ds < oo, Ve > 0. (3)
0

Then equation (1) admit only one large solution.

Problem: whether is condition (3) necessary condition for uniqueness
of large solution?

As it was shown in [3] condition (3) is sufficient condition for existence
of so-called very singular solution u,(x) of equation (1) with arbitrary
a € 012, i.e. solution of (1), satisfying boundary condition up(x) = 0
Ve € 09\ {a} with singularity in the point {a} more strong than
singularity of corresponding Poisson kernel. We proved (see [2]) that
condition (3) is also necessary condition for existence of very singular
solution wug(x) of (1) with arbitrary point a € 99.

The research of the first author is supported by RUDN University,
Strategic Academic Leadership Program.
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ON A CHARACTERIZATION OF SETS OF TRANSEFER
TIMES

SHKREDOV I1.D.

We consider the set of transfer times between two measurable subsets
A, B of positive measures in an ergodic probability measure-preserving
systems of a countable abelian group G. If the lower asymptotic density
of the transfer times

Rap={9€G | wAng™'B) > 0}.

is small, then we prove this set (as well as our system) must be close to
a periodic set (system).
Joint work with M. Bjorklund and A. Fish.
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OPERATOR ESTIMATES FOR HOMOGENIZATION OF
CONVOLUTION-TYPE OPERATORS

SLOUSHCH V.A.!, PIATNITSKI A.L.2, SUSLINA T.A.3,
ZHIZHINA E.A.4

In Lo(R?), we consider an operator A., € > 0, given by
(Acu)(z) =" /Rd a((z —y)/e)uz/e,y/e)(u(z) — uly)) dy,
e RY ue LyRY).
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It is assumed that a(z) is an even nonnegative function of class Li(R?),
llal|z, = 1; a function u(zx,y) satisfies the following conditions

p(z,y) = ply,x), 0<p— < plx,y) < py <+oo, z,y€RY,
w(z+m,y+n)=p(x,y), z,y€RY mmnezl

In addition, we assume that
My = / |z[Fa(x) de < 0o, k=1,2,3.
Rd

The operator A. is bounded, self-adjoint, nonnegative, mino(A;) = 0;
see [1]. We study the resolvent (A, + I)~! for small e.

We show that [[(Ac + 1)1 — (AY + I)7Y|1,52, — 0, € — 0, where
AY is the effective operator. It turns out that A is elliptic second-order
differential operator A = — div ¢"V.

Let Q := [0,1)% be the cell of Z%; let v(x) = (v1(x),...,vq(z))!, v € RY,
be a Z%periodic solution of the “cell problem™:

Jra a(z — y)p(z, y)(v(z) —v(y)) dy = [gaalz — y)p(z, y)(z — y) dy,

Jov(y)dy = 0.
(1)
The problem (1) has the unique Z%periodic solution. We define the
effective matrix g% = {%gzj}m:l“_,’d by

9i5 = / dl‘/ dsz] z y (x_ ),u(x,y),
Gij(@,y) = (i — yi)(@; — y;) — v (@) (xi — yi) — vi(@)(z; — y5),
ij=1,...,d

The matrix ¢¥ is positive definite. The effective operator A? = — div ¢°V
is defined on the Sobolev space H2(R?). Our main result is

Theorem 1. [4] We have
[(Ae + D)7 = (A% + D)7y ey Lorey < Cla, ple, €>0. (2)

Remark 1. 1) The effective operator A is unbounded. 2) The estimate
(2) is order-sharp. 3) The constant C(a, i) is well controlled.

The method is further development of the operator-theoretic approach
suggested by M. Sh. Birman and T. A. Suslina in the papers [2, 3].
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INVARIANT MANIFOLDS, CANARDS AND TRAVELING
WAVES

SOBOLEV V.A.l, SHCHEPAKINA E.A.2, ZHANG L.3, WANG J.4

The main object of our consideration is the following system of
differential equations:

T = f($7 Y, 1, 6)7 ey = g(.%', Y, t, 5)7
where x and f are vectors in Euclidean spaces R, y and g are vectors
in R", t € R, and ¢ is a small positive parameter. The second equation
of the system contains a small factor ¢ at the derivative. That makes the
system singularly perturbed. The goals of the paper are to construct a
transformation reducing this system to the system of form

U= W(vata 6)7 €z = U(U,Z,t,a)z.

and to consider some applications of this splitting transformation. In
particular, the traveling waves problem for the singularly perturbed
semi-linear parabolic equations can be investigated by this way. The
corresponding problem for a singularly perturbed ODE system can

be reduced to a certain problem of lower dimension using a splitting
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transformation. The main attention is paid to the study of the so-called
critical traveling waves, which play an important role in solving various
applied problems. In this case, the technique of canards trajectories is
essentially used. Let us consider in more detail one of the interesting
situations that arose in the study of critical traveling waves.

A statement of the type "The life of canard is very short"can often be
found in papers. However, it is not difficult to give examples of canards
living for centuries. Consider the system & = z, €% = 22 + 22 — a?. The
circle (z45)%+2% = o®— % is a canard. The upper semicircle is unstable
and the lower one is stable. This canard exists provided o? > £2/4, i.e.,
this canard lives for centuries. Then it is possible to investigate traveling
wave solutions for the following parabolic equation

ou 0%u ou ou

=02 "5 s
Let u(s,t) = z(£) with &€ = s — vt. Then we get —va’ = ex” — az’ — ba'
—cx? + a?. and the case v = a may be considered as a special critical
case. In this case, the equation above becomes g2 — bx'? — cz? +a? = 0,
which is equivalent to the following planar system

)2 — cu® 4 o

dx dy 2 2 9

— = e—=> cr” —a”.

dé Y, dé (/i
The first integral of this system is

2 2
2 C 2 ec gTc (6% _&bx
- — — = — <t =C.
(y +bx +b2$+2b3 b)e
For simplicity, it is useful to consider the partial case b = ¢ > 0, under
which the planar system under consideration has two equilibrium points,
a saddle at (a/v/b,0) and a center (—a/v/b,0) for positive . There is a
family of periodic canards within the homoclinic orbit, and this orbit is
also a canard. With b = 1, we can see the already familiar canard in the
form of a circle.
It is for this canard that we can get a traveling wave in an explicit

form

u(s —t) = Bsin(s —t) — /2,
where 32 = o? — £2/4.
This work is partially supported by RFBR and NSFC according to

the research project No. 20-51-53008 (V. Sobolev and E. Shchepakina),
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UNIQUENESS CRITERIA FOR AN UNCERTAIN
DIFFERENTIAL EQUATION ON TIME SCALES

SOUAHI A.

This work concerns the investigation of sufficient conditions for the
existence and uniqueness of the solution of the following initial value
problem with fuzzy derivative up to the first order on arbitrary time
scales:

{ ID%u(t) = f(t,u(t)), tE€ [to,to+alr,0<a<1 )
T %u(to) = 0,

where TD® is the (left) fuzzy Riemann-Liouville fractional derivative of
order o on time scales T and } I is the fuzzy Riemann-Liouville fractional
integral on time scales, and [tg,tg + a| is an interval on T. We assume
that f is a right-dense continuous function.

The theory of time scales calculus allows to study the dynamic
equations, which include both difference and differential equations. Both
of which are very important in implementing applications.

Our ideas arise from the papers [1, 2, 3|, where the authors used
Nagumo and Krasnoselskii-Krein conditions on the nonlinear term f,
without satisfying Lipschitz assumption. Motivated greatly by the above
works, under appropriate time scales versions of the Krasnoselskii-Krein
conditions, we obtain the uniqueness and existence of solution for the
following two classes of differential equations, namely the first order ODE

and the fractional one.
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ON MUTUAL DUALITY OF "WEAK"CESARO AND
WEIGHTED SOBOLEV SPACES ON THE SEMI-AXIS
AND THEIR REFLEXIVITY

STEPANOV V.D.

Let I := (0,00), p € (1,00), p := %,ﬁ > %. We define Cesaro-type
spaces as follows:

Cespp(l) := {fﬁ [fllces, s(1) = </O (3315/0 \fl) d:):) < oo}.

It is an ideal complete linear space. For § = 1 it is classical Cesaro space
(see |1] and literature given there).
Along with spaces Cesy, g([) it is of interest the study of non-ideal

Cesaro-type space
11 [T P N3
Cosp (D) = 4 1 < | llcesy o) = ( [ dx) “ b

Clearly, LP, _;(I) C Cespg(I) C Cespp(I), where the first imbedding
follows from Hardy’s inequality and weighted Lebesgue space L(I) is
defined by the norm

flzzen o= ([ oo ac)’
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The main problem is to characterize the associated spaces

[; 119l

X! :={g:|lgllx; = sup =L < 00},
rex Ifllx
| [; £l

X, =={g: llgllx;, = sup == < oo},
rex IIfllx

which we call “strong” and “weak” associated spaces, respectively, when
X € {Cespp(I),Cespp(1)}.

Theorem 1. Let 1 < p < 00, > ;17, X =Cesppg(l). Then

1
_ P’ o
o, = o, = ( [ (2% Mlallomoy)” a2)”
1

/
Let vg,v; > 0, v1 < oo a.e. on I, % e IV

[vol[z1(ry > 0. Weighted Sobolev space is defind by

(I), vo € LY (I),

loc

W, (1) == {u: lullwi(ry = llvoull Lery + lviDull 1o (1) < o0}

We also need the subspace W} (1) € W, (I) of all absolutely continuous
functions with compact support [2].

Theorem 2. Let 1l < p< oo, f=a+1> 1% and let X = Wplﬁ(l)
be the Sobolev space with weights vo(z) = npx®, vi(z) = x7. Then
lallxc; = Igllces, rys gl = Ngllsy ot

Theorem 3. Lletl < p<oo, f=a+1> 1% and let X = Cesp, g([)
Then X = {0}, X}, = W, 5(I).

Corollary 1. Let X € {Cesy5(I), W, 5(I)}. Then [X,],, = X.
Remark 1. Similar results are valid for the Copson function spaces [3].

The work of the author (except Theorem 1) was supported by the
Russian Science Foundation under grant 19-11-00087 and performed in

Steklov Mathematical Institute of the Russian Academy of Sciences.
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STATIONARY VORTEX FLUID MOTIONS AND THE
MAXIMUM PRINCIPLE

STEPIN S.A.

The topic of the talk is revision of solvability conditions for equation
Au = f(u) arising at the study of stationary plane-parallel ideal fluid
motion with a prescribed vorticity. Investigation of the properties of
solutions to the equations of the class in question is carried out within
the framework of the approach based on application of the maximum
principle.
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OPERATOR ERROR ESTIMATES FOR
HOMOGENIZATION OF HIGHER-ORDER
HYPERBOLIC EQUATIONS

SUSLINA T.A.

Suppose that T' is a lattice in R?, Q is the cell of I'. For instance,
if ' = Z% then Q = (0,1)%. Our main object is a selfadjoint strongly
elliptic operator of order 2p, p > 2, acting in Ly(R% C") and given by

A: =b(D)"g*(x)b(D), D =—iV, g°(x):=g(x/e). (1)

Here £ > 0; g(x) is a Hermitian (m X m)-matrix-valued function. It is
assumed that g(x) is bounded, positive definite, and I'-periodic. Next,
b(D) is a differential operator of order p of the form (D) = 3", _, baD?,

where b, are constant (mxn)-matrices (in general, with complex entries).
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We assume that m > n and the symbol b(§) = 3, ,_, ba€” has maximal

rank: rank b(€) = n for 0 # & € R?. The precise definition of the operator
(1) is given in terms of the corresponding quadratic form.
We study the Cauchy problem for the hyperbolic equation:

OPu.(x,t) = —(A.u.)(x,t), xeRY teR,
uc(x,0) = ¢(x), (Jruc)(x,0) = P(x).

For ¢, € La(R% C"), the solution of problem (2) is represented as
(uo)(-,t) = cos(tAY?) ¢ + AZY? sin(tAL/?)ep.

(2)

We are interested in the behavior of the solution of problem (2) for small
€. So, in operator terms, the problem is to study the behavior of the

operator-valued functions cos(tA;/ 2) and AZ'/? sin(tA;/ 2) for small .

In order to formulate the results, we introduce the effective operator
A° given by A° = b(D)*¢°b(D), Dom A° = H*(R?,C"). Here ¢° is a
constant positive matrix called the effective matrix. Recall the definition
of g°. Let A(x) be a periodic solution of the “cell problem™

b(D)*g(x)(b(D)A(x) + 1,,) =0, /QA(X) dx = 0.

Then ¢° = Q! [, g(x)(b(D)A(x) + 1,,) dx. Our main result is
Theorem 1. [1] Lett € R and € > 0. We have
HCOS(tA;/z) - COS( (AO 1/2 HHval(Rd)_)LQ(Rd) (1 + ’t’)&',

|AZ1 2 sin(tAY?) = (A°) 72 sin(t AN Y?)]| i1 oy py ety < Cltle

For a fixed ¢ these estimates are order-sharp.

Under some additional assumptions the results are improved. In
particular, this is the case for a scalar operator with real-valued
coeflicients.

Theorem 2. [1| Let n = 1. Suppose that the matrices g(x) and by have
real entries. Fort € R and € > 0 we have

HCOS(tA;/Q) — cos(t (AO 1/2 HHP+2 (RY) = Lo (RY) S <C(1+ |t|)52

HA;W sin(tA;/z) — (AO)*1/2 sin(¢ (AO 1/2 HH2 C]t]€2.
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In terms of the solution of problem (2), we deduce the following results.
Let ug be the solution of the homogenized Cauchy problem:

OPug(x,t) = —(A%g)(x,t), x€R? teR,
u(x,0) = ¢(x),  (uo)(x,0) = P(x).
Corollary 1. 1°. Let ¢ € HPYH (R C") and 4 € H'(RY;C"). Then
Juc (1) —uo( D)z, ey < C(1 + [t)ell @l zrovr(ray + Clelel|P]l i (ray-

2°. Let n = 1. Suppose that the matrices g(x) and by have real entries.
Let ¢ € HP2(R% C") and 4 € H*(RY;C"). Then

lue(,8) = o, )|y ey < C(L+ [EN?]Bl ap+2gay + Clele® 9] 2 (ray-
The research was supported by RSF grant 17-11-01069.
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THE WAVE EQUATION WITH SYMMETRIC VELOCITY
ON A HYBRID MANIFOLD OBTAINED BY GLUING A
RAY TO A THREE-DIMENSIONAL SPHERE

TSVETKOVA A.V.

We study the Cauchy problem for the wave equation with variable
(symmetric) velocity on the hybrid manifold obtained by gluing a ray to
a three-dimensional sphere. It is assumed that the initial conditions are
localized on the ray and the velocity on the sphere depends only on the
geodesic distance to the gluing point.

The wave operator on such an object is determined based on two
considerations. The first is that on each component of the hybrid
manifold the operator must coincide with the standard wave operator.
The second is that the operator must be self-adjoint. In order to
guarantee self-adjointness, it is necessary to choose the boundary
conditions at the gluing point in a certain way. Wherein the solution
on the surface will have the singularity at the gluing point.

In the talk the asymptotic series of the solution of the problem as

parameter characterizing the initial perturbation tends to zero will be
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given. Since the sphere is compact, then the wave propagating over the
sphere is reflected at the pole opposite to the gluing point and returns
to the ray. Thus, the question of the distribution of wave energy at
every moment of time is also interested. We will describe the energy
distribution for each boundary condition defining a self-adjoint operator.
The talk is based on the joint work with A.I. Shafarevich.
The research was supported by RSF grant 21-71-00065.
Ishlinsky Institute for Problems in Mechanics RAS, Russia.
Email: annatsvetkova25@gmail.com

ON EXTENSIONS OF SOBOLEV FUNCTIONS DEFINED
ON COMPACTA

TYULENEV A.l

We fix the following data:

(A) parameters n € [2,00) NN, p € (1,n], d* € (n — p,n] and
parameters € € (0, min{p — (n — d*),p — 1});

(B) an arbitrary compact set S C [0,1]" with HL (S) > 0.

We assume that the definition of the Sobolev space W} (R™) is known.
Since n—d* < p < n, it is well known that for every element F' € WI} (R™),
there exists a representative I having Lebesgue points everywhere except
a set of H? -measure zero. Therefore, given F' € W (R") we define the
d*-trace of F' to the set S by letting

FI¥ :={f:S—=R: fisBorel and f(z) = F(x) for H¥ —a.e. z € S}.
Define the d*-trace space I/Vp1 (R™) %* by the equality
Wpl(]R") &= {[f]: [f] = F|& for some F € W[}(R”)}

and equip it with the usual quotient-space norm, i.e., for each element
[f] € WEHIR™)|E we set
. d*
I g ey = B F lwr ey = [F] = FIS -
Denote by Tr|¢ : Wpl(]R") — W]}(R"Nd; the corresponding d*-trace
operator.

Theorem 1. There exists a bounded linear operator Ext = Ext(S,¢)
mapping the space VVp1 (R”)\g* into the space Wpl_a(R”). Furthermore,
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ExtoTrg* =1d on W;(R")\gf and the norm of Ext depends on n,p,d*
and €.

Remark 1. The detailed exposition of the results is available in [2]. The
short announcement of the results from [2| was recently published in [1].

This work was supported by the Russian Science Foundation under
grant 19-11-00087 in the Steklov Mathematical Institute of Russian
Academy of Sciences.
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TWO-DIMENSIONAL RECTANGULAR INTEGRATION
OPERATOR IN WEIGHTED LEBESGUE SPACES

USHAKOVA E.P.

Let v > 0 be a weight function on R? := (0,00)?. For p > 1 the
weighted Lebesgue space Lg(Ri) consists of all Lebesgue measurable
functions f on R% such that ||f|[D. = [ge |[fIPv < oo. The two-

+

dimensional rectangular integration operator I3 is defined by the formula

Lif(x,y): / / f(s,t)dsdt, (x,y)eRi.

The dual to I» transformation I5 has the form

Lg(s,t): / / (z,y) dzdy, (s,t) € RL.

For given weights v,w and fixed parameters 1 < p,q¢ < oo we study
boundedness properties of I from LY(R%) to Li,(R2).
In 1985 E. Sawyer found a version of the boundedness criterion [2].
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Theorem 1. [2] Putp' :==p/(p—1) and o :=v"7 . Let 1 < p < ¢ < .
The operator Iy is bounded from Lﬁ(Ri) to LE,(R2) if and only if

1 1
Ay := sup [Iékw(tl,tg)] a [Iga(tl,tg)]l” < 00, (1)
(t1,t2)€R3_

t1 it H 1
Ay = sup </ / IQO’ w> IQU(tl,tZ)] P< 0, (2>

(t1,t2) 6]R2

S
p’ 1

Az = sup </ / (I3w)" > [uw(ty, t2)] 7 <oo. (3)
(tl,tQ GRQ t1 to

Besides, the operator’s norm ||I2HL5(R2+)_>L5,(R2+) is equivalent to 30| A;
with equivalence constants depending on p and q only.

In one-dimensional case the analogs of the conditions (1)—(3) are
equivalent to each other (see e.g. [1] and references therein). For the two—
dimensional operator I this, generally speaking, is not true. Moreover,
as shown in |2, §4| for p = ¢ = 2, no two of the conditions (1)—(3) are
sufficient for I, : LY(R%) — L%(R? ). However, the construction of the
second counterexample in |2, §4] fails in the case p < q.

The main result of this work is a new boundedness criterion for the
two—dimensional rectangular integration operator Io from Lg(Ra_) to
L?U(Ri) in the case 1 < p < ¢ < oo. In comparison with Theorem 1,
where the norm || Iz]| := HIQ”Lg(Ri)_)L?U(Ri) is equivalent to Ay + Az + A3,
it is proven in Theorem 2 that for 1 < p < ¢ < oo the boundedness of
I is controlled by the Muckenhoupt—type functig)nal Ajq only. To state

— pile=D)

our result we need notations: o := a(p,q) = e o = ald,p),

Cour 1= 3 (%) max{a, 200 } (3255) +350)7 (535) 7]
Theorem 2. For 1 < p < q < oo the operator Is is bounded from
LE(R%) to LE,(R2) if and only if A1 < co. Moreover,
Ay <2l pp@2 )1, @2) < Car Al
Remark 1. The results of Theorems 1 and 2 are related as follows
Ay < ||L|| £ Cpi[A1+A2+As] < Cra[14alp, )H‘Oé(q P ]Al, (4)

where limyq [a(p, ¢) + a(¢’,p')] = co. Thus, the last estimate in (4) and

the upper bound in Theorem 2 have blow-up for p 1 ¢.
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The case of parameters 1 < g < p < oo is also considered in the work.
The research was supported by RSF grant 22-21-00579.
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ON THE EXTREMAL FUNCTION IN THE EMBEDDING
THEOREM OF FRACTIONAL ORDER

USTINOV N.S.

Let n > 1, and let 2 C R™ be a bounded domain with Lipschitz
boundary. Assume that s € (0, 1), 2% := 2n/(n — 2s) and

[1,2%] ifn>2 or n=1and s <1/2;
ge[l,o0) ifn=1ands=1/2;
[l,00] ifn=1ands>1/2.

We consider the fractional embedding theorem H*(Q) — L, (€2)

uli2

inf Z2[u]:= in Htﬂ > 0. (1)
ueHs(Q) ¢ uweHs(Q) |jull 14()
For g € [1,2%), this embedding is compact, and the extremal in (1) exists.
Moreover, in [2] it was shown that, for ¢ = 2%, the extremal in (1) exists
in any C? domain Q for n > 3 and 2s > 1.

The properties of extremals in (1) depend on the shape of the
domain €, on its size, and on the norm of H*(Q2). We define

By 2= ()3 ) + [l ey, 2)
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where the quadratic form ((—A)g,u,u) is defined by

(=A)%pu,u) =YX - (u,05)7,0) (3)

Jj=1

with ); as eigenvalues and ¢; as orthonormal eigenfunctions of the
Neumann Laplacian in €2. The operator (—A)g, generated by (3), is
called the spectral Neumann fractional Laplacian.

In this talk we discuss the problem of the constancy of the minimizer
in (1). The simple fact here is that for ¢ € [1,2] such minimizer is
constant and unique. For the interesting case ¢ > 2 the answer depends
on the domain size: for the family of domains €2, we prove that, for
small dilation coefficients €, the unique minimizer is constant, whereas
for large €, a constant function is not even a local minimizer. We also
discuss whether a constant function is a global minimizer if it is a local
one.

For the local case s = 1 similar effects were established in [1] for the
embedding theorem W2(Q) < Lq(2) with the Neumann p-Laplacian.

The talk is based on work [3].
The research was supported by RFBR grant 20-01-00630.
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NONLINEAR ELLIPTIC EQUATIONS WITH MEASURED
VALUED ABSORPTION POTENTIAL

VERON L.
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Joint work with Nicolas Saintier, Universidad de Buenos Aires,
Argentina (Ann. Scu. Norm. Sup. Pisa, XXII (2021), 351-397).

We study the existence of solutions to the problem

—Au+g(u)o=p in Q, (1)
u =0 on 0,

in a bounded domain (), where ¢ is a nonnegative Radon measure in
2, g : R — R is a continuous absorbing function (i.e. rg(r) > 0 for |r|
large enough) and p is a Radon measure in Q. We study in particular
the case where g(r) = |r|P~!r with p > 1. We give results on existence
and uniqueness of solutions under appropriate assumptions on o, usually
in a Morrey class of measures, and on p usually under a capacitary
type absolute continuity. Applications are proposed in connection with
Neumann type nonlinear problems.

CNRS Institut Denis Poisson Université de Tours, France.
Email: veronl@Quniv-tours.fr

AN ANALYTICAL FIRST INTEGRAL WITH A FRACTAL
NATURAL BOUNDARY

VARIN V.P.

Iterations of an analytical map (or a formal power series)
oo
y— F(y) :y+z ey, FW(y)=FoFo-. 0F(y), ntimes,
n=1

have an obvious semigroup property:
FU(y) = F(y), FO®y) =y; F"™(y) = F(FM(y)), n,m > 0.

The classical problem of a continuous iteration (CI) consists in
generalizing this property to arbitrary complex numbers, i.e., in
construction of a continuous group of maps y — F®)(y).

This problem is usually treated as a combinatorial one. It is solved
with Jabotinsky infinite matrices and Bell exponential polynomials [1].
We have found an elementary solution of this problem [2].

The CI can be written as

FO@) =y+> " an(z)y™*, (1)
n=1
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where a,,(z) are uniquely determined polynomials of a degree < n:

, bn=cn—dp(1), ap(z)="0byx+dy(x),

T /n-1
where d,(z) = / (Z (m—+ 1) an(t) bnm> dt, n>1.

0 m=1

Formal power series (1) are almost always divergent if x is not an
integer. Although the (isolated) proofs of this fact are rather difficult
(see [3] for the logistic map y — y — y?).

The map y — F (y) can be considered as a discrete dynamical
system. Then the construction of CI can be considered as a restoration
of a continuous dynamical system (CDS) by its discrete reduction, while
the formal series (1) represent invariant curves of CDS. An analogy with
the Poincaré map is obvious.

The existence of analytical invariant curves in a CDS is equivalent to
the existence of an additional analytical first integral. These curves in
a CDS are found usually (and locally) as divergent power series. Thus
most often they are not regarded as existent, not to mention analytical.

The CI (1) gives an example of a CDS with almost always divergent
expansions of invariant curves, which are analytical nonetheless [4].

Theorem 1. For an arbitrary formal series F(y), there exists an
analytical first integral H(x,y) the level lines of which correspond to the
invariant curves of continuous iteration for sufficiently small complex y.

For the logistic map y — y—y?, the first integral H(z,y) can be found
explicitly

1 1
H(z,y) = —v + ” + B log(y?) + U(y), where

Uly)-Uly—y°) = % %log(l — )

By this equation, the function U(y) is computed constructively and
with an arbitrary precision. So U(y), in a sense, is a new special function.
All its singularities are found explicitly. They form the Julia set of the
map y — y—y2, while U(y) is holomorphic inside this set, i.e., in a Fatou

domain with a fractal boundary.
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Thus a CDS can be integrable in a finite domain with a fractal
boundary, while chaos (i.e., nonintegrability) be the property of its first
integral.
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SPHERICAL POLYHARMONIC EQUATION AND
SPHERICAL CUBATURE FORMULAS

VASKEVICH V.L.

Let S be the sphere of unit radius in R™, n > 2. The projection of an
arbitrary point z in R”, z # 0, to .S will be denoted by 6; i.e., we assume
that & = x/p, where p = |z|. So 6 is a point in S. In what follows,
the integrals over 6 are surface integrals over dS. Let us consider the
differential equation of the form

(=2)"u(0) = p(6), (1)

where © is the Laplace—Beltrami operator with respect to df [1], m is
a positive integer, and p(f) is a continuous function on S which obey
the orthogonality condition [ p(f)d# = 0. The main results of the talk
are about the solutions to (1). They are formulated in the following two
theorems [2].

Theorem 1. Let m be an integer and m > (n — 1)/2. Then for every
functional 1(8) in C*(S) with (I,1) = 0, the problem

(—@)™u() = 1(0), / u(®)do =0, 2)

has a unique solution w(@) in the spherical Sobolev space H™. For
m > (3n—2)/4 the solution to (2) belongs to the space C?m=3n/2+1)(g)
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The expansion of u(f) in the series has the form

(k)

u(f) = ; e +1k —o)m D (1, Yia) Yia(6).

=1

Here the set of functions {Y; ;(0) | | = 1,2,...,0(k)} constitute an
orthonormal basis for the space of spherical harmonics of order k:

/ Y31 (0)Yip(0) dO = 67

Theorem 2. Let p(0) be a member of the spherical Sobolev space H® for
some s > (n—1)/2 and the equality [ p(6)dd = 0 holds. Then there is a
unique solution to the spherical polyharmonic equation

(=2)"u(0) = p(0)

such that it is orthogonal to the identically-one function and belongs to
the space HY for ¢ = s+ 2m. The function u() can be written as follows

u(®) = [ G(6-8)p(6") a0

where the function G(0 - 0') is the Green’s function of (—D)™.

The definition of G(6 - 6') is as follows

GO0 =0 g0 O

Here G}(:) is the normalized Hegenbauer polynomial. For s > (n—1)/2 the
series on the right-hand side of (3) converges absolutely and uniformly.
For two points § and 1) in S the function G(6-6Y)) is a solution to the
equation

1

On—1

(=D)"G(O - 0V)) =56 — L)) — /5(9 —0')do'.
Spherical polyharmonic equation (1) with error functionals in the right

hand side is very impotent in the theory of cubature formulas [3-4].
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LIMIT CYCLES BIFURCATING FROM A PERIOD
ANNULUS OF PLANAR HAMILTONIAN SYSTEMS

XIAO DONGMEI

In this talk, we first introduce Hilbert 16th problem on a period
annulus and the Arnol’d-Hilbert’s 16th problem, then give an answer
on the Arnol’d-Hilbert’s 16th problem for a class of planar polynomial
Hamiltonian systems by a small perturbation. This is based on joint
works with J-P. Franciose and H. He.

Shanghai Jiao Tong University, China. Email: xiaodm@sjtu.edu.cn

STABILITY RESULTS OF A COUPLED SYSTEM OF
NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS INVOLVING RIEMMAN-LIOUVILLE
FRACTIONAL DERIVATIVES

YESSAAD MOKHTARI S.

Recently, several existence and uniqueness results for some systems
of fractional differential equations was obtained by means of fixed point
type theorems

For example In [3] X. Su established sufficient conditions for the

existence of nontrivial solution for a two-point boundary value problem
152



for the following system :
Du(t) = f(t,v(t), Do (1), 0<t<1,
DBy (t) =g (t,u(t),D"u(t)), 0<t<l, (1)
u(0) =u(l)=v(1l)=v(0) =0.
Where 1 < a, 8 < 2,a—-v > 1, B—u>1, vyu >0, f,g :
[0,1] x R xR — R are given continuous functions and D is the Riemann-
Liouville fractional derivative.

Definition 1. The system (1) is stable (with respect to orders of
derivatives) if and only if

Ve >0, 3K >0, \a—@|’”+|ﬁ—5}F<e,
=
lu —a| + |v — 7| < ke,

where (u, v) et (U, ) are respectively the solutions of (1) with the orders
of derivatives replaced by @, 3, 7 and &.

Lemma 1. Let o, €1 and ea € Ry (0 < t < 1), suppose that o : [0,T] — R
s a continuous function such that

€2 v a—1
|5($)|§61+F(a)/0 (x—1t) |0 (t)|dt, Yz € [0,T],
then

|0 ()] < e1Eq (2T7),

E, is the Mittag-Leffler function : Eq(z) = > 72, F(#:l)’ (a>0).

Theorem 1. Let ¢ (,,) = F(a1+1) + F(a,l,,ﬂ)v if

max |f (s,v (s), D v (s))| < oo, max |g(s,v(s),D"v(s))| < oo,
te(0.1] t€0.1]

and
A = max (Kf, Lf, Kg, Lg) max {w(a,zz)aw(ﬁ,u)} <1,
then system (1) is stable.
Remark 1. The Gronwall inequality implies the stability of solutions to

the system (1).
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BIFURCATION OF POSITIVE PERIODIC SOLUTIONS
TO NON-AUTONOMOUS UNDAMPED DUFFING
EQUATIONS

SREMR J.

We will discuss a bifurcation of positive w-periodic solutions to the
parameter-dependent equation

u" = p(t)yu —h(t)u® + pf(t), (1)
where p,h,f: R — R are w-periodic locally Lebesgue integrable

functions and p € R is a parameter.
A particular case of (1) is the Duffing equation

v’ = au —bud + F(t), (2)

with a,b > 0, which is derived when approximating a non-linearity in
the equation of motion of various oscillators. Our results can be applied,
for instance, to the forcing terms

. 2mt 1
F(t) := —fo, F(t):=A4 <sm - 2> ,
where fo, A > 0. If F(t) = —pu, then the phase portraits of (2) can be
elaborated depending on the choice of the parameter p and, thus, one can
show that, crossing the value %‘1 35> a bifurcation of positive periodic
solutions to equation (2) occurs.
We extend this result for the non-autonomous equation (1) under the

assumption that the Green’s function of the periodic problem

u’ =p(thu; w(0) = u(w), v'(0) = v'(w)
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is negative and
h(t) >0 fora.e.t €R, / f(s)ds < 0.
0
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O MHOT'OMEPHOM AHAJIOTE CUCTEMBI
A.B. BUIIAI3E

ABJIPAXMAHOB A.M.!, ABAIPAXMAHOBA P.II.?

Paccmorpum cucremy Bunazie wzz = 0, rae w = u 4+ 4v; €CJii BMECTO
W = U + 1 B3ATb W = U + v, TO cucremMa Wszz = (0 B BeIeCTBEHHON
dbopme 3amnuIeTcs: Tak

0
—Au+ 2%(%3 +vy) =0,

0
—Av + 26—y(ux +v,) = 0.

[TosTomy cucremy

—A’U,Z‘

8uj .
Z o, =0, i=1,2,..,n, (1)

MOZKHO CYUTaTh MHOT'OMEPHBIM aHaJIOTOM CHCTEMBbI BI/IH&,[LSG. HOquaeM
YCJI0BHsL paspermumocTu 3aa4au Jlupuxiie st cucrembl (1) B 3aBUCAMO-
CTH OT .

Jutst cucrembl

(331—1—1‘2+ ~|—x)Au@+)\ai Z% =0, i=12,..,n, (2)

KOTOpasd ABJIACTCA SJIIUIITUYECKON CUCTEMON Be3/1e, KpoOMe TOYKH
r1 =29 =..=x, =0 un -mepHoit cepnl a:% + x% + .22 =\ e
OHAa BBIPOXKJIACTCH.

1. Tlycrb obnacts D = {X € R" : 23 + 23 + ... + 22 < R?} R* > ).
Paccmorpena 3ajada Jupuxite Jyist cucreMsbl (2) B ciejyoreii mocra-

HOBKe: HaliTu peryssipHoe B obactu [D orpaHuIeHHOe pPellleHre CUCTEMBbI
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(2), ynosnersopsitomee na rpanmme I' = {X : 23 + 23 + ... + 22 = R?}
YCJIOBUSIM

wilp = fj: f; € C*(I),j =1,2,..,n — 1, (3)

u"‘ér = foifn€CY0p), or={X :2, =0, zit+ad+. 422 | = R?}

)

Hokazano, uro 3amava (3),(4) mias cucrembl (2) paspemunva u ee

pellenrne eIMHCTBEHHO B Kjiacce (DYHKINN, OrPaHNIeHHBIX Ha OeCKOHe-
HOCTH.

2. B ciyuae R? < )\ k xpaesbim yciousM (3),(4) Heobxomumo mo6a-
BUTH YCJIOBHE

" Quy,

TM‘F = fat1; Sy € CH(D) (5)
k=1

Hokazano, uro 3amada (3),(4),(5) st cucrembr (2) paspemmma u ee
pelleHne eIMHCTBEHHO B KJIACCE OTPAHNICHHBIX (DYHKIIHIA.
LY dpumMcKuil ToCyIapCTBEHHEI aBUAIIMOHHLIN TeXHIUECKUH YHIBEPCUTET,
Yda, Poccusi. Email: abdrai@mail.ru

2y(1)I/IMCKI/II7'I rOCYZlapCTBEHHBIIT aBUAIMOHHBII TeXHUYIECKAN YHUBEPCUTET,
Yda, Poccust. Email: vink rimma@mail.ru

O CUCTEMAX, PEITEHN A KOTOPBLIX HE
COAEP2KATCA B I'VIOBAJIBHBIX ATTPAKTOPAX

ABJIEEB H.H.

M3BecTHO, 9TO TEOPHsT ATTPAKTOPOB JIMHAMUYECKIX CHCTEM HE TI03BO-
JITIeT HAWTH TJI00AJIbHBIE aTTPAKTOPHI HEKOTOPBIX YPABHEHHUN W CHCTEM.
O H U3 aJIbTePHATUBHBIX IOAX0I0B — TEOPUs TPACKTOPHBIX aTTPAKTO-
pos [1]. B [2] mpusenen npumep ypasrenus (B RY), mpocTpancTso Tpaek-
TOPUiT KOTOPOTO COJEPKUT HE BECh CBOI TPAGKTOPHBIN aTTPaKTOP, XOTS
u 1epecekaercss ¢ HuM. B [3, 4] mocrpoen npumep cucremsl, jisi KOTO-
poil MUHUMAJIBHBIA TPACKTOPHBINA aTTPaKTOP IEJMKOM JIC?KAT BHE IIPO-
CTPaHCTBA TPACKTOPUI 3TOi CHCTEMBI U JIJISI KOTOPOI'O CYIIECTBYET IJIO-

OaJIbHBIN ATTPAKTOP B CMBIC/IE ATTPAKTOPA TPAEKTOPHBIX IIPOCTPAHCTB,
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HO aTTPaKTOPOB B CMBIC/IE JUHAMUYIECKUX cucTeM He cyiecrByer. Oj-
HaKO, KaK 9TO OOBITHO OBIBAET, MEPBLIN NPUMEP OKA3aJICS JTOCTATOTHO
IPOMOBIKUM; [e/Ib HACTOAIIEH 3aMeTKU — JaTh 00Jjiee MPOCTON IpUMEpD
TaKON CUCTEMBI.

Bynem paccmarpuBaTh Ha IJIOCKOCTU TOJIPHYIO CUCTEMY KOOPIMHAT
(¢ < 2m; st yobersa canraem ¢ = 0 mpu r = 0).

Ilpumep 1.

¢ = (21— p)?
MuHnMAaIBbHBIM TPAEKTOPHBIM aTTPAKTOPOM CHCTEMSBI (1) SIBIISeTCS MHO-
)kecTBO U3 oxuoit dyukmum: {(¢(t), p(t)) = (0,1)}. Arrpakropa nuHa-

MUYECKOIl CHCTEMBI HET, T.K. CeYeHHe MUHUMAJIBHOTO TPAEKTOPHOIO aT-
TpakTopa — To4Ka (¢ = 0, p = 1) — He WHBApHAHTHA.

DTOT mpuMep MOXKHO HEMHOrO MOANMDUIMPOBATH, YTOOBI MUHU-
MaJIbHBLl TPACKTOPHBLl aTTPaKTOpP CojeprKal GECKOHETHOE KOJIMIECTBO
PyHKIIAIA.

IIpumep 2.

pr=11-pl-(1-p),
0, p#1, (2)
(27T - 90)25 p= L.
MuHIMAIBHBIM TPAEKTOPHBIM ATTPAKTOPOM CUCTEMBI (2) SIBJISIeTCST MHO-
xectBo {(p(t), p(t)) = (const, 1)}. ArTpakropa IMHAMHYIECKON CHCTEMBI

HET, T.K. CEYCHHE MIUHIMAJIBLHOIO TPAEKTOPHOIO ATTPAKTOPA — OKPY2K-
HocTh {p = 1} — He MHBapUAHTHA.

¢ =
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Boponexckuii rocygapcTBeHublii yuusepeuret, Pocens.
Email: avdeev@math.vsu.ru

KJIACCUDPKAIINS CUMMETPUN 11 3AKOHOB
COXPAHEHISI CUCTEMbBI YPABHEHUN IBYMEPHOI
MEJIKOU BOJAbI HA/T HEPOBHBIM /THOM

AKCEHOB A.B.!, IPY>KKOB K.II.?

B 6e3pasmepHbIX epeMeHHBIX CHUCTEeMa yPAaBHEHUN JIBYMEPHON MeJ-
KOIl BOJIbI HaJl HEPOBHBIM JTHOM MMeeT cJiejytomuii Bu [1]

U + Uty + vy + 1 =0,
vt + vy + vy + 1y = 0, (1)
e+ [u(n + M)z + [o(n + h)ly = 0.
Baech z = —h(x,y), h(z,y) = 0 — upodbuis nxa, u = u(x,y,t),v =
v(z,y,t) — KOMIOHEHTBI CPEJIHERT 110 TJIyOrHE FrOPU30HTAIBHON CKOPOCTH,

n =n(x,y,t) — orkIOHEHHE cBOOOHON noBepxHOCTH (1) + h > 0).
OmepaTopbl cUMMETpPHH CHCTeMbl ypaBHeHuii (1) uiem B Buje

X =& (2,y,t,u,v,1m)

o o B
o +§ (xayatauvvvn)@+§ (%%t,%?}ﬂ?)a"‘

0 0 0
+ nl(x7y7t7 U;Uﬂ?)f + 772(m7y7t7u7v7n>7 + 773(x7y7t7 U;Uﬂ?)*-
ou Ov on

[TpumeHsist cTaHIapTHBI KpUTEPHUit HHBAPUAHTHOCTH |2|, mostyanm 1e-
peolpeie/IeHHYI0 JIMHEHHYIO OJHOPOIHYIO CUCTEMY OIIPEIe/IAIONINX YpaB-
menwnii. McciieoBanre Ha COBMECTHOCTD OIPEIE/ISIONICH CUCTEMBI IPUBO-
JUT K CJIeAyIOleMy pPe3yJbTaTy

¢l = —ax — 2By + 2k(t), nt = (a + 2C)u — 2Bv — ax + 2k,
€2 = —ay + 2Bz + 21(t), n°= (a+ 2C)v + 2Bu — dy + 21,

2 2
Y G oy — 2y + f

€ = —2a(t) — 2Ct, = (2a +4C)n +

rie dyukuuu a(t), k(t), I(t), f(t) u korcranTsl B, C' it KaxKJ10ro npo-
dbuns qua h(x,y) onpemensoTcs U3 KIACCUMDUIUPYIOMIErO yPaBHEHI
(—ax — 2By + 2k(t)) he + (—ay + 2Bx + 21(t)) hy —

2 4,2 . . (2)
TV G gl oyl — .

— (2a +4C)h(z,y) =
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AHaju3 pe3yJ/ibTaToB I'PYIIIOBON KIacCU(pUKAINNA TOKA3bIBAET HEBO3-
MOZKHOCTD JINHEapU3alluy CUCTEeMbl YPaBHEHUN ABYMEPHON MEJIKON BOBI
HaJl HEPOBHBIM JTHOM C IIOMOIILIO TOYEYHONH 3aMEHbI IICPEMEHHBIX.

lMuapomuunamMutdeckre 3aKOHBI OIPEIEISIOTC TPOUKOH DyHKIMit
P(z,y,t,u,v,m), Q(z,y,t,u,v,n), R(z,y,t, u,v,m), TOXKIECTBEHHO YI0B-
JICTBOPAIOIINX YPaBHEHUIO

D, (P)+ Dy(Q)+ D¢(R) =0

Ha PENIeHUsAX CUCTeMbl ypaBHenunii (1).
[Tosry4eHo, 9TO MUIPOANHAMIIECKIE 3aKOHBI COXPAHEHHS MMEIOT BUJL:

pP= (17+h(x,y))2 (ua(t) — Zm—By—i—k‘(t)) +uR,
Q= (77+h($,y))2 <va(t) - gy—l—Bm+l(t)> +vR,

2., .2 )
Y G onk— 2yl + 2uk(t) + 201() +

R= (77+ h(w,y)><

+2B(zv — yu) — a(zu+ yv) + a(t) (v +v* + 1 — h(z,y)) + f(t)),

rae dyukmuu a(t), k(t), I(t), f(t) n mocrosuHas B oupejensiiorcs u3
kjiaccudurmpyorero ypasuenus (2) npu C' = 0.

[Tokazano, uro cucrema ypasuennii (1) obsagaer we 6osiee, TeM JeBsi-
THMEPHBIM [IPOCTPAHCTBOM I'H/IPOJANHAMIYECKIX 3aKOHOB COXPAHEHUS.

Cricok JurepaTypbl
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CyJlapCTBEHHOE U3/IaTEIbCTBO MHOCTPAHHOI jimTepaTypbl, 1959.
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! MockoBckwmit Tocynapersennblii yausepcuter umenn M.B. JIomonocosa.
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OBOBIIIEHHBIE PEIIIEHU S
CTAIIMOHAPHBIX KPAEBBIX 3AJTAY
JJISI BUKBATEPHUOHHBIX BOJTHOBBIX
VPABHEHUM U X CBOMCTBA
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AJIEKCEEBA JI.A.

PaccmaTrpuBatorcst Kpaepble 3aJadu JjIsi OMKBATEPHUOHHBIX BOJIHO-
BbIX (OMBOJTHOBBIX) yPaBHEHHIl, KOTODBIE SIBJISIOTCS OMKBATEPHUOHHDI-
mu 0606mmenumu ypasuennit Makcsesia u dupaxa [1-3]. B paGore [4]
ABTOPOM HCCJIEIOBAHBI HECTAIIMOHAPHBIE PEIIEHNST STUX YPABHEHUI U MX
cBoiicTBa. 3/16Ch PACCMATPUBAIOTCS MX CTAIIMOHAPHBIE PEIeHus ¢ (pUKCcu-
poBaHHOIT YacToToit Kosiebanuii. [locTpoensr dyHIaMeHTAIbHBIE T 00600-
IIEHHBbIE PEIeHnsT YPABHEHUS JIJisi OMAMILIUTYJ KOJeOaHmil, KOMIIOHEH-
ThI KOTOPBIX SIBJISIOTCS O0OOIIEHHBIMI (DYHKITUSIMU MEJIJIEHHOT'O POCTA.
C ucrnob30BaHuEeM MeTOa 0000IEHHBIX (DYHKIINI IIOCTPOEHBI 0600IIEH-
HbIE pelnieHusi OMBOJTHOBOI'O yPABHEHUS B OrPAHUYEHHON 00/I1aCTH 1O U3-
BECTHBIM 3HAYEHUSIM OUKBATEPHMOHA Ha T'PAHUIE OBJACTH U JTAHBI UX
peryJisipHble HHTEI'PAJIbHBIC [IPEJICTABIECHUS I BHYTPeHHUX Touek. [To-
CTPOEHO MHTErpAJbHOE MPEJICTABICHIE XaPAKTEPUCTUIECKON (hYHKITHH
MHOXKECTBa depe3 (PyHIAMEHTATBHOE PEIIeHNe STOTO YPABHEHUSI.

Otu hopMyJIbl HABJISIOTCS AHAJOTAMM U3BECTHBIX (opmya ['puna u
laycca mytst symmnTrdecKnX ypaBHEHU, NX OMKBATEPHUOHHBIM 00001116~
uneM. Ha nx ocHOBe TOCTPOEHBI pa3peraiole CHHTY ISTPHBIE TPAHUIHBIE
UHTErpabHbIE YPABHEHUS JIJIsT PENTeHUsT CTAIIMOHAPHBIX M TTEPUOIIIe-
CKUX TIO BPEMEHU KPAaeBBIX 3a,1ad.

Pabora BoimostHeHa npu uHaHCOBOM mojepkke Komurera HayKu
MunucrepcrBa obpazoBanusa u Hayku Pecrybsmku Kasaxcran, rpant

AP05132272, 2018-2020 rr.
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O IVIAZIKX PEIITEHUAX OJHOI'O KJIACCA
OIIEPATOPHO-IN®PEPEHIINAJIBHBIX YPABHEHUI
YETBEPTOI'O IIOPAIKA

AJIUEB A.P.!, MYPAJJOBA H.JI.?

ITycrs A - caMOCONpPSIZKEHHBIN ITOJIOXKHATEIHHO-OIIPEICICHHBII orrepa-
TOp B cemapabenbHOM IM'mab0epTOBOM IpocTpancTse H.

Ob6ozuaunM depes Hy mKaJy ruib0epTOBBIX IPOCTPAHCTB, ITOPOXK IEH-
HyIO orepaTopoM A, T.e.

Hy = Dom <A9) ) 0> 0, (:L',y)g = (AexaAey)a T,y € Dom(Ae)

PaccmoTrpum onieparopro-auddepeHInaibHoe ypaBHEeHIEe YeTBEPTOrO
IIOpsJiKa BUJIA

<_$+A><i fu@+§;&d“”®=f®J€R’ (1)

rae Aj, j =1,2,3, - auHeitHbIe, BOOOIE TOBOPS, HEOTPAaHUIECHHBIE OIle-
paropel B H, f(t) € Wi (R; H),u(t) € Wy (R;H), R = (—00,+00).
Baecw mog W3 (R; H) jyist 1iesibix qmcest m > 1 HoHnMaeM Iuib0epToBo
npocrpancTso (em. [1])

d™u (t)
datm

WQm(R;H):{u(t): ELg(R;H),Amu(t)GLQ(R;H)}

C HOpPMOWA

1/2
+ HAmUH%Q(R;H)> ;

- (Hﬁm

rje uepes Lo (R; H) 0603HaYe€HO I'MaBOEPTOBO IPOCTPAHCTBO BEKTOP-
dbyukimii f (t), onpenenenubix B R, co 3Havenusimu B H 1 Jijist KOTOPBIX

Lo(R;H)

1/2

+oo 5
Ivhmwnz([ nf@mﬂQ < oo

ITponsBo/iHble OHUMAIOTCSI B CMBICJIE TEOPUH pactpejenaenuit (cum. [1]).

B nacrostimeit pabore mokazaHa CIeIyIOIIALd
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Teopema 1. Ilycmov A - camoconpatcerHvili NOAOHCUMENLHO-ONPEJE-
nennvits onepamop 6 H w onepamopw Aj € L(Hj, H) N L(Hjt1, Hy),
7 =1,2,3, npunem 8bNOIMHAECNCA HEPABEHCTNEO

}n]’<1,

3
e P

20e

1 . N (d—i .
nj = o PA- DU =123

Tozda dns mobozo f (t) € Wi (R; H) ypasnenue (1) umeem edurcmeen-
noe pewenue u (t) € Wy (R; H).

Yepes L (X,Y) TpaJuiuoHHO MOHUMAETCS MHOXKECTBO JIMHEHHBIX
OTPAHUYEHHBIX OIEPATOPOB, JEHCTBYIONNX U3 IMJIBOEPTOBA ITPOCTPaH-
crBa X B JpYyroe ruab0EepPTOBO IIPOCTPAHCTBO Y .

Crircok JuTepaTypbl

[1] JTuonc 2K. JI., Madowcenec 5. HeoqHOpOHBIE FPAHUIHbIE 330a9H U UX HPUIIO-
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L AzepbailIzKaHCKIil TOCYIapCTBCHHBI YHUBEPCUTET HETH I
npowmbliieHHocTd, Asepbaiiazkan. Email: alievarazQyahoo.com

?Haxuuepanckuit WHCTUTYT yunreseit, AzepbaiiKan.
Email: nazilamuradova@gmail.com

OB OIIEHKAX MEWVIEPCA JJISI PEIIIEHUN 3AJIAYN
3APEMBBbI

AJIXYTOB 10.A.l1, YEYKUVH I'.A.2

Pabora mocssimena oneHKaM pelreHuil 3aja9u 3apeMObl I paBHO-
MEPHO 3JLIUITUIECKOrO OIEPATOPa BTOPOro HOPSAKa IUBEPreHTHOIO BU-
Jla ¢ CHMMETPUIHBIMEI U3MEPUMBIMEA KO3(MMUIMEHTAMEI BUIA

Lu := div(a(z)Vu)
B OpaHUYIEHHON cTporo JjumnmuieBoit oogactu D C R™, rne n > 1. Pac-
CMATPUBAETCS 3a7a9a
Lyu=divf B D, u=0mnakF,
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e f € Lyo(D), FF C D — 3aMKHyTOE MHOXKeCTBO, a Ou/Ov o3Hadaer
BHEIITHIOIO KOHOPMAJIBHYIO TTPOU3BOHYIO.

Huxe B° — OTKPBITHII N-MEePHBLI AP PaJuyca I ¢ LeEHTPOM B TOU-
Ke Tg, mes,—1(F) — (n-1)-mepras mepa Jlebera muoxkecrsa E, a Cp(K)
Oo3HAYAET P-eMKOCTh KoMmmakTa K. JlomomHuTeibHO OyIeM cUuTaTh, ITO
p=2n/(n+2)upun >2up=3/2upu n = 2. lpexnonaraercs
BBITIOJIHEHUE OJHOTO U3 CJIECIYIOMINX YCIOBHI, BBITTIOTHEHHDBIX JJIs TIPOU3-
BOJIbHOM TOUKM Tg € F mpu r < ry:

Co(FNB,") > cor™ P wiu mes,_1(FNB,’) > cor™ L. (2)

B KOTOPBIX IOJIOXKUTEIbHASA IOCTOAHHAS ¢y HE 3aBUCUT OT T U 7.
CrpaBeJIMBO CJIEYIOINIee YTBEPKICHHUE

Teopema 1. Ecau f € Loys,(Q2), 2de 69 > 0, mo cywecmsyrom nono-
orcumenvhve nocmosmnmvie d(n,dy) < og u C makue, wmo das pewenus
3adauu (1) enpasedausa ouyenka

/|Vu]2+5da: < C’/|f]2+5 dz,
D D

2de C' sasucum moavko om 6y, PA3MEPHOCTNU NPOCTPAHCNEA N, GEAUMUH
co u Ty u3 (2), NOCMOAHHVT IAAUNMUNHOCTIU MAMPUDL KOIPPHUUUEH-
MO8 ANAUNMUMECKO20 ONEPAMOPA, G MAKHCE OM TAPAKMEPUCTIUK AUN-
wuyesot obaacmu D.

Bropoe ycinoBue u3 (2) B TepMuHAX MEPBI SBJsIeTCs H0JIee CUIBHBIM,
4geM ycsoBue u3 (2) B TepMHHAX €MKOCTH, TO €CTh U3 YCJIOBUSI B TEPMU-
HaX €MKOCTH HEJIb3$ CJIeJIaTh BBIBOJL O CIPABEIIMBOCTU AHAJOIHIHOIO
yCJIOBUS B TEDMHHAX MEPBHL.

Bormpoc o 1oBbIIIIEHHO# CYyMMUPYEMOCTH I'DAJIMEHTa PEIIEHUH SJLINII-
TUYECKUX YDABHEHUIH sIBJISIETCsI KJIACCHIECKUM M BOCXOJIUT K pabore [1],
B KOTOPOI paccMOTpeHa 3aia4a Jlupuxiie jjist JTUHEHHBIX JIMBEPTeHTHBIX
PaBHOMEDPHO JUIMIITUYECKUX YPABHEHUN BTOPOrO MOPSJIKA C U3MEPUMBbI-
Mu Ko3(dduImeHTaMu Ha IJIOCKOCTH. [l032ke B MHOTOMEPHOM CJIydae U
yPaBHEHU{l TAaKOI'0 YK€ BUJIa IOBBIIIIEHHAs CyMMUPYEMOCTh I'DAJIUEHTa Pe-
meHus 3a1a9n Jupuxiie B 00J1aCTH € JIOCTATOYHO PEryJISPHOI IpaHuIeil
ObL1a ycraHosieHa B [2].

Ilepsorit aBTop nogaepxkan rpantom PH® nomep 22-21-00292.
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CTAIINMOHAPHAA 3AJAYA CJIO2KHOTI'O
TEIIJIOOBMEHA B CUCTEME CEPBHIX TEJI C
ITOJIVIIPO3PAYHBIMMU BKJIFOYEHUAMN

AMOCOB A.A.

K mnacrosimeMy BpeMEHH JOCTATOYHO IIOAPOOHO M3ydeHa pa3perin-
MOCTH Pa3/JUYHBIX TOCTAHOBOK CTAIMOHAPHBIX M HECTAIIMOHAPHBIX Kpa-
eBBIX 3a/1a4 CJIOKHOIO (PaJUAINOHHO - KOHYKTUBHOTO) TEILIOOOMEHa B
CHCTEMaxX, COCTOSAINX JIMOO TOJBKO M3 HENPO3PAYHBLIX JUOO TOJLKO U3
HOJTYIPO3PAYHBIX it u3aydenus tea. O630p COOTBETCTBYIONUX MaTe-
MaTudeckux pabor 3a mepuoz ¢ 1937 r. mo 2020 r. moxxuO HaiiTu B [1].
B To ke Bpemsa 3a7auu paJMAOHHO - KOHYKTUBHOTO TEIIOOOMEHa B
CHCTEMaX, COCTOANMX KaK U3 HEMPO3PAYHBIX, TAK U U3 MOJIYTTPO3PATHBIX
JUIST U3JTY9eHUsT TeJl, OCTAIOTCS IOKa HEJOCTATOUHO MCC/IET0BAHHbIMU. B
9TOM HAIPABJIECHUN €IMHCTBEHHBIMY, 110 MHEHUIO aBTOPA, SIBJISETCS CTa-
Teu 1] — [4].

B nokmame paccMaTpuBaeTcs CTalMOHApHas HEJIMHEHHas Kpaepas
3a/1a4a, OIMCBHIBAIOIIAA CJIOXKHBIN (pa):LI/Iam/IOHHo—KOH,zLyKTHBHbH‘/’I) Tel-
JIOOOMEH B CHCTEME TPEXMEPHBIX CEpPBIX TeJI, COAEPKAIIUX IOJIyIPO-
3pavHble JJId U3JIyYIeHUA BKJIIOYCHUSA. I/ICKOI\J])IMI/I (byHKH‘I/IHIVH/I ABJIA-
10TCsl  abcosIoTHAsl Temiieparypa w(r) M HHTEHCHMBHOCTH W3JIyYeHUs
I(w, z). IIporecc CI0KHOIO TEIIOOOMEHA OMHMCHIBACTCS CHCTEMOIl, CO-
CcTosIMel W3 HEJIWHEWHOTO ypaBHEHUsI TEeIJIONPOBOJHOCTH, HHTErPO-

nuddepeHnnaabHbIX yPABHEHUH IEPEHOCA U3y UI€HUsT U WHTErPAJILHOrO
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YPaBHEHMUSI, OTPAXKAIOIIEr0 TEILIOOOMEH U3JTy I€HUEM MEK/Iy CEPBIMU I10-
BerHOCTHMI/I. ypaBHeHI/IH JOIIOJIHATOTCA Kpa.eBbIMI/I yC.J'[OBI/ISIMI/I7 OIIUCHI-
BAIOIIIMU OTPayKeHNe U MpeJIOMJIEHIe U3JIyIeHNsT Ha TPAHUIAX Pas3/iesa
cpe/.

B [4] ycranoBiiena ojHO3HAUHAST pa3peIIUMOCTh 1ol 3aa4u. Jlokasa-
Ha TeopeMa cpaBHeHMs. [loka3aHO, YTO yBeJIMYEHHE CTEIIEHN CYyMMUpPYe-
MOCTH JIaHHBIX IIPUBOJIUT K YJIYUIIIEHUIO CBOMCTB pellleHuit, B TOM 4ucje
— K 9KCIIOHEHIIMAJIbHOIl CYMMHUPYEMOCTU 1 OrPAHUYEHHOCTH.

Pabora BbIllosiHEHA 3a cdeT rpaHTa Poccuiickoro HaydHOro (oHIa
(mpoekT Ne 19-11-00033).
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O SBHAKOIIOCTOAHCTBE ®YHKIINN I'PTHA
KPAEBOU 3AJAYN YETBEPTOTI'O ITOPAJKA HA
I'PA®E

AHYYNHA I0.A.

Kpaessle 3a/1aun Ha rpadax paccmarpuBaiuch B paborax [1], [2], [3].
ITycrs na orpeske [0,1], [ > 0, BemecTBeHHON OCH 3aJaHbl JIBa Ha-
bopa A, u B,,, cocTosdlilne COOTBETCTBEHHO U3 M PA3JIMIHLIX TOYEK (f,
k = 1,n, u u3 m paznu4sbix To4ueK bg, k = 1, m. Ilomaraem, aTro MHO-

xecrBa A, n By, He mepecekaiorca n 0 < a1 < ag < ... < a, < I,
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0<b <by<...<by <l Uckmounm u3 unarepsasa (0,1) Touku MHO-

xectBa A, u By, IlonydenHoe 06beuHEHE HHTEPBAJIOB 0003HAYNM e~

pes S. Jis neorpunarensubix Ha orpeske [0, 1] bynxmuit p; € C277[0,1],

j=0,2; »iel[lofl} po () > 0 u npoussosbroii dyukmuu  f € C () pac-
x )

CMOTPUM KPAEBYIO 3aJ1a9y [Jisi T PEepEeHIINaIbLHOTO YPABHEHUS

(po (@) u” (2))" = (p1 (@)W ()" + p2 (2) u (z) = [ (x) (1)
IPpU I'PAHUYIHBIX YCJIOBUAX
w(0)=u 0)=u(l)=u"(1)=0 (2)

7 YCJOBHUSIX COTJIACOBAHUS JBYX BUJIOB: B KaXK/I0M TOYKE G 33 TaHBI YCJIO-
BUS

u) (ay, 4+ 0) = ul9) (a, — 0), i=0,2,
" (ag +0) — " (ap — 0) = —ypu (ak) ,
rje yr — HeoTpUIaTeIbHas KOHCTAHTa, a B KarxKJoil Touke by 3a/aHbl
YCIIOBHSA

(3)

u(bk—l-O):u(bk—O),

4 . 4
u® (b +0) = ul) (b —0), j=1,2 @

PaccmarpuBaemasi Kpaesast 3amada (1)-(4) mpu cooTBeTCTBYIOIIEM
rogbope KoadpurmenToB gudhepeHnnaaIbHOr0 ypaBHEHU MOACIUPYET
MaJjible yrupyrue jiedOpMaIii CTEPXKHS € IIPOMEXKYTOYHBIME 3aKPeILie-
uusivu [4]. Tlepssiit Buj yesroBuit cormacoBanust (3) COOTBETCTBYET COEJIU-
HEHUIO CTEePKHH C IPYXKUHOH, 3aKPEIJICHHOI Ha HEIOABUXKHONI oIope, a
BTOPOIt BU/ yCJIOBHIT coryiacoBanus (4) — MapHUPHOMY 3aKPEILICHHUIO.

[Tonyaeno npencrasienne dyuknun ['puna wepes dyuknuio ['puna
JAPYyrofl KpaeBod 3a/a4d, y KOTOPOUM KOJIMYECTBO HCKJIIOYEHHBIX BHYT-
PEHHUX TOYEK MEHbBIIE Ha eJUHUILY, YTO H03BOJISET MOCTPOUTH (DYHKIIUIO
['puna, ncrosb3yst n3BecTHbIE MpecTaBIenns dpyukmun ['puna KpaeBbix
zajgad. [locrpoensr rpacduku dyukiuu ['puna u ee obracreil 3HAKOIIOCTO-
AHCTBa C HCIIOJIB30OBaHUEM IIaKeTa ITPpUKJIAJHBIX MaTeMaTH4YeCKUX IIPO-
I'paMM IIPpU Pa3JUIHOM KOJIMYIECTBE MCKJIIOYECHHBIX TOYEK, a TaKz>Ke IIpu
Pa3/IMIHbIX BHUaX yC.HOBI/II/UI COorJIaCOBaHU . B pdae ciryvdaeB oIy 1€H Kpu-
Tepuil MOJOKUTEIHHOCTA (DYHKIINK B TEPMUHAX OFPAHUYUEHUN HA YCJIO-
BHUs coryiacoBanusi. PekyppeHTHbIe (DOPMyJIbl IpeCTaBICHUST DYHKITUU
['puna nosyuens! Brepsbie. Pe3yabrarshl paboThl YaCTHYIHO U3JI0KEHBI B
crarbsax |5], [6].
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KOPPEKTHASI PA3SPEIIIMIMOCTDb KPAEBOI 3AJJAYN
AJId CUCTEMBI JINOPEPEHITNAJIBHBIX
YPABHEHUWUN HA ITPEJEJIBHOM I'PA®E-3BE3/1E

AY3EPXAH T'.C.

Paccmorpum 3Be3mubiit rpad ', cocTosimuit m3 MHOYKECTBA BEPITUH U
MHOXKeCTBa nyr. Bepmunbl rpada HymMepyeM HATyPAJbHBIMU YUCIAMU
ot 0 1o m + 1. lyru rpada HyMepyIOTCs 9epe3 €7, ..., €m+1. Ha KaxKaoi
JIyre e; pacCMaTPUBACTCs BEKTOP-(yHKIUS

Yi(zj) = [y vo; )t
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KOTOpAas YIIOBJIETBOPSIET CJEIYIOIIell cucTteMe JuHEeHHBIX auddepeniiu-
aJIbHBIX ypaBHEHUN

2 2 (o
y(45) = o (g gy ) D
2 T 2
e e ) — e ) = gyt
2 20 (1
) = by ) T8
2 2 T 2 2 T
g rene) ) = )10 ) = gt)
2 1¢4
Iy (45) = 2 () () )
J j
200 (1 2,
+dij(uj(xj)fj(xj)d y;iig ])) - —dxj(u](xg)d yj;ﬁ J)) = g3;(z;)

Cucrema (1) simneitabix jauddepeHnuaabHbIX ypaBHEHUH COCTOUT U3
Tpex audhepeHnnaabHbIX YPABHEHUU PA3HBIX [TOPSIIKOB OITUCHIBAET COB-
MECTHBIE TIOIIEPEUHBIE, IPOIOJIbHBIE KOJIEDAHUS CTEPKHEN COeTMHEHHBIX
B ojiHOM y3iie. Eciau quamerp cedenusi w(z) cUuTaTh MajbIM, TOTJA CH-
crema (1) pacmajaercsi Tpu MOCJIEOBATENILHO pPeIllaeMble CUCTeMbl. B
cuity mMajioctu cucrema (1) nmpumer Buj

d dws(z)

—a(ﬂ(z)( e )) = F3 (2)

2 2,w >
A ) — e D) — Q@

BO MHOT'UX UH>KCHEPHBIX pacYdeTaxX CHUTaeTCdA, IYTO JBUZKCHUA Pa3aejid-
IOTCH: IIoIIepevIHbIe KOJIe6aHI/IH HE BJINAIOT Ha IIPOJAOJIBHBIC N HaO60pOT.
OHako 1o100HbIe pa3iesleH1e ABUXKEeHUI CTepKHsl He BCeryla OIpaB/Ibl-
Baercs. Takum obpasom, B obmem ciryudae cucrema (1) He Bceryia pacia-
Jlaercs Ha ypasHenus tuna (2) u (3).

B JOKJIa/le BBIZIBJICHBI YCJIOBUYA COIIPAZKEHUA B COCJUHUTEJIBHOM Yy3JI€ U
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COOTBETCTBYIOIINE YCJIOBHUsI 3aKPEILJIEHUsI B TPAHUIHBIX BEPIITHHAX, KOTO-
POM COOTBETCTBYET KOPPEKTHO PA3PEIINMOil 3aj1a4n jijist cucreMbl (1).

Hoxnam nogarorosyen copmectuo ¢ B.E. Kanryxunbim u nipu dhuHan-
copoit nojepkke Komurera mayku MOH PK rpamr NeAP 08855402
"Kpaepbie 3ajiaqn st cucrteM andpepeHInaibHbIX ypaBHEHU Ha Teo-
MeTPUYECKHX I'padax U UX TPUMEHEHUSI [P PACIeTaX COeJUHEHU N yIIpy-
IUX TOHKHUX CTepKHeit ".

Kazaxckuit HannmonabHbIM yHuBepcuteT nMenn aab—Papadu.Kazaxcram.
Email: auzerhanova@gmail.com

ACUMIITOTUYECKUE SPIOANYECKUWE BBICIIIVNE
VMHBAPUNAHTHBI SALEIIJIEHNN 11

AXMETBEB II.M.

B MarauTHO# rupogMHAMUKE WHBAPUAHTHI MATHUTHBIX MOJIEH MMe-
10T 6OJIBIIOE 3HAYEHHE. Pednb mier 0 MarHuTHOM 1oJie B obiacti ) C R3
MIPOBOATIEH KUJIKOCTH, MATHUTHOE TIOJIE€ HAITPABJIEHO MO0 KACATEJHHOM K
rpanure obsactu Jf), MHBAPUAHTHI MATHUTHBIX MOJIEH UIMYTCsT OTHOCH-
TEJBLHO T'PYIIBI COXPAHAIONNX 00beM 1rddPeoMopdu3MoB, HEITOIBUK-
HBIX B HEKOTOPOIl OKPECTHOCTH OECKOHEYHOCTH.

ITo Teopeme ApHOJbIA ONpemeeH ACUMITOTHYECKUIA 3ProanvecKui
nHBapuaHT Xomda, KOTOPbIi Mbl 0003HAYHNM 4epe3 xpB. VIHBapuauT
Xornda spisiercss DyHKIHMEH Ha IeKapTOBOM KBajpaTe ()2, CMbICI KO-
TOPOrO COCTOUT B TOM, UTO BBIIYCKAIOTCS MATHUTHBLIE JIUHUU U3 TOYEK
X1, X9 € ) u mouTn JyIst JI000it mapbl (X1, X2) BBIYUCISACTCS aCHMITOTH-
geckuit KoaddurmenT 3anenienns g (xi,X2).

Kaxk ormeueno B [1], cnocka na crp. 163, B KOHCTpyKIu XB(X1,X2)
MMeeTCsl TPYIHOCTb. DTO OTHOCUTCS JIUIIb K CIYyYal0 MATHUTHBIX ITOJIei
HeOOIIEero MOJIOKEHUsI. 31eCh Ke IIPeJIaraeTcsl MPOBECTH JT0Ka3aTe b
CTBO CYIIIECTBOBAHUSI B TOJHOM OOIHOCTH.

Bosiee rubkoe orpenesierne rayccoBa 3alerjieHus MATHATHBIX JIMHII
(pasmes 4.3 [1]) MOXKHO TBITATHCS [IPOBECTU OTKA3ABIINCH OT IIOHSITHUSI
CUCTEMBbI KOPOTKHX IyTeit. TpyaHOCTb, Ha B3IV aBTOPA, COCTOUT B
J0KA3aTe/IbCTBE TOr0, YTO SProfMIecKyio TeopeMy Bupkroda s muc-
KPETHOI AIMIPOKCUMAIIAY MAIHUTHOTO ITOTOKA MOYKHO ITPUMEHHUTD TaKKe
K CAaMOMY MarHWTHOMY IMOTOKY. lIpyM Tex mjin WHBIX JOIOJHUTE/BHBIX
IIPEJITOIOYKEHUSIX, HAIIPUMED, [IPU OTCYTCTBUU HyJIEil MATHUTHOIO ITOJIS
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B obsactu ) (Ipe/osoKeHe 0 MArHUTHON TPYOKe), yKa3aHHAasi TPY/I-
HOCTB TIpeooseBaercsa. 11ocTpoeHnst MBI IPOBOAUM JIMIID B IIPEIIIONO-
JKEHUW O MATHUTHON TPyOKe.

B jokiaje [2| aBrop aHOHCHMpOBaJI CyIIECTBOBAaHME BBICIIUX (T.e. HE
cBosisimuxcst K KO3 hUImeHTaM 3aleieHns) aCAMITOTUIECKHX 3Pro-
JIMYEeCKUX MHBAPUAHTOB 3areluieHnii. Brocieacrsum, npu myGaukamm
JokIaa [3| yeaosue sprojudarocTr (CynecTBOBaHNE IUIOTHOCTU MHBAPU-
aHTa MAHUTHBIX JIMHUH) 0Caab/1eHO J10 yesioBusl ¢aboil SproguaHocTy,
4TO, KOHETHO, HEXKeJIaTeJIbHO, HO JIOIYCTUMO Jijis npuioxkenuii. Konea-
HO, MOXKHO HaJIeAThCsl HA TO, UTO 9PTrOJUIECKHIE CPEJIHUE BBICIINX MHBA-
PUAHTOB MATHUTHBLIX JUHUHA KOPPEKTHO MOYTH BCIOY ONpPEJIEIeHDbI JIs
MarHUTHBIX ToJIeli obiero suga B obaactu €.

MBI BepHEMCsT K TIOCTPOEHUIO U BBIIIOJIHIM €ro B lIepBOHAYAIBHOI (hop-
MyJIMpOBKe Jjist uaBapuanta Ms, caenys [4]. dus uaBapuanra My oxu-
JlaeTCst TPUJIOXKeHne, cM. [5], HO 9TOT BOIPOC /10 KOHIIA He MCCJIeIOBAH.

Pabora Bbimosinena mpu nojepkke Russian Science Foundation
(project 21-11-00010).
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PaccmoTpens! iepBast u Bropasi Ha9a/IbHO-KPaeBble 38189 I OJTHO-
MEpHBIX (10 IPOCTPAHCTBEHHOI IIepeMeHHOI) mapabosndeckux 1o Iler-
POBCKOMY CUCTEM 2—T0 MOPSIKA ¢ IePEMEHHBIMU KO3 pUuIimeHTaMu B 00-
JIACTSX C HErJIAJKUMM OOKOBBIMU T'DAHUIIAME. YCTAHOBJIEHA €IMHCTBEH-
HOCTH KJIACCUYECKUX PEIeHUN yKa3aHHBIX 3aJa49 B OTPAaHUYCHHON 00/1a~
cru §) ¢ HETJIaJKUMU OOKOBBIMU T'DAHUIAMHY, JOMYCKAKIUMU, B YACTHO-
cru, «kmosbl», B npocrpancree C10(Q) dbynkmmii, nenpepbBHLIX B
BMeECTE C IIPOU3BO/IHON 110 IIPOCTPAHCTBEHHON IIePEeMEHHOMN.

Pabora BTOpOrO aBTOpa BHINIOJIHEHA 3a cueT rpanta Poccuiickoro na-
yuanoro douga (npoekt Ne 19-11-00033).
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B pabore m3yyaroTcs acuMOTOTHYECKHE CBOHCTBa perrenuit qudde-
PEHINABHOTO YPABHEHUSI
&(t) —ax(t —h) = =bx(t) + cx(t —h), t=>0,

z(§) = (), #(§) =¢(&), §€[=h0),
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BO3HUKAIOIIETO B PA3/IMIHBIX HNPUKJIQJIHBIX 3a/la9aX: JUHAMUKA ITOILYJIA-
U1 KJIETOK, JBUXKEHHNE IIJIOCKUX YIIPYIUX IJIAT C YI€TOM TPEHUA, UCCJIE-
JioBaHue J1e(PeKTOB C MMOMOIIbI0 yiabTpasByKa. C JIpyroif CTOPOHBI, 3TO
ypaBHEHME, HECMOTPsl Ha IMPOCTOTY, 00JiagaeT OOJIBIIUM Pa3HOOOpa3u-
eM aCUMIITOTUYEeCKUX CBOICTB peH_IeHI/II';I 1 IIO9TOMY MHTEPECHO TaK>Ke C
TeopeTHyecKoil Toukn 3penus |1, 2, 3, 4, 5, 6].

Kpurepuit sxkcrioneHuaIbHOM YCTOWIUBOCTH JIJIST YPABHEHUS (1) ycTa-
HOBJIEH B |7, Tj1e ocTpoeHa 00JIacTb YCTONYIUBOCTH B TPEXMEPHOM I1PO-
crpaHcTBe K03dduimeHToB. OTMETHM, ITO HEOOXOUMBIM YCIOBHEM IKC-
HOHEHIUAJILHON ycToitunBocTu st (1) siBJIsIeTCsl BHIIOJIHEHUE HEPABEH-
crBa |a] < 1; B 9TOM ciiydae 1oTepsi SKCIOHEHIUAILHOM yeTOInBOCTH
IIPOMCXOIUT 3a CUET IOsIBJIEHHUS CTAIMOHAPHBIX WU IEPUOSUIECKUX Pe-
meHnii. AcuMIToTHYecKasi yCTOMYNBOCTD, HE COBIAIAIONIALA C SKCIOHEH-
[IMAJILHOM, OTCYTCTBYET.

Ipu |a| > 1 ypasuenue (1) umeer HeOrpaHWYEHHBbIE DEINEHUsI, 3HA-
9T, ypaBHeHHe HeycToidmBo. Hambosiee CIIOXKHBIM SIBJISIETCA CJIydait
|a] = 1. Ilpuamuna B TOM, 9TO 3/71€Ch XapaKTepUCTHIECKast PYHKIHS ypaB-
Henust (1) MOXKeT MMeTh Ha KOMIUIEKCHOI IJIOCKOCTH IOCJIEI0BATE b
HOCTH HyJIeil, HEOTPAHUIEHHO MPUOJINKAIONLYIOCT K MHUMOM ocu, Judo
JIEZKAITYIO Ha MHUMON OCH. DTH CIydan MoTpeboBaIn OTAeILHOIO N3y de-
uusi. B paborax [7, 8] npusenenst a3¢pdbeKTUBHBIE YCIOBHSI, IIPH KOTOPHIX
ypasrenue (1) obsaaeT CBORCTBOM ACHMIITOTHYIECKON YCTONINBOCTH, He
COBITQIAIOINIEIl C KCIIOHEHINAJIBHON; YCTAHOBIECHA TaKKe PaBHOMEpPHAs
YCTONYINBOCTD B C/Iydae HAJUUUS y XapPaKTePUCTUIECKOH PyHKInn Oec-
KOHEYHOTO MHOXKECTBa, IUCTO MHUMBIX KOPHE.

Pabora BoImoTHEHA B pamMkax roc3ajganus MuHucTepcTBa HAyKH U
BhICIIero obpasoBanus Poccuiickoit Peyepainn (3amanne FSNM-2020-
0028).

Cnucok Jureparypbl

[1] Ootcuzanosa H.A. Oupenenenue 06sacTu ACUMITOTHIECKOH YCTONYIUBOCTH 11T
g HEePEeHITIATBLHOTO YPABHEHUsT IEPBOTO MOPSIIKA C OTKJIOHSIIOIIUMCST apry-
mentoMm // Tpymael cemunapa o reopun auddepeHnuaabHbIX ypaBHEHUH ¢ OT-
KJIOHsfouM st aprymenTom. 1962. T. 1. C. 52-62.

[2] I'pomosa II.C., 3seprun A.M. O TPUOHOMETPHUIECKUX PSLAAX, CyMMOIl KOTOPBIX
SBJISIETCSI HETIPEPBIBHAS U HEOTPDAHMYEHHAS HA IUCTOBOM OCH DYHKIUSI-PeIIeHne
yDPaBHEHMS ¢ OTKJIOHAONIMC aprymenToM // Hduddepenn. ypasuenus. 1968.
T.4. Ne10. C.1774-1784.

172



[3] Junca S., Lombard B. Stability of a critical nonlinear neutral delay differential
equation // J. Differential Equations. 2014. V. 256. Issue 7. P.2368-2391.

[4] Cermdk J., Hrabalovd J. Delay-dependent stability criteria for neutral delay
differential and difference equations // Discrete & Continuous Dynamical
Systems. 2014. V.34 (11). P. 4577-4588.

[5] Liao X., Mu N. Stability of a neutral delay neuron system in the critical case
// 2014 International Joint Conference on Neural Networks (IJCNN), 2014, pp.
1221-1224.

[6] Liao X. Asymptotic stability of a class of neutral delay neuron system in a
critical case // IEEE Transactions on Neural Networks and Learning Systems.
2015. V. 26. Issue 12. P. 3320-3325.

[7] Basandun A.C., Masvieurna B.B. Acumunrorndeckue CBORCTBa PeIIEHU T OLHOIO
kyacca JuddepeHIalbHbIX ypaBHeHnii neiirpaapuoro tuna // Mat. Tp. 2020.
T. 23, Ne 2. C. 3-49.

[8] Maavieurna B.B., Baaawdun A.C. AcuMmnrormyeckast yCTORYMBOCTH OIHOIO
KJacca ypasHeHuil HeliTpanpHoro tuna // Cubupckuii MaTeMaTHYeCKHi XKy p-
naust. 2021. T. 62. Nel. C. 106-116.

Ilepmckmit HATTMOHAJIBHBIN UCCIEI0BATEIbCKI TOJIUTEXHIIECKUT
yuuBepcurer, Poccust. Email: balandin-anton@yandex.ru

OIIMCAHNE IIOKA3ATEJIA IIEPPOHA
JINMHEMHON JIN®PEPEHIIMAJIBHOU CUCTEMBI
C HEOTPAHNYEHHBIMU KOO PUITNEHTAMN

BAPABAHOB E.A.!, BEIKOB B.B.?

s 3amansoro n € N yepes M, 0603HaUINM KJIacc JUHENHHBIX M-
depeHInaIbHbIX CUCTEM

t=A(t)x, zeR" teR;=][0,+00), (1)

C KyCOYHO-HeNpepbIBHBIME Ko3dduimenramu, depes M, — ero moj-
KJ1aCC, KO9(MMUIMEHTHI CHCTEM KOTOPOI'O OrPaHNYeHbI Ha [IOJIYOCH, a e~
pe3 x(-;&) — pemenue cucremsbl (1) ¢ HagambHbIM BekTOopoM (0;€) =
= ¢ € R™. O6osnaunm gepes R := R| [{—o0, 400} pacmmupennyio duc-
JIOBYIO IIPSIMYIO C €CTECTBEHHBIM IIOPSAKOM U IIOPSIIKOBOI TOLOJIOIHE]].

Huoicnum nokasamenem Ileppona nenynesoro perennst z(-;€) cucre-
Mmbl (1) HassiBaercs [1| Bemmunna

rle(: 6] = lm - Infla((5 ), )
t—-+o0
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a dyHKnus HauambHOTO BekTOpa ma: R™ \ {0} — R, ompenensemas
paBeHcTBOM T4 (&) = m[x(+;&)], — nokasamenem Ileppona cucremspr (1).
Hwmxune nokazarenu [leppona mpeacTaB/isioT coboit OMH U3 IPUMEPOB
MHOTOYHUC/IEHHBIX ACUMITOTUYECKUX XaPAKTEPUCTHK — (DYHKIMOHAJIOB,
OIIPEJICJIEHHBIX Ha pelleHusax JuddepeHImaabHbIX CUCTEM U OTPAKAIO-
MIUX T€ WU UHbIE KAUYeCTBEHHbIE UJIM ACUMITOTUYECKUE UX CBOMCTBA.
Baskneiiimii u3 HUX — XapaKTEePUCTUIECKHH TOKa3aTesb JIsmynosa (ero
OlpeJIeJIeHNe [OJIydaeTCsl 3aMeHON B (2) HUIKHEro Impejiesia BEPXHUM).
[TpuBesieM HEKOTOPBIE U3BECTHBIE CBONCTBA NOKa3aresisi [leppoHa, moka-
3BIBAIOIIUE €r0 MPUHIUINAILHBIE OTJIMYIUs OT MoKasaress JIsanyHosa.

A M. JIsnyHOBBIM yCTAHOBJIEHO, YTO YHCJIO PA3IMYHBIX [OKA3aTes el
JIsimynosa cucrembl u3 M,, He npesocxoauT ee pazmepuoctu n. O. Iep-
poH obHApYKUI 1], 9T0 /ISt HUKHUX HOKa3aTeseil 9T0 yTBep:KIeHe He
BepHO. 11 quaroHaJbHbIX cucTeM U3 M, KOJUIeCTBO Pa3JINIHBIX 3HA-
vennii nokasaress Ileppona me npesocxomur 2" — 1 [2] u Moxker ObITH
JIFOOBIM TAKUM HATypaabHbIM uncsioM [3|. B obmiem cirydae MHOXKeCTBO
P saBisiercss MHOXKECTBOM 3HadeHuil mokasareseii I[leppona HekoTOpOit
cucreMbl U3 M, TOrJa U TOJIBKO TOrJa, Korjaa P — orpaHudeHHoe cyc-
JIMHCKOE MHOXKECTBO, COZIeprKalllee CBOIO TOUHYIO BEPXHIO I'DaHb [4].

Crasures 3a/1aua TEOPETHKO-MHOMKECTBEHHOTO OIUCAHNS JIJIs KazK10-
o HATYPAJILHOIO N Kjacca MYHKIUH ﬁl = {74 : A € M,}. UsBecrHo,
4T0 P, — IOAKJIACC BTOPOro, HO He IIepBoro, Kiacca Bapa [5].

B [6] nokasamo, 4To jurst 106010 n > 2 Kiaace Py, COIEPIKUT BCE HETpe-
peiBabie dyukiun f: R™\ {0} — R, yaosiaerBopsitoiye yCaoBuo

fle€) = f(€), €€R"\ {0}, ceR"\{0}. (3)

ITonnoe onmcanne Kjacca 75n JJIst JIIOO0TO N > 2 JaeT CJIeyIomast
Teopema. Qynuxyus f: R"\ {0} — R npunadaesicum xaaccy P,

npu m = 2, ecAU U MOALKO €CAU ONa YIOBAECMBOPAEM YCAO8UI0 (3) U

ons moboeo r € R npoobpas =1 ([—oo, 1"]) asasemca G §-MHOHCECTNEOM.

Kaace Py cocmoum us ecex nocmoanmvix dynwyut R\ {0} — R.
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ACUMIITOTUKA 3AJAYN PUMAHA — I'lJIBBEPTA
AJ1d MOJAEJIM COMOBA MATHUTHOI'O
ITEPECOEIVHEHN A B ITIJIASME

BE3POJHBIX C.11.!, BJIACOB B.1.2

Boznukaromuii B iazme CosinevuHo# KOpOHBI 3 dheKT MArHUTHOTO TIe-
PecoeInHEHNs], 3aK/II0YAIONINNACS B M3MEHEHNH KOH(MUIYPAIMY MATHAT-
HOT'O IIOJISI C CYIIECTBEHHBIM BbIIEJIEHUEM SHEPIUH, UTPAET BaXKHYIO POJIb
B Mexann3me CostHedHbIX Bembimiek |1]. MarautHoe nose B obractu me-
pecoeIMHEeH s MOZKHO PAaCCMATPHBATE KaK IJIOCKoe, T.e. B = (B, By, 0),
a Bemuuny JF = B, — 1B, — KaK aHaJUTHICCKyIO (DYHKIHIO IepeMeH-
HOI'O 2 = & + 1y.

Moguenb gannoro addexra, npemioxentas B.B. ComosbiM [1], cBoguT
BBIUHCJIEHNE MATHUTHOIO OIS K 3aaade Pumana — I'mabbepra B 0mgHO-
CBSI3XHOMI 00j1acTu X, IpeICcTaBIIsIonieil coboil BHEITHOCTDL CUCTEMBI Pa3-
pesos I'g, 'y, ..., T'4. Baecs I'g — orpesok [—R, R] BemecrBenHoil ocu —
n300pazkaer TOKOBBIN ¢Jioii (Takoil e, Kak B Mojiesin C.M. ChipoBarcko-
ro [2] aroro acpdekra). K ero koniam mpucoeuHeHbl OCTAIbHbIE Y€ThIPE
paspesa jjuHol r, uzodpazkatornme MI/I-ynapHble BOJHBL. DTH pas3pe-
31 '), J = 1,4, pacIooxkKeHbl 3epPKaJIbHO CUMMETPUYIHO OTHOCHTEIHHO
JIEKAPTOBBIX OCEH, TpudeM pa3pe3 B [IEPBOM KBaJIpaHTe HAKJOHEH K OCH
x moj yriaoMm wa < w/4. B mogesn ComoBa HpUHUMAETCsI, YTO Ha Pas-
pese 'y HopMasbHAsT KOMIIOHEHTA B, MarHUTHOrO TOJIS PAaBHA HYJIIO, a
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Ha paspesax ['j, j = 1,4, oHa NOCTOsIHHA U paBHA 3aJAHHON BeJMINHE
B > 0. Beipaxkasi B,, depe3 F 1 KOMILIEKCHYIO €IMHUIHYIO HOpMaJjb V
o dopmyne By(z) = Re [v(z) F(2)], nomyuaem u3 stux ycaopuii Tpe-
oyemyio 3asaay Pumana — 'minbepra

Re[v(2)F(z)] =0, =z€Ty; Rel[v(2)F(z)] = B, z€T, (1)

B KOTOpOfI ee npejarnoJjaraeTcd, 9To IIoJIe UMeeT JIMHENHBIN POCT Ha
6eCKOHe‘{HOCTI/I, T.C.

F(z) ~ —ipz, z — 00, (2)

e p > 0 — 3ajanubiii napamerp Mogesn. Creyer OTMETUTb, 9TO MO-
Jiesib ChIPOBATCKOrO 2] Cofep:KUT TOKOBBIAT CJIOl, HO HE He BKJIIOYadYeT
YJapHBIX BOJIH, TOTJa Kak Mojeidb llerdeka [5]|, HANPOTUB, COAEPKUT
OECKOHEYHO JIJINHHBIE YJIAPHBIE BOJIHBI.

C moMorpio MeTosoB, paspaboranubix B (3] u [4], uposeseno acumir-
ToTuueckoe uccseopanue 3ajaa4n (1), (2) kak npu ykopodenun GpponTa
YJapHbIX BOJIH, T.e. ipu p := r/R — 0, Tak u 1npu ux GECKOHEYHOM
BBITITUBAHUU, T.e. Ipu p — 00. OHO mokazaJio, uro npu p — 0 u oxHO-
BPEMEHHOM COIIACOBAHHOM TOPsi/IKa p~ /2 Bospacranmu mapamerpa 3 13
yeaosusi (1), a Takyke (DUKCHPOBAHHBIX OCTATBHBIX Hapamerpax R, a,
mogiesin trosie ComoBa tipeBpaiiaercs B mojie CbIpOBATCKOTO.

Takke OBLIO YCTAHOBJIEHO, YTO €CJIU p — 00, & KOIDUIMEHT [ B
(2) cormacoBaHHO yMeHbIIaeTcs 1o 3aKony u(p) = pg plie—1/(2(1-2a))
o = const, a ocTajbHbIe TTapaMeTpbl Mojenu (R, a, ) dukcuposanbl, TO
upu 0 < a < 1/4 npenensroe nose Comoa coBnaiaer ¢ nojiem [leruexa.
CanenoBaresibao, Mosesin CbipoBarckoro u Ilerdeka MoKHO paccMmarpu-
BaTh KakK IpeJieibable ciayaan mojeaun ComoBa.
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KPAEBBIE SAJAYN JIJIA TUITEPBOJIMYECKNX
YPABHEHNY C MHBOJIIOIIVMEN 11 BBIPOXK/IEHNEM

B>KEYMUXOBA O.HU.

[Tycre © ecrp muTepBasn (0,1) ocu Oz, ) ecTb NUPSIMOYIOJBHHUK
Q x (0,T) xoneunoii Beicorsl T'. lasee, nycrb () ecrb 3a/aHHAS UH-
BoJtrorust orpeska [0, 1], a = const, b(x,t) u f(x,t) ecrb 3amaHHbIe OLpe-
NeJIeHHbIe Ha MHOYKecTBe () (byHKIIIH.

Kpaesas 3amaua I. Hatimu gynrxyuro u(x,t), asaaowyrocs 6 nps-
MOY20AbHUKE (Q PEWEHUEM YPABHEHUSA

it (5 1) = g (2, 1) — auge (p(2), 1) + b2, hu(z, ) = f(z,1)
U MAKy0, YMo 0NfA Hee SLINOAHAIOMCA YCAOBUSA

u(0,t) = u(1,t) =0, te(0,7),

u(z,0) = us(x,0) =0, x €.

[Ipencrasaernas 3aa49a B ciaydae a = O JOCTATOTHO XOPOIIIO U3y IeHA
(cM., Hanpumep, pabors |1, 2| u 6ubsnorpaduio B HUX).

B pabore st ruepbo/ImIecKoro ypaBHEHUsT C IEPEeMEHHBIMI KO-
dulmeHTaMI ¥ C WHBOJIIOIMEH B CTapIINX MPOU3BOIHBIX HCCJIEI0BaHA
Pa3penmMOCTh HATAJIBHO-KPaeBoil 3amatu B mpoctpancTtBax Cobosesa.
st u3ygaeMoil HaUaIbHO-KPAEBOU 3aJIa"i METOJOM PEeryJIsipU3allii u
METOJIOM IPOJIOJIZKEHNUST TI0 HapaMeTpy [3] ¢ IOMOIIbI0 anprOpPHBIX OIle-
HOK JIOKA3BbIBAIOTCSI TEOPEMBI CYIIECTBOBAHUSI M €IMHCTBEHHOCTH PEry-
JIAPHBIX PEIICHUl.
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OBPATHAZ{ 3ATAYA OJId ITNOPEPEHIINAJIbHBIX
OITEPATOPOB C
KOO PUITNMEHTAMU-PACIIPEJAEJIEHNAMUN

BOHJAPEHKO H.II.

Jloxuta | mocBsIeH 06paTHON ClIeKTPaIbHON 3a1ade Jjist iuddepeHIiu-
AJBHBIX OIIEPATOPOB N-T0 Hopsifka (n > 2) ¢ koahdunuenramu-pacrpe-
JeneHuaMU. PaccMaTpuBaioTcst omepaTopsl, MOPOXKAEHHBIE CJIeTyIONIMA
JuddepeHInaIbHBIMU BEIPDAXKEHUSIMU TIPU 1 = 2M:

lom(y) = y®™ + 3" (1) () ()P =B
k=1

m—1
. k m—k— m— k m— m—Rr—
F1 30 (DR (o @)y F )R (o) )y koD
k=1
1)
rJe
TlyeeosTmy Oly ey Om—1 € La(0,1),

u apu n = 2m + 1:

Com1(y) =y 41 Y (=1 (7 ()y (R =)
k=1
m—1
4 (_1)k <(U](€k)(x)y(mfkfl))(mfk) i (O_I(gk)(l.)y(mfk))(mfkflv’ 2)
k=0
rie
Tlyer s Tmy00y -+ Om—1 € L1(0, 1)
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OnepaTopsl OIPEJENSIOTCA B COOTBETCTBUU C PEry/ISPU3AIMOHHBIM O-
XOJIOM, IIPeJIOXKEeHHbIM B [1, 2.

Mg mudbdepenimanbroro Boipazkerust £y, () m0CTpoeHa MaTPUIA
Beitnsa-FOpko M (\), anasoruusas MaTpurie, UCHoJb3yeMoil B [3| st
nuddepeHmaabHbIX OIEPATOPOB BBICIINX TIOPSIIKOB ¢ PETYJISIPHBIMEI KO-
s dunmentamu. Paccmarpupaercst oOpaTHasl 3a/1a4a, COCTOAIIAs B BOC-
cranosiiennn koaddurmentos {7} u {0} mo M(X). Hokazama reo-
peMa eJMHCTBEHHOCTH perreHnst obparHoil 3aja4uun (cM. [4]). Tlomyden-
HBbIE PE3YJIbTAThI 0000IMAOT pe3ysbrarhl 5| mist oneparopos [lTypma-
JInyBUIIS ¢ CHHTYJIIPHBIMU MOTEHIIMAJIAMU U3 KJIACCa WQ_l(O, 1).

VceeioBanie BBIOJHEHO 3a CYeT TPaHTa POCCHIiCKOro Hay9IHOro
donma Ne 21-71-10001, https:/ /rscf.ru/project /21-71-10001/
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OB ACUMIITOTUKE PEIIIEHNY KPAEBBIX 3AJ/IAY B
IMEP®OPNPOBAHHBIX OBJIACTIX C TPETHBUM
HEJIMHENHBIM I'PAHUYHBIM YCJIOBUEM HA

TPAHUIIAX OTBEPCTUN

BOPUCOB [J.11.';, MYXAMETPAXNMOBA A.1.2

[Iycrs © = (x1,...,%,) — JeKapToBBI KoopauHarel B R™,  C R"
— HEOT'PAaHMYCHHAs O00JACTb, € — MAJIbIH IMOJOXKUTEJIbHBIN IapaMeTp u

n = n(e) — dynkuums, yposnersopsitomast 0 < n(e) < 1. Tomoxkum:
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S ={{z: z, =0}, 0 := {:U : —% <z < %,i = 1,...,n—1},
II:=0 x R, b; > 0. O6ozraunm depe3s M € 1l GpuKcupoBaHHYIO TOY-
Ky ¥ Uepe3 w (PUKCHPOBAHHOE OTPAHUIEHHOE MHOXKECTBO. B OKpecTHO-
cru S BeiOepem Toukn Mp = e(My + M), My, = (biky, ..., bp—1kn—1),
k:= (ki,...,kn 1) € Z"! Taxme, uro dist(Mk,S’) < Rpe, rne Ry > 0.
OGosnaunmm: 2 :=Q\ 6%, 6°:= |J {z: (z— M)e 'n~' € w}.
keMe

Iycre A;j = Ajj(x), Ai = Ai(x), Ag = Ag(x) — dbynkuun, 3a1aHHbIE

B Q u yJjosierBopsiomue: A;j, A; € WL(Q), Ay € Loo(Q), Aijj = Ay,

z Aij(2)6&5 = colé}, 2 € Q, €= (&1...,&) € R™, ¢ > 0. [Ipeanona-
i,j=1

raem, uro A;; =1, A; =0, A; = 0 upu |z, | < 7. Ilycrs a = a(u) — Gec-
koHewHo muddepennupyemas dbyHKus, yuosrersopsomas a(0) = 0,
|g—g| < ap, TJe ap — HeKoTropast KoHcTaHTa. O6Go3HATIM:

- 0 0 —
Z 8I1 2]81:] Z::AJTIE]—T%A]‘FAO

,5=1

PaccmarpuBaercsa kpaeBas 3aada:

u
a—;+a(-,u5) =0, x € 06°,

e f € LQ(Q)DWQI(Q%)HW;(Q*), Qi ={zr:0<xz, <70}, geNA

(L=XNus=f, z€Q°, u.=0, xz €09,

n [
— BEIIECTBEHHOE YHCIIO, a Z Ajj cos(v, Ox;) 2, + > Ajcos(v, Oxj),
i.j=1 7=l
cos(v, Ox;) — KocuHyc yria Mex ity ocbio Ox; U eJIMHUIHON HOPMAJIBIO ¥ K

00°, nanpaBJieHHO# BHYTpb MHOXKecTBa 0°. B pabore paccmarpupatrorcst
JBa coydast: 1) a = 0 wom 2) n(e) — 0.

Hamr ocHoBHO# pe3ysbTaT yTBEpKIAeT, UTO aCUMITOTHKA (DYHKIIUU
ue B W3 (92F) umeer Buj

u(&,m) = X (55 )ue(am) + (1 - x5

1
g2 £2

T N
— 2

) )uin (o' m) + O,

N .
e ugt(z,n) = Zosmum(x,n), ug (&2, m) = Z eMum(§;2',m), N -
m=

[IPOU3BOJILHOE HATYPAJIBHOE YUCI0, X = X(Zy) — 6eCK0Hequ nuddepen-

nupyemas cpesatoriasi (byHKIMs, PaBHAsI HYJIIO 1IpU |Ty| < 1 u equnure

upnu |z, > 2, &€ = (¢,&,) = (2e7 27, bynkmm ug — pentenue
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3aIa9n

(L=XNup=f B Q, uy=0 na 09, (1)
dyukwun u, — pemenus 3agaan (1) ¢ f = 0, dyuknum v, — permenus
3aj1at

Ovp,

_Afvm = fm B R" \ wna = ¢m Ha 6(:;177 fO = Oa Q;Z)O = Oa

e

m2 gm2p © Pvm
Jm = (m — 2)! 92 (2',0) +2 ; 60, + (Az + Nvm—2,

n—1 v
—1
'¢m = 8m Vi 7me].(vla"'avmfl)7
; €T;
i=1
re 0= Y {f s YW E— My, — M) € w}, Ve — €IMHUYHAS HOPMAJIb

kezn—1
K w'l, HanpaBJIeHHasd BHyTpPb w', I; — KOMIIOHEHTBI BeKTOpa Vg, Ly, —

HEKOTOPbIE (DUKCHPOBAHHDIE TTOJTIHOMBI.
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Axmysiel, Poccusi. Email: borisovdi@yandex.ru

QBaHIKI/IpCKI/Iﬁ TOCYJIAPCTBEHHBIN TIeJJarorutecknit yuupepcuteT umenn M.
Axwmystet, Poccusi. Email: albina8558@Qyandex.ru

I'PYIIIIOBO AHAJIN3 KUHETNYECKNX
YPABHEHUI U ITPOBJIEMA 3AMBIKAHI S
MOMEHTHOI CUCTEMBI

BOPOBCKUX A.B.!, IIJTATOHOBA K.C.?

OnHOI M3 OCHOBHBIX MaTeMaTHIECKUX MPOOJIEM, CBSI3aHHBIX C MOJE-
JIIMU KHHETUIECKON TeOPHUH, SBJISIeTCs MpobJieMa 3aMbIKAHUST MOMEHT-
HOI cucTeMbl, Bocxosmast K padboram JI:x. K. Makcsemrna. mest marero
MOJIX0/Ia K PEITEHIO 3TOM MIPOOIeMbI COCTOUT B TOM, IYTOOBI B OCHOBaHIE
BBIOOpA 3aMBIKAHUS IIOJIOXKUTH T'PYIIIOBbIE CBOMCTBA HuddepeHnaib-
HBIX ypaBHeHHUil. Peub nmer o ToM, 4TOOLI, OMPEIE/INB IPYIILY CUMMET-
puit KHHETHYIECKOTO YPaBHEHUsI, IEPEHECTU €€ JIeiCTBUEe HA MOMEHTHDIE
BEJINYWHBI, HAATH MHBAPUAHTHI 3TOW I'PYIILI B TEPMHHAX MOMEHTHBIX
BEJIMYUHBI, U «yPe3aHUEe» U 3aMbIKAHUE MOMEHTHOI CHCTEMbI, IIPUBOJISI-
1mee K ypaBHEHUsIM CILIOITHON Cpesbl, OCYIIECTBIISATH C MOMOIIBIO 3TUX
WHBApPUAHTHBIX COOTHOIITEHUIA.
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Peanmu3zyemocTsb 3TOI CXeMbl yCTaHOBJIEHA, HA MPOCTEHINeil CUTyaImn
OJIHOMEPHOI'O KMHETHYECKOI'O ypaBHEeHUs, (PaKTUIEeCKU COBIIAJIAIONIETO C
ypasHenueM JInyBusis

fetcfe+ (Ffe=0 (1)
(t — Bpemsi, * — IPOCTPAHCTBEHHAsI KOOPJMHATA, C — CKOPOCTb,
F=F(t,x,c)

— BHeIIHee CUJIOBOE IoJie, Hem3BecTHas dyukuus f(t,z,c) — dasosas
IJIOTHOCTD PACIIPEIeJIeHUs] YaCTHIL).

OxaszaJsioch, 9TO 3a/iady IPYIIOBOrO aHajm3a ypaBHeHus (1) Heob-
XOAMMO COIIPpOBOAUTDL JOIIOJTHUTEJIbHBIMI yC.J_IOBI/ISIMI/I7 HaJlara€MbIMU Ha
IPYIILY IPeoOpasoBaHnil. TO yCIOBUS

® VHBAPUAHTHOCTH IIPHU ITUX TPEOOPA30OBAHUAX COOTHOITEHUIA
dx = cdt, dc = Fdt, (2)

YTO BBIPArKaeT COXpaHEeHUe OTHOIIeHUs MexK1y (PU3HUeCKIMU Be-
mraunamu (t, z, ¢, F);
® UHBAPUAHTHOCTH ceMeficTBa MPAMBIX

dr =dt =0, (3)

HEOOXOIMMOe, ITOOBI COXPAHSICS (PU3UIECKUIT CMBICT MOMEHT-
HBIX BeJIMIMH;
® NMHBapWaHTHOCTU IIPU 3aMEHaX IMEePEeMEHHbIX BEJINYINHDBI

(14 cby + FO.)f(t,z,c)dxdc, (4)

Ha 110601 moBepxHocTH t = 6(x,c), 9TO BbIparXkaeT HE3ABUCH-
MOCTH KOJIMIECTBA YACTHIL B HEKOTOPOM (Da30BOM 00BHEME OT BbI-
6opa crcTeMbl KOOPINHAT.

VCTaHOBIEHO, YTO I'PYIIaA TOYEYHLIX IPEeoOpasoBaHMil IPOCTPAHCT-
Ba mepeMeHusiX (t,x,c, f), OCTABISIONNX WHBAPHAHTHBIMU COOTHOIIE-
uust (2), (3) u Besmuuny (4), conagaer ¢ rpyumoii guddeomopdusmon
[POCTPAHCTBA [EPEeMEHHBIX (¢, ) U IIOPOXK/IEHHBIX MMU 11peoOpa30BaHuii
OCTAJILHBIX II€PEMEHHBIX; I'PYIIa SKBUBAJEHTHOCTH ypaBHeHus (1) coB-
naJjiaeT ¢ 3TO IrpyIIIoN.

Ocymiecrpiiena rpynnosast Kiaccudukanus ypasaenuii (1) B ykazas-
HOM KJiacce npeodpa3oBaHmii, MaKCUMaJIbHas IPyIIa CUMMETPUIl oKa3a-
JlaCh BOCbMUMEPHOI (;LJIH F = 0 u 5KBUBAJICHTHBIX €ii) U COBNAIAIOIIEH

C IIPOEKTUBHON I'PYIIION B R2.
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Jlst TOJTyIeHHBIX TPYIIT CHUMMETPHI OKa3aj0Ch BO3MOXKHBIM SIBHO
OIHCaTh JeHCTBYE 3TUX TPYIIT HA MOMEHTHBIE BeJIMUMHbBI, ¥ HAUTH HHBa~
puantel. B ciyuae F' = 0 naitnennsiit quddepennuaibHblii THBAPUAHT
npusest K cucreme pr + (pu)z = 0, ug + uu, = 0, KOTOPasi XOPOIIO n3-
BEeCTHA KaK YpaBHEHUs «THJIPOIUHAMUKN 0€3 JTaBJICHUS>.

Tounble POPMYIUPOBKY TOJYUICHHBIX PE3YyJIbTaTOB OyIyT IIPEICTaB-
JIEHBI B JIOKJIaJle, UX MOXKHO HaiiTu B paborax [1-2].

Cnucok JuTeparypbl

[1] ITaamonosa K. C., Boposckuxr A. B. ['pynmoBoii aHaan3 0JHOMEPHOTO ypaBHE-
Hust BosbiiMaHa. YciioBus coxpaHeHHs (HU3NIECKOrO CMBICTIA MOMEHTHBIX Be-
sunanna // Teoperndeckast u maremarndeckas dusuka. 2018. T. 195, Ne 3. C.
452-483.

[2] Boposckux A. B., ILrnamonosa K. C. I'pynnosoil aHaau3 OJHOMEPHOTO ypaB-
venus Bonbrmana. V. [lonnas rpynmoBas kiaccudukanyst B obmeM ciaydae,

2019 , TM®, T. 201, Ne 2, C. 232-265.

'MockoBckwmit Tocynapersennblii yausepcnter umern M.B.JIomonocosa,
Poccusi. Email: bor.bor@mail.ru

2MockoBckuit rocynapcTsennbii ynusepcuter umenn M.B.JIomonocosa,
Poccusi. Email: kseniya-plat@yandex.ru

NHTEPITIOJIAIINMOHHBIE TEOPEMBI J1J14
HEJIMHENHBIX OIIEPATOPOB TUIIA YPBICOHA

BYPEHKOB M.U.', KAJUJOJJIJIAN A.X.2, HYPCY/JITAHOB E./JI.3

[Iycrs (V,v), (U, ) usmepumbie npocrpancrsa u Z(U), M (V') nop-
MUPOBAHHBIE TTPOCTPAHCTBA V-I3MEPUMBIX U [i-U3MEPUMBIX (PYHKITUH, CO-
orsercrBenHo. [Tycrs K : RxU XV — R, noneparop T : Z(U) — M(V)
OlIpEJIeJIEH CJIELYIONUM paBeHcTBOM: st Jobbix [ € Z(U)

T(f,y) = /U K(f(@),z.9)dp . yeV (1)

U TIPEJIIOJIOKUM, ITO 9TOT MHTErPaJI CYIIECTBYET U KOHEUEH s IOUTU
Bcex y € V. Jlanublii orepaTop HA3BIBAETCSA UHTEIPAJILHBIM OIIEPaATOPOM
VYpbicoHa.

XOpoIIIo U3BECTHO, UYTO OJHUM U3 JOCTOMHCTB METO/Ia BEIIEeCTBEHHOI
MHTEPIIOJISIINNA, OCHOBAHHOTO Ha cBoiicTBax BBemenunoro Ilerpe K-dyn-
KIIMOHAJIA, SIBJISIETCSI BO3MOYXKHOCTD IIEPEHECEHNsT OCHOBHBIX PE3Y/ILTATOB
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3TOr0 METO/A, YCTAHOBJIECHHBIX B JIMHEHHOM CJydae, Ha HEKOTOPBIE KJac-
Cbl HEJIMHEHHBIX OIIepaTOPOB, HAIIpUMEp, Ha KJIACC JIMIIIUIEBBIX WX
IeJIbJICPOBBIX OIIEPATOPOB , T.€. HAKJIAAbIBAJIOCH YCIIOBUE BUA!

|Tf—Tglly <C|f—gl%-

3aMeTnM, 9TO omepaTop Y PhICOHA, BOODIIE TOBOPsI, HE SBJISIETCS KBa-
SUJIMHERHBIM OIIEPATOPOM HJIN IeIbIEPOBLIM OIEPATOPOM, IIO3TOMY CO-
OTBETCTBYIOIINE WHTEPIIOJSIIHOHHBIE TEOPEMBI He IPUMEHUMBI K 9TOMY
oIepaTopy.

B mannoit paboTe 10/ IyIeHbI HHTEPIIOJSIINOHHBIE TeopeMbl MapIiinnke-
Buya, Kasbjaepona u Creitna-Beiica jiis MmupoKoro KJjacca HeJIUHERHBIX
onepaTopos. JlaHHbIe TEOpPEeMbI TPUMEHUMBI JJIsT P-OTHOPOTHBIX OIIePaTO-
poB, ipu 0 < p < oco. IlocTpoeH MHTEPIOJIAIMOHHBIN METO, OXBATHIBA~
FOIIUI OITepaTOpPhl THIIA Y PHICOHA. B 9acTHOCTH, TOJTYyUIEHBI CJIEITyOIIHIe
yTBep)KILeHHH.

TeopeMal. Hycmb P>07 1<p0 < p1 < 00, 1§Q0;Q1<007 qO#le
O<o<17<00,0<0<1u

1 1-6 40 1-6 6

9

1
b Po p1 q q0 q1

IIyems T onepamop Ypouicona.
Ecau das nexomopwx My, My > 0 caedyrowue HepaseHcmsa umerom
MECO

ITC) = TN, vy < MillFlzy, o i=0.1,

mozda

|T(f) - < eMy " MY\ £z, )

TO;,

2de ¢ > 0 3asucum moavko om napamempos po, P1,qo,q1, 0, T, 0.

Teopema 2. Ilycmo 0 < pyg < p1 < 00, 0 < qo,q1 < 0, Qo # q1
0<fd<lu

=1 -0)po+60p1, q=(1-0)q +0q.
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Ecau T onepamop Ypuvicona u das nexomopwx My, Mo > 0 umerom me-
CMO HEPABEHCMEA

/V (0T (f.y) — T(0, )% dv

<M, /U (i@ f (@), | € Ly (Uywip), i=0,1,

I7(f) = TO)II] < My~ MY £I1Y

Lq(Viog~%vf.v) Lp(Upwp~%wd )’

2de ¢ > 0 3asucum moavko om pg,p1 u 6.

Pabora BbImoJiHeHa Ipu mojIep:kKKe MuHHCTEpCTBa 00pas3soBaHus U
nayku Pecniybsimkn Kazaxcran, rpant AP08856479.
'Maremarnaecknit nactutyt uM. C.M. Hukossckoro, Poccnitckmit
YHUBepcUTeT JIpyKObl HapooB, Poccusi. Email: burenkov@cardiff.ac.u
2EnpasuiicKuil HaMOHAJILHLIN yEIBepcureT umenn JL.H.I'yymresa.
Email: aitolkynnur@gmail.com
3Mockosckuii rocygapcrsennsiii yausepeurer umenu M.B. Jlomonocosa
(Kazaxcranckuii duinasn); MacTHTYT MaTeMaTHKU U MATEMATUIECKOIO
mogesimpoBarus MOH PK, Kasaxcran. Email: er-nurs@yandex.ru

O PACXOSAIINXCS PSITAX B METO/IE ®YPHE
BYPJ/IVIKAA M.II.1, BEJIOBA [.B.2, TPUT'OPBEBA E.11.3

Tpagunuonno B uccaenosanun 3aga4 MeronoMm Pypobe m3ydgaercs co-
OTBETCTBYIOIIAsA CIHEKTPAIbHAA 330898 U 00CYKIAI0TCA BOIIPOCHI CXOJIN-
MocTH (pOPMATBHOrO PENIEHAs] W BO3MOXKHOCTH €Tr0 HMOYJIECHHOIO Iud-
depenmuposanns. TpyaHOCTH, CBA3aHHBIE C IIOJYyYE€HUEM yTOYHEHHDIX
ACUMITOTUIECKUX (DOPMyYJI JJIsI PEIIEHNH CHEKTPAILHON 3aJa4u, ¢ BO3-
MOXKHOWH KPATHOCTBIO CHEKTPA, YCIEIIHO MPEOJOJEBAIOTCA 38, CIET MC-
HoJIb30BaHusl pe3osbBeHTHOrO 10ax0Ma [1]. Ilpm srom meron Pypne
HIPUMEHSIETCS ¢ MCIOJb30BAHNEM W 110 YCKOPEHUIO CXOIUMOCTH Psi-
JioB, waymux ot A.H. KpbeuioBa, u mMo3Bo/ISOMUX MMOJIyYaTh KJIacCHIe-
CKO€ pelleHne Npu MUHAMAJbHLIX TPeOOBaHUSX Ha HavaJbHbIE (DYHK-
. B 3TOM HaIpaBJIeHUN AOCTUTHYTO MHOTO YCIIEXOB IIPU IOJIYYeHUN
KaK KJIACCHYECKHX, TaK 00OOIIEHHBIX pelleHnii (HOHNMaeMbIX KaK Ipe-

Jiest Kiaccudeckux). JlasbHelinee pasBurue 3Tux ujeil MPOJOIKEHO B
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paborax A.Il. XpoMmoBa u CBSI3aHO C HPUBJIEYEHUEM PACXOIAIINXCSA Psi-
708 [2]. Ero mojixo/| mo3BosiniI moJtyuuTh HEOOXOAUMbIE U JIOCTATOYHbIE
YCJIOBUSI CYIIIECTBOBAHUS KJIACCUIECKUX U ODOOIIEHHBIX PEIeHuil B CIy-
qagx CYMMUPYEMBbIX IIOTEHIIUAIOB U HAYAJIbHBIX (PYHKITUH U, TEM CAMBIM,
PAaCIIUPUTD FPAHUIBI TpuMeHeHus MeTona Pypoe.

B pabore paccmaTpuBaeTcs cMenaHHas 3a/ata JIJi BOJHOBOI'O yPaB-
HEHHUsI Ha NeoMeTpUYecKoM Tpade, cocTosIeM u3 JByX pebep, OIHO U3
KOTOPBIX 00pa3yeT IUKJI:

Pu(z,t)  u(z,t)

tt) _ T apue ). )
u1(0,t) = u1(1,t) = ua(0,t), wa(l,t) =0, (2)
u/la:(ov t) - ullm(l’ t) + U/Q.’L'(O7 t) =0, (3)
u(z,0) = o(x), uy(x,0)=0, z€]l0,1]. (4)

Bnech u(x,t) = (uy(x,t), uz(z,t))” (T — 3max Tpamcnonnposamus),

S [07 1], te (_OO7+OO)7 Q(%) = diag(Ql(£)7Q2(x)>a

o(x) = (p1(x), p2(2))T, qj(x),¢j(z) € L[0,1] 1 KOMIUIEKCHOZHAUHDI.
YenoBusi (2) obecriequBalOT HENPEPBIBHOCTH DEIIeHNs] BO BHYTPEHHEM
yasie rpada U HENOJBUKHOE 3aKpeIlieHne CBOOGOJHOIO KOHIIA Ha BTO-
pom pebpe. Vcnonb3yst npueMbl U3 2|, pereHne npejacTaB/isercs: B BUIE
OBICTPOCXOJISIIETOCS PiJIA:

Az, t) =Y An(a,1),
n=0

rne Ag(z,t) = %[(T)(CC +t) + CAIS(x —t)], &3(33) = (p1(2), p2(z))T, upu
x € [0,1], a ¢ orpeska [0, 1] npojosKaeTcss Ha BCIO OCb € MOMOIIBIO CO-
OTHOIIIEHUT:

Oy (—x) = §[201(1 — ) + 2B5(x) — @1 (2)),
?Q(—x) = %[2@1&%) + 2(131~(1 — .13) —Nq)g(l’)], B B
P1(1+ 2) = £[2®1(z) + 2Po(z) — D1 (1 — 2)], Po(1 +2) = —Do(1 — z),
t THt—7 __
An(.%',t) = %({ dr f Fn—l(na T) d777 n Z 17
T—t+T7

Fy(z,t) = —diag (q1(2), g2(z)) A (2, t) upu z € [0,1], a uepes F obosna-
geno mpogoskenne byukimn F = (F1, F»)T ¢ orpeska [0, 1] na Bcro och
C IIOMOIIIBIO aHaJIOTMYIHBIX COOTHOIIIEHUIA.
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Pab6ora Beiosinena npu dbunancopoii nouepxkke PH® (npoexr Ne 19-
11-00197, BeiosHsieMblii B BOPOHEKCKOM TOCYHUBEPCHUTETE).

Cnucok Jureparypbl

[1] Bypayuxas M. II., Xpomos A. II. Pe30abBERTHBII MOAXO /IS BOJTHOBOTO YPaB-
nenust // ZKBMuM®. — 2015. — T.55, Ne2. — C.51-63.

[2] Xpomos A. II. O KIacCH4eCKOM PEIIEHUN CMEITaHHON 3aJadu JJIsl OJHOPO/I-
HOT'O BOJIHOBOTO yPABHEHWs C 3aKPETIEHHBIMIA KOHIIAMA W HYJIEBOH HaYaJbHON
ckopocteio // U3s. Capar. yu-ra. Hos. cep. Cep. Maremaruka. Mexanuka. Vu-
dopmaruka, 19:3 (2019), 280-288

! Bopomezkcknil ToCyIapCTBEHHBI YHUBEpCHTET, Poccust.
Email: burlutskaya@math.vsu.ru

2Bopomneskckuil rocyIapeTBeHHbIH yHIBEepenTeT, Poccus.
Email: ianabeloval23@yandex.ru

3BoponesKCKHit TOCYIAPCTBEHHDIH yHIBepcuTeT, Poccnsl.
Email: elenabiryukova2010Q@Qyandex.ru

O IIPEJEJHbHOM IIOBEJIEHUU PEIITEHUN
QJIVINIITNYECKUNX IICEBAOANPPEPEHITVAJIBHBIX
YPABHEHUU

BACUJIBEB B.B.
IIycrs C¢ — yros Ha ILJ10CKOCTH
¢ ={r e R*:z = (z1,72), 2 > al|z1|,a > 0}.
PaccmarpuBaeTcsi MOJIeJIbHOE ypABHEHHE BH/IA
(Af)(x) = g(z), xeR*\CL, (1)
B 1pe/osiozkenun, aro cumsost A(€) ~ (1 + [£])® momyckaer BOTHOBYIO

akropusamuio ornocurenso —C¢ [1]. D10 03HAUACT, YTO MMEETCH CIie-
[MaJIbHOE IIpeJICTaBIeHIE CUMBOJIA

A(§) = Ax(8) - A=(9)
C MHOXKUTEJIAMUA, O6JIa,,H,aIOHJ,I/IMI/I cliequaJibHbBIMI CBOfICTBa,MI/I, CBA3aHHBI-

MU C aHaAJIUTUYIECKHUM IIPOJOJI2KECHHUEM B paJraJIbHbIC pr6‘IaTbIe obsacTu
KOMIIJIEKCHOI'O ITPOCTPaHCTBa Cz.

*
Conpsazkennbivm konycom C¢ x C nHaspiBaeTCss KOHYC

{reR?:z= %15@’7:@)’&%2 > |z1]},



* *
paguanbuas Tpybuaras obsracre T'(CT) man xomycom C — 510 MHOMKe-

*
crBo Buga R? 4 ¢ ce .
BosiHoBast dpakTopuzanus npeamnoiaracT aHaJIUTHIECKYIO IPOI0JIKI-
*

mocte Ax(§) BT (— CY), u A_(§) — B T(Cﬂ:i) C OIleHKaMHU
[AZHE —im)| < er(L+ €] + [7)F=,

|AZH(E +ir)| < co(1 + €] + |7)E@®) ] vr e0,

YHUCJIO % HA3BIBACTCS MHJIEKCOM BOJHOBON (baKTOpU3AInu.

[Tpu Hasmauu BoJHOBOM dbakTopusanuu u ycaosun |ee—s| < 1/2 perie-
Hue ypasHeHus (1) CyImecTByeT u eJJMHCTBEHHO, U MOXKET ObITh ONUCAHO
unTerpasbHoil dopmysioii [1]. Hac uarepecyer cirydait, 4to mpousoiiier
C peleHueM Mpu a — 00.

Teopema 1. IIpednosostcum, wmo 60410644 PaKMOPUIAUUSL ¢ UHOEKCOM
&, e — s| < 1/2, cywecmeyem das ecex docmamouno Gosvwur a u
g € H"%(R?). Tozda npedea pewenus ypacnernua (1)

lim @(&1,&2)
a—r0o0
cywecmeyem u npurumaem caedyrouuti 6uo

Tim 61, &) = A7(©)3(6) ~ 5A71(E,03(E1,0).
B ciyuae, xorja yciosue |@ — s| < 1/2 He BBIIOJIHSETCS, BOBMOXKHA
HeeIMHCTBEHHOCTD pernenust. HekoTopble cuTyanuu ¢ 0O THATEILHBIMA
IPAHUYHBIMU yCJIOBUSIMU PACCMOTDEHBI B [2,3].
Pabora sBbimmonnena mnpu mnogpepkke Mwunobpuayku P@, npoekTt
FZW@G-2020-0029 .

Cnucok JuTeparypbl

[1] . Bacuaves B. B. Mynsrumnukaropsl uarerpanos @ypoe, ncesnomuddepen-
nuaJibHble YpaBHEHUs, BOJIHOBas (akTopusanus, Kpaesble 3amauu. M.: YPCC,
2010.

[2] Kutaiba Sh., Vasilyev V. On solutions of certain limit boundary value problems.
AIP Conf. Proc. 2020. V. 2293, 110006.

[3] Vasilyev V. B. On certain 3D limit boundary value problem // Lobachevskii J.
Math. 2020. V. 41, Ne 5. P. 913-921.
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Besropojickuii rocyiapcTBeHHbI HAIMOHAJIBHBIA UCCJIE0BATE/IbCKUIA
yuuBepcurer, Poccusi. Email: vbv57@inbox.ru

O HEKOTOPBIX HAYAJIbBHO-KPAEBBIX 3A/TAYAX B
ASPOIMAPOYIIPYTI'OCTN

BEJIBMUCOB II.A.}, TAMAPOBA 10.A.2

PaccmaTpuBaioTcst HauaJlbHO-KpaeBble 3aJa4u 1J1st cucreM auddepen-
IAAIbHBIX YPABHEHUI ¢ YaCTHBIMU IIPOU3BOJAHBIME, OINMCHIBAIOIINE Ma-
TeMaTHIeCKne MOIEIN MEXaHUIECKON CUCTeMBbl «TPYOOIPOBOL, - JATUYHK
naBJieHus». IlpenjioskeHHble MOJEIN IPEIHA3HAYEHBI J1JIsT MCCJIEI0OBAHIS
COBMECTHO JUHAMUKH 1YBCTBUTEJHLHOIO 3JIEMEHTA JATINKA, JABJICHUS 1
paboweit cpenbl B gBuraTese u B Tpybornposoje. Ha ocnose sTux Momeneit
3aKOH M3MeHEHUs IaBJIeHUsl paboueil cpebl B KaMepe CrOPAHMs JIBUTa-
TeJIsd PaCCIYUTBIBACTCHA IO USMEHCHUIO BEJIMYINHBI ,Z[e(bOpMaLH/H/I pryFOFO
QJICMEHTa JaT4YUKa. PaSpa.6OTaHbI aHaJIUTUYCCKHE 1 YHUCJICHHbIEC METO/IbI
periennda yKaSa.HHbIX Ha4vaJbHO-KPaeBbIX 3a/a4, B OCHOBy KOTOPBIX IIO-
JIOYKEHBI, B TaCTHOCTH, MeTO, ['aJlepKiHa U METOJ KOHETHBIX PA3HOCTEH.

[IpuBenem B KavecTBe MpUMeEpa MATEMATHIECKYIO TTOCTAHOBKY, COOT-
BETCTBYIOINIYIO JABYMEPHON MOJIE/IM MEXAHUIECKON CUCTEMBbI «TPyOOIpo-
BOJl — JIATYHK JlaBjieHnsi» (pabodasi cpesia - njeasbHasi U CKUMaeMasl)

o = ag(Pae + Oyy)s € (0,1), ye(0,h), (1)
0y(x,0,t) = @y(x,h,t) =0, xe€(0,0), (2)
ea(l,y,t) = w(y,t), ye(0h), (3)
—pot(0,y,t) = P(y,t), y € (0,h), (4)

mi + Dw"" 4+ Nw" + " + f(i,w) = (5)

=Py — pope(l,y,t) — P,y € (0, h).
B (1)-(5) unmekcsl x, y, t cHu3y 0603HAYAIOT YaCTHBIE IIPOU3BO/IHBIE; TOU-
Ka U MITPUX CBEPXY — YaCTHBIE IPOU3BOJHBIE 110 ¢ U 110 i COOTBETCTBEHHO;
P(y,t) — 3ajaHHbIi 3aKOH U3MEHEHUs JlaBJieHusl paboveil cpeibl B Ka-
Mepe cropanus (Ha Bxoze B Tpybonposox x = 0); ag, po, Po, Ps, m, D,
N,  — HeKOTOpbIE MOCTOSTHHDIE, SABJISIONINECS XapaKTePUCTUKAMUI Me-
XaHU4IecKoil cucreMbl; f(w,w) — HeKOTOpasi JINHEiHAsT WJIN HeJIMHeHast
dyukiws, saBucsmast or gedopmanun w(y,t) n ckopoctu gedopmanun
w(y,t).
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Nmeem cBssanHyo 3a1ady (KOTOpast MOJDKHA OBITH JIONOJHEHA Ha-
YaJIbHBIMU YCJIOBUSME) JIJIsI IOTEHIMAA CKOPOCTU paboveil CpeJibl B TPY-
6ouposojie p(z,y,t) n nedopmanuu w(y,t) yupyroro sjeMeHTa JaTdu-
Ka, PACIIOJIOZKEHHOIr0 B KOHIle Tpybornposoma ¢ = [. Heobxomumo Takxke
3a/1aTh I'PaHUYHbIe yeaoBus st w(y,t) upu y = 0, y = h, cooTBETCTBY-
IOI[HE THILY 3aKPEIJICHIsT KOHIIOB 3JIeMeHTa (HampuMep, w = wy = 0 11st
JKECTKOTO BaIlEMJICHHSL, W = Wyy = 0 J1JIs IIAPHIPHOrO 3aKPEILICHHUST).

Ouuu u3 crnocoboB periennst ykasauuoil 3agaqdu (1)-(5) ocHoBan Ha
BBEJICHUN yCPEJHEHHBIX XapAKTEPUCTUK OCHOBHBLIX BEJUYMH JIMHAMEIYE-
CKOIl CHCTeMBI ¥ CBEJICHUY PEelIeHus 3a/1a91 K UCCIeI0Banuio auddepen-
UAJILHOIO YPaBHEHUS C OTKJIOHAIOIIUMCS apI'yMEHTOM, CBA3BIBAIOIIErO
YCPEJIHEHHYTO BeJUInHy JedopMaIuu yrpyroro sjaeMenTa garauka 6(t)
€ 3aKOHOM M3MEHEHHUsI YCPEJHEHHOIo JaB/IeHus pabodeil cpeIbl B IBUra-

reste G(t)

wf) (e ] mpl ) D))
NI

~ poayun [é (t . l) 4 (t ¥ l)} —2[G(1) + (Po — P)l],

ao ag

e mo, &g, Yo, Wo - HEKOTOPBIE TTOCTOSHHBIE.
Pabora Boinosinena npu dpunancosoit nojepxkke PODOU u YibsHoB-
ckoii obsactu, rpant 18-41-730015.

LV bsTHOBCK M TOCYJAPCTBEHHBIN TeXHUYIECKNH yHUBEpcuTeT, Poccus.
Email: velmisov@Qulstu.ru

2 VILSIHOBCKHIIT FOCYIAPCTBEHHBIH TeXHIUECKIH yHIBEpCUTeT, Poccus.
Email: kazakovaua@mail.ru

BSPOBCKI/{I'/’I KJIACC JIOKAJIbHON
TOIIOJIOTNYECKON SHTPOIINU IUHAMNYECKUX
CUCTEM

BETOXUH A.H.
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PaccmaTrpuBaercs mapamMeTpudeckKoe CeMeifiCTBO IUHAMUYECKHX CHUC-
TeM, OIpPE/Ie/ICHHBIX Ha, JIOKAJIHBHO KOMITAKTHOM METPUIECKOM ITPOCTPAH-
CTBE U HEIPEPBIBHO 3aBUCAIINX OT ITapaMeTpa U3 HEKOTOPOIO METpHUUe-
CKOro rpocrpancrsa. Jjs jr000ro Takoro ceMeificTBa JOKaJIbHas TOIOJIO-
rUYecKast SHTPOINS BXOAAIMUX B HETO JUHAMUIECKUX CUCTEM H3YyIaeTCs
KakK (pyHKIUS mapaMerpa ¢ TOUYKHM 3peHus O3POBCKOH Kjaccupuraiuu

byHKIHII.
Crnenys [1], npusegem HeobXouMOe B JaJibHENIIEM OIIpE/IeJICHUE JIO-
KaJIbHOH TomoJioruueckoii surpormu. [ycrs (X, d) — J0KaJIbHO KOM-

[TaKTHOE MeTphdecKoe mpocrpaHcTBo, a f : X — X — HempepbIBHOE
orobpaxkenue. Hapsiny ¢ nexonnoit Mmerpuxoii d onpemneanm na X IOIOJ-
HUTEJILHYIO CUCTEMY METPUK
dp(z,y) = max d(f'(x),f' (), wyeX, neN

riae fi i € N, — i-a nreparust orobpaxkenns f, fO = idy. s Besknx
x€X,neN, r>0uce >0 obozuaunm uepes Ny(z, f,r,&,n) Makcu-
MaJIbHOe YHUCI0 TovYek B mape Bg(r,e) C X, nonaphbie dy-paccTosiHus
MEXKJy KOTOPBIMU 00JIbIle, 4eM . Torma AokaibHyto monoso2uyeckyio
aHmponuto oTobpaxkeuust f B TOYKE T ONPEIESISIOT (POPMYJIOi

oo o= 1
hao(f) = lim lim lim —In Ng(z, f,r,&,n).
’ r—0e—0n—oo N
[To merpudeckomy mpocrpancTBy M, Touke x € X U HEIPEPHIBHOMY
0TOOPaYKEHUTO

fMxX—=X (1)
obpazyeM (DyHKIIHIO
1 haa (£, ). (2)

Teopema 1. Jlas awobwr © € X u omobpasicenusn (1) dynruus (2)
npunadiescum mpemuvemy 63po6ckomy Kaaccy na npocmpancmee M.

OTmeTHM, 9TO U3 3TOro pesyJbrara B cuily Teopembl bapa [2, rir. IX,
§39, VI| Berrekaer, uro jyist yiioObIx € X n orobpazkenust (1) B OJIHOM
METPUIECKOM IIpocTpancTBe M HaiiIeTcst BCIOLy IIOTHOE MHOXKeCTBO G
tuna G5 Takoe, 410 cykenme DyHKIHH [ — hqq(f(1,-)) Ha MHOMKe-
crBo GG HenpepbIBHO. BO3HUKAET €CTECTBEHHBIN BOIPOC O HAMMEHbIIEM

69POBCKOM KJIacce, KOTOPOMY NPUHAJIEKUT hyHKIms (2).
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Teopema 2. Cywecmsyrom M, X, u omobpasicenue (1) maxue, wmo
das 060t mouru x € X Pynryus (2) 6crody paspuiena u ne npuradie-
oHCUM 8MOPOMY 03POBCKOMY KAGCCY Ha npocmparcmee M.

Crncok smTepaTyphbl

[1] Kamox C. B., Xacceabaam B. BeeljeHue B TEOPHIO AUHAMHYECKHX CHUCTEM C
ob630opom mocaeqaux moctuxkenunit. M.: MIIMHO, 2005.
[2] Xaycdopp @. Teopust muOKecTB. M., 1937.

MockoBckmit rocymapcrBennbiit yausepcureT umeru M. B. Jlomonocosa,
MockoBcKuii rocyiapCcTBeHHbBIN TeXHUYECKHiT yHUBepcuTeT nMenn H.D.
Baymana, Poccust. Email: anveto27@yandex.ru

O BAPMAIIVMOHHBIX ITPUHIINITAX JdJI4
CAMOCOIIPA>KEHHBIX TAMUJIBTOHOBBIX CUCTEM

BHAZI‘I/IMI/IPOB A.A.
PaCCMOTpI/HVI CaMOCOHpH}KeHHyIO I‘al\H/LHbTOHOBy CI/ICTeMy
Jy' =AM+ Bly,  M*Jy(0) = N*Jy(1),

rie A € (L1]0,1])™*™ — cymMmupyemasi MaTpHIHO3HAYTHAS (DYHKIUS C
[OYTU BCIOZy HeOTpHIaTeJbHbIMU 3HadeHusivu, B € (L1[0,1])™*" —
CyMMEpYyeMasi MATPUIHO3HATHAST (DYHKITUS ¢ TOYTH BCIOY CAMOCOIIPSI-
JKeHHBIMHU 3HadeHusmu, marpuna J = —J* € C™*" meBbIpoxkgena, a
pacmmpennas Marpuna (M* N*) uMeer MAKCHMAJBbHBI PAHT W HOIIH-
usiercst yeaosuto M*JM = N*JN. OuepaTopHYIO MOJENb 9TOH CHCTEMBI
obpasyer smmHeiinbrii mydok T%: C — B(D1, D) oneparopos, oTobpazka-
FOIIUX IIPOCTPAHCTBO

DF = {y e (W[0,1])" : M*Jy(0) = N*Jy(1)}
B rpocrpancTeo ©~ = (L1[0,1])".

BBoast B paccMoTpeHne THIb0EpTOBO IIPOCTPAHCTBO §), MOJIydaeMOe
HOIOJIHEHNEeM IIPOCTPAHCTBa DT 0THOCHTETHLHO HOPMBI BUJIA,

1
lyl2 = / S Ay d,
0 i

BMECTe C eCTeCTBEeHHBIM BIIOJIHE HelIPePBIBHBIM BiloxkeHueM I T: D1 — 6,
a Takyke BjoxkenweM [~ : $) — D~ co ceoiicteom [~y = Ay,
MbI TIOJIy4aeM BO3MOYXKHOCTH [OCTABUTH B COOTBETCTBHE HCXOJHOM
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3ajlaue  OIpEJEJeHHOe B IIPOCTPAHCTBE §) JIMHEHHOEe OTHOIIEeHUe
T* = [I7]71-T%0) [I1]~! ¢ pesombienroit (T®—\)~! = I+ [T8(\)] 71 I~
B ciyuae, korja juisi Hekotoporo oneparopa D € B($)) coorBercrByto-
it oreparop T9(D) = T%(0) — I~ DIt obnamaer orpaHm<deHHBIM 00-
PaTHBIM, CIIEKTpbI oTHOMmeHns T u my«4ka 1% 3aBegomo cosmaaior. Cy-
IecTBOBaHMe Takoro orneparopa D € B($)) Hamu pajee BCerjia Ipeo-
JIATAETCS.

OCHOBHBIM PE3YJIBTATOM HACTOSIIErO JIOKJIAA SIBJISETCS CJIe Ly oIt

dakT.

YrBepxkaeuue 1. ITycms donosHumessro 3aPurcuposarv, HEKOMOPbIE
camoconpagicermvie epanuinsie yeaosus MiJy(0) = N§Jy(l), daa wo-
MOPHLT COOMBEMCMBYIOWULL AUHETHBIT NYUOK Tg :C — B(®F, D7) ume-
em KOHEUHOE “UCAO OMPUUAMENLHUT cobcmeennuir 3navenud. ITycmo
makotce Oas ecarxoeo eexmopa v € C" watidemcsa nocaedosamenn-
nocms {yn 102, asemenmos nodnpocmpancmea My = [Tg(u)]_lm,
2de p < 0, co ceoticmeamu limy, o0 Yn (0) = Mov, lim, o0 yn (1) = Nov
U limn_,oo<Tg (14)Yn, Yn) = 0. Tozda cocuumanroe ¢ ywemom Kpammocmu
YUCAO PACTIONOAHCEHHBLT CAEEA OM NPOUSBOALHO PUKCUPOBAHHOT MOYKU
x € p(THN p(Tg) NR cobcmeennvir 3navenut omrowenua T npesoc-
xodum maxosoe Oas omuowenus Ty 6 MoOwHOCIIU HA OMPUYAMENLHDLT
UHOEKC UHEPUUL MATPULDL

C,, = [N*JNy — M*JMp] [S,.(1)No — S,.(0) M) [S,.(1)N — S,.(0) M],
2de uepes S, € (WE[0,1])™*" o06oanaueno npouscosvioe Heaviposicden-

noe pewenue ypashenus S, = —S,. J1[xA + B].

YacTHbIMU CJIydasMu 3TOro (haKkTa SBJISTFOTCS IOy IeHHBIE HA COBEP-
[IEHHO JIPYTOM IIyTH HEJABHUE PE3yJIbTarhl [2].

Cnucok Jureparypbl

[1] Baadumupos A. A. // Marem. samerkn, 2020, T. 107 (4), C. 633-636.
[2] Kypouwkurn C. B. // K. Bbrumci. marem. u mareMm. ¢bus., 2018, T. 58 (12),
C. 2014-2025.

OUIL 1Y PAH, BII um. A.A. Hoponuunsina PAH, Poccus.
Email: vladimirov@shkal.math.msu.su
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O CBOMICTBAX ITOJIVIPVIIII, IIOPOXKJIAEMBIX
BOJIBTEPPOBBIMUA
UHTEI'PO-INOOPEPEHIIMAJIBHBIMU YPABHEHUAMN

BJIACOB B.B.

[IpejicraBiienbl pe3yJbTaThl, OAa3UpYIONIUEcss Ha MOJXOME, CBA3AH-
HOM C KCCJIEJIOBAHMEM OJHOIAPAMETPUYIECKUX MOJIYTPYIII i JIMHeH-
HBIX JBOJIONMOHHBIX YpaBHEHUN, IIPUMEHEHHOM K HCCJIEJOBHUIO BOJIb-
TEPPOBBLIX HHTErpo-AuddepeHuagibubix ypaBuennii. [IpuBoaurca me-
TOJI CBEJICHUS MCXO/HON HAYAJBHON 3aa9u JJisi MOJEIBHOIO0 HUHTErpPO-
nuddepeHnnaabHOr0 ypaBHEHUsI C OIIEPATOPHBIMUA KOI(PDUITMEHTAMEI B
ruap0epTOBOM MpocTpaHcTBe K 3amade Komm amst auddepeHiinaibHO-
ro ypaBHEHHs IEPBOro IMopsika. JlokasbiBaeTcs CYIIECTBOBAHUE CXKU-
MaroIeil U IKCIOHEHITMAJIBHO YCTONInBOit Co-TOIyTPYIIIBl IPU OIIpe-
JEEHHBIX MPEIIOJIOXKEHUIX O Ipax UHTErPAJIbHBIX orepaToposB. [l
IIIPOKOTO KJIACCa sJIep MHTEIPAJTBHBIX OIEPATOPOB YCTAHOBJIMBAIOTCS
Pe3yJIbTATBI O CYIIECTBOBAHUM U €IUHCTBEHHOCTH KJIACCUYECKUX PEITe-
HU YKa3aHHBIX yPABHEHUI, C OTIEHKAMU CKOPOCTHU UX SKCIIOHEHIIMIHLHOTO
ybobiBanusi. [IpuBosmsaTcs: IpuMephbl TPUMEHEHUS TTOJIYI€HHBIX Pe3yJIibTa-
TOB JIJIst HHTErPO-TudHepeHnnalIbHbIX YPABHEHUN ¢ 9KCIIOHEHIUATHHbI-
MU ¥ JPOOHO-IKCHOHEHIMAIbHBIMEU siipamu (dbyukinun PaborHoBa) nH-
TerpaJsibHBIX oreparopos (cum. [1]-[3]).

Pabora Bermosnena npu noiaepxkke POOU, rpant 20-01-00288.

Cnucok Jureparypbl

[1] Baacos B. B., Paymuan H. A. DkCIOHEHIMAIBHASA YCTOHYIUBOCTD MOJIYTPYIII,
IIOPOXKTAEMBIX BOJIBTEPPOBBIMU HHTErPO-IuddepeHInaIbHBIMI Y PaBHEHU MU
¢ cunrynsipasivu siapamu // duddepennnanbasie ypasaerns. — 2021. — T.
57, Ne 10. — C. 1426-1430.

[2] Baacos B. B., Paymuan H. A. CnekTpasbHbIi aHAIN3 U PA3PEIIIMOCTD BOJIb-
TEPPOBBIX MHTErpo-auddepennmaababix ypasaenuit // Jdoknansr Poccuiickoit
akagemnn Hayk. Maremarnka, nHpOpMATHKA, IPOIECCHl yrpaBaenus. — 2021.
— T. 496. — C. 16-20.

[3] Baacos B. B., Paymuaw H. A. CnexrpasbHblii aHamm3 (yHKIMOHAIBHO-
muddepennmanbubix ypasuenuit. M.: MAKC Ilpecc, 2016.

MockoBsckuil rocymapcTsennslit yauBepcuteT nMenn M.B.JIomoHoCOBa,
Mockosckuit Lentp dbyHnmaMenTanbHON 1 IPUKJIAIHON MaTeMaTuku, Poccust.
Email: victor.vlasov@math.msu.ru
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O KPATHOCTSX I ACUMIITOTUKE COBCTBEHHBIX
S3HAUYEHUI 3AJIAY JUPUXJIE I HEUMAHA J1JI51
OIIEPATOPA JIAIIJIACA B ITPSIMOYTOJIbHUKE

BOUTHUIKUI B. U.

Pabora nocesiena nccieJOBAHNIO pacipe/iesieHnusi KPaTHOCTeH 1 TOY-
HOIl aCMMIITOTHKE COOCTBEHHBLIX 3HadeHuit 3amad lupuxime n Heitmana
Juts onteparopa Jlammaca B npsmoyrosbroit obsacrtu 2 = (0;a) x (0;b).
XopoIIo U3BECTHO, YTO dTA 3a/1a9a UMEET JUCKPETHBIN [T0JI0KUTE/ILHBIIH
(HEOTPHIATEIBHBIIT) CIIEKTD, COCTOAIMINI U3 M30JMPOBAHHBIX COOCTBEH-
HBIX 3HAUEHWIT KOHEYHBIX KPaTHOCTEH C Mpeae/bHOIl TOUKON Ha O6ecKo-
HEYHOCTH. B cydae npsaMoyro/ibHoit 00/1acT Bce COOCTBEHHDBIE 3HAUEHU ST
BBIMHCJIAIOTCH 110 hopMyJie

k2 Tm\ 2
Mo = (2) 4 (TR
a b
rae k,m € N uwm k,m € NU {0} coorsercrBenno st 3amaqau Iupn-
xJie wian Heiimana. C ncrionb3oBaHreM KJIACCHYECKUX U HOBBIX PE3Y/Ib-
TATOB TEOPUU YHUCEI W TEOPUU JUOMAHTOBLIX MMPHUOJIMKEHUN yCTAHOB-

JIeHa 3aBHCHMOCTH CIIEKTPAJIBHBIX CBOCTB OT TOTO, SIBJISIETCS JIH THCJIO
f? := (a/b)? pamuoHaTLHBIM WJIH HET.

Teopema 1. Ecau f2 ¢ Q, mo ece cobemesenmvle 3Havenus 00HOKPAM-
HbE, NPU IMom s a0bozo € > 0 cyuecmeyem 6eCcKOHENHO MHO20 Pa3-
auvnvir nap (ki,my) u (k2,me), k1 # ko, mi1 # ma maxuz, wmo

‘)‘klﬂh - /\k2m2‘ <e.

Teopema 2. Ecau f? € Q, mo cyuwecmesyem 6eckoredno mHozo xpam-
Houx cobemeennoir 3navernul. B cayvwae f € Q wpamnocmu ne asasmomces
PABHOMEPHO 02PAHUMEHHBIMU, NpUudem dan a0b020 d € N cywecmeyrom
cobcmeerHble NOONPOCMParcmea, pasmeprocmu d.

Samevwarue 1. Ilo-Bummmomy, KPaTHOCTH HE SIBJISIIOTCS PABHOMEPHO
orpaHIYIeHHBIME 115 060ro f2 € Q (B psAsie KOHKPETHBIX TPIMEPOB 3TO
BBITIOJIHEHO). B 0IHOMEPHBIX CHIeKTpasIbHBIX 3a1a49aX HabII0aeTCsT HHAS
kapruna. Hanpumep, B 3amade llrypma-JInysumis (maxe st merma-
KHUX [OTEHIINAJIOB) COOCTBEHHbIE 3HAYEHUS SIBJISIIOTCS ACUMIITOTHYECKH
upoctbivu (cM., Hapumep [1]).

Teopema 2 BHavase jokasbiBaercst st f = 1 (ciaydait KBajparTHOi

006J1aCTH ), TJIe MOYKHO TIOJIyYUTh SBHYIO (hopMyJLy st KojmdecTsa v(n)
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pazsioykennii mesioro uncaa n = (a?/m?)\ B BUje CyMMBI IBYX KBaJIPATOB
HOJIOKUTEJIbHBIX (HEOTPUIIATEIbHBIX) TIeJIbIX YhCes. A UMEHHO, eciiu

n= 2°‘pf1p§2 . .plﬁlqiqugz gl

rJe p; — upoctole nciaa Buga 4k + 1, ¢; — upocreie uncia Bujga 4k + 3,
a, Bi,v: € NU {O}, B:=(p1+1)(B2+1)...(8+ 1), T0

0, ecsu XOTst GBI OJIHO Y; HEYETHOE;
v(n) = ¢ B, eciu Bee v; u B(a+ 1) — uerHbie;
B F 1, ecnu Bce y; uernble, a B(a + 1) — Hevyernoe

(“munyc” B 110CII€/HEl CTpOUKe cooTBeTCTBYeT 3asade Jupuxie, “roc’
— zajade Heiimama).

Ha OCHOBE yTOLIHeHHOfI ACUMIITOTUKHU YHCJ/Ia IMEJIbIX TOYEK BHYTPHU 3JI-
mutca (cm. [2], [3]) ycranosiena dopmya aist quciia COOCTBEHHBIX 3HA-
qennii B nmosyunTepsaie [0; A)

N(\) = ibA¢ LM)}/?
a7 2m
Sra dopmysa yrounsier ussectHyo dopmyity Beitist (eMm., Hampumep,
[4]). Bosiee TouHast OllEHKA OCTATOYHOrO WieHa MOKa He JokasaHa. V3-
BecTHO, uTo oHa pasHa O(X), rae 1/4 <t < 131/416 + .

FOMITE), Ve>0, \— +o0.

Cricok JuTepaTypbl

[1] Caswyx A. M., Ilxasuxos A. A. O cobcrBenubIX 3HAUEHUAX oneparopa [IITyp-
Ma—JInyBuiis ¢ norennmanamu u3 npocrpancts Cobosnesa // MareMm. 3aMeTKH.
— 2006, T. 80, Bem. 6. — C. 864-884.

[2] Huzley, M. N. Exponential Sums and Lattice Points III. // Proc. London Math.
Soc. — 2003, Vol. 87 (3). ~P. 591-609.

[3] Nowak, W. G. Primitive lattice points inside an ellips // Czechoslovak
Mathematical Journal. — 2005, 55 (130). — P. 519-530.

[4] Cagapos, FO. I. AcumuroTrdecKue OLEHKN PA3HOCTU CUATAIOMMX (DYHKIH 3a-
nad Tupuxie u Heiimana // @yuki,. asamus u ero npui. — 2010, T. 44, Beim. 4.
— C. 54-64.

DuU3NKO-TEXHUIECKUN MHCTUTYT KPBIMCKOTO (heiepabHOrO YHUBEPCUTETA
nmenn B. 1. Bepuanckoro, Poccusa. Email: victor.voytitsky@gmail.com

S3AJAYN OIITUMAJIBHOI'O CBOPA PECYPCA 13
CTPYKTYPUPOBAHHOM IIOIIYJIAIINN

BOJIJIEAB M.C.!, POAUHA JI.11.2
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BaauaM onTUMAIBLHON SKCILIyaTAINH TIOYJISINN, 3 JaHHbIX PA3JInd-
HBIMH JIMHAMUYECKIMH CHCTEMAaMHM, ITOCBAIMICHO MHOMKECTBO PaboT yde-
HBIX, HAUMHAs C MPOILJIOro BeKa. B HacTosIee BpeMsi BelyTCsA aKTUBHBIE
HCCJICIOBAHUS 110 U3y IEHUIO ONITUMAJIBLHOTO IPOMBIC/IA U €r0 BJIUSHUS Ha
JIMHAMUKY ¥ COCTAB CTPYKTYPUPOBAHHBIX IIOIIY IS, PACCMATPUBAIOTCS
3a/1a91 TIEPUOMIECKOI0 NMITYJILCHOTO cO0pa pecypea, 3a/1a9u OITHMAJb-
HOM 3KCILTyaTanuu mnomyasinun ¢ auddysneil, nceieayercs MakCuMalb-
Hast 3pHeKTUBHOCTL cOOpa M BBITOJa OT dKCILTyaTaruu. MHoOro mybu-
KaIyii [MOCBSINEHO BOIPOCAM SKCILIyaTAIlMN HOIYJIAINUT, OIpPeIeeHHbIX
BEPOSITHOCTHBIMU MOJIeJIsIMU (030D JInTepaTypbl puBejieH B [1]).

PaccMoTpuM MOJIENb TIOIYJISIIAN, PA3BUTHE KOTOPOil IPU OTCYTCTBUH
SKCILTyaTalluy 3a/aH0 cucTeMoi juddepeHnaabHbIX ypaBHeHn

t=f(z), tne xR ={zeR":2; >20,...,2, >0}

[Ipepmosnaraem, 49ro B MomeHTbl  Bpemenu 7 (k) = kd,
d > 0 u3 NOUyJsIMU U3BJIEKAETCs HeKoTopas J0Jsd  pecypea
u(k) = (ui(k),...,un(k)) € [0,1]", k = 1,2,..., 9T0 UPUBOAUT K

MTHOBEHHOMY YMEHBIIIEHUIO ero KojimdecrBa. Ecam n > 2, To pecypc
x € R} aBiagerca HEOJIHOPOJHBIM, TO €CTh JIMOO COCTOUT U3 OTJIEJbHbBIX
BUJOB X1,...,Tn, JUOO pa3/iejieH Ha 7 BO3PACTHBIX TPYIIL. 3J1ech
B CKOOKax MbI O0O3HAYaeM BpEeMeHHbIe, a HUXKHUMU WHICKCAMEI —
IPOCTPAHCTBEHHBIE TIapaMeTphbl; Tak, 4depe3 u;(k) obosHauaerTcst JH0Jst
pecypca i-ro BUa, U3BJICYEHHOI'O B MOMEHT kd.

Taxum 06pazoM, MbI PACCMATPUBAEM IKCILIYaATUPYEMYIO TOIYJISIIIAIO,
3aJaHHYIO YIIPABJIEMON CUCTEeMONR

mz:fl(x>v t#kda

zi(kd) = (1 — wi(k)) - 24(kd — 0), (1)

rae xi(kd — 0) u x;(kd) — KoqmvIecTBO pecypca i-ro BUAA JO U IIOCTE
cbopa B momeHT kd coorBercTBeHHO, ¢ = 1,...,n, k = 1,2,.... Ilpen-
nosiaraem, 9To penteaue o(t,x) cucrembl & = f(x) ABISETCS HEOTPUIA~
TeJIbHBIM IIDpH ﬂIO6bIX HeOTpHuIlaTeJIbHBIX HaYaJIbHbIX yCJIOBI/IﬂX7 TO €CTb
dyukun f1(x), ..., frn(x) yIOBIETBOPSIOT YCAOBUIO KEAZUNOAOHCUMEND-
nocmu (cm. [2, c. 34]).

[Tycrs X;(k) = x;(kd—0) — kommuecTBO pecypca i-ro Bujia 10 coopa B
MoMmeHT kd, k = 1,2, ..., 3aBucsiiee ot poJeii pecypca u(1),...,u(k—1),
CO6paHHOI‘O B IIpeJblaynue MOMEHTBI BPEMCEHHU WM HadvaJIbHOI'O KOJIn4de-

crBa x(0); C; > 0 — croumocThb pecypca i-ro Buja. Cpeduetll spemenmol
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66120007 OT U3BJIEYEHUS] PeCypCa Ha3bIBAETCHA (DYHKIIHS

k n
H.(5,2(0) = tm 53" CXi(uli) (2)

k—o00 j=1 i=1

B [3] momyuensr onenkn dyukimm (2) st OMHOPOIHBIX U CTPYKTY-
pUpoOBaHHBIX Moy sanuit. Onnrcan crmocod J00bIYN pecypca s PesKuMa
cbopa B JOJITOCPDOYHON IEPCIIEKTHBE, IIPU KOTOPOM COXPAHSAETCS 9acTb
HIOTLYJISTI Y, HEOOXOMMMAs JIJIsl €€ BOCCTAHOBJIEHUS U JIOCTUTAETCS MAKCH-
MaJibHas CPeJIHsIs BpEMEHHAs BBITOja. Pe3ysibrarsl HCCie0Banns Mpo-
MJUIIOCTPUPOBAHBI Ha IIpUMepax MoJiesiell B3auMoeiCTBUs JIBYX BUJIOB,
TaKUX KaK KOHKYDEHIUS U CUMOMO3.

Pabotra Bermosera npu nogaepkke PODU, rpant Ne 20-01-00293.
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! BiagmMupeKmii TocylapeTBeHnbIi yHuBepcuTet, Poccns.
Email: mebseb2018@Qgmail.com

2MocKoBCKMit HHCTHTYT CTa/l U CILIaBoB, Poccus.

Email: LRodina67@mail.ru

VICCJIEJJOBAHUE BOIIPOCA CYIIIECTBOBAHUS
HECKOJIBKWX PEINEHUN 3AJIAYY ITIOYOJITEPA —
CUIOPOBA JII OJHOM MATEMATUYECKOMN
MOJIEJI JE®OPMAIIUN JIBYTABPOBOI BAJIKU

IF'ABPUJIOBA O.B.!, HUKOJIAEBA H.T'.2

JunamMuky jgedopMaliiu IByTaBPOBOil 6aJIKU MOJAEIUPYET ypPaBHEHUE
Xodda. B pabore [1] I"A. Ceupumtokom u B.O. Kazakom 6b110 110Ka-
3aHO, 9TO B ciaydae af > 0 ¢da30Boe IPOCTPaHCTBO ypaBHeHUsT Xodhda
SIBJISIETCSI IIPOCTHIM H6aHaxoBbIM C'° — MHOroobpasuem. B ciaydae aff < 0

¢dazoBoe MPOCTPAHCTBO UMeeT COOPKY YUTHM KaK IMOKa3aHO B paboTax
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[2, 3]. B maHHOM wuCCie0BAHMU OIDAHUYUMCS OJHOMEDHBIM CJIydaeM
(n=1).
Sarmuiem ypasaeHue Xodda:

Mg+ Uy = au + fu®, t € (0,T) (1)

Jnsa mamero ciydas 3agada [loyonrepa — CutopoBa BBITVISIAT CJIELY-
IOIIMM 00Pa30M:

A (u(z,0) —up(z)) + (ugz(z,0) —up(x)) =0, x € (0,1) (2)

[Monoxum U = Ly(Q2), h = W21 Obozuaunm §, U mpocTparcTBa conpsi-
»keHHble K ), 4 orHOCHTENIbHO J1BOIicTBeHHOCTH (-, ). IIpn n = 1 cormacuo
teopeme Biozkernst CoboseBa Bee Biroxkenust ) «— U — Lo(Q) — U* — F
IJIOTHBI U HEIIPEPBIBHBI.

dazoBoe IPOCTPAHCTBO ‘B 71 JAHHOTO yPaBHEHUS IPUMET BHI:

B = {U ed: <au, ¢> + <Bu3a¢> = O}Jﬁ € ker L, H’wHLQ(Q) =L (3)

Cunrast, uto aff < 0 mpencraBUM BEKTOp 4 B BUIE U = Sy + v, T1e
v e ={uei: (ur) = 0}, samerum, 9yr0 MHOKecTBO B C™ —

l
suddeomopno muozkecrsy B = {(s,v) € RxU : $3||[¢||§+3s* [P0 do+
0

l 1
+ 8(3 [*0? dz + aB7Y) + [¢v? dz = 0}.
0 0

VpaBHeHHE, OIpeNessitonee MHOXKECTBO ‘B, sIBIsieTCsS KyOMIecKuM
ypaBHeHHeM ob1iero Buja as® + bs? 4+ ¢s + d = 0. Jlioboe Kybmueckoe

YpaBHEHUE O6HJ,€I‘O Bua IIpyU IIOMOIIIX 3aMEHBbI § = Y — SL; MOXKET OBITH

IPUBEJIEHO K KaHOHIYecKoii (opme 1> + py 4+ ¢ = 0 ¢ Kosdbummentamu
l l l
a=|Yl{ =3 v dz,c =3 [Y?v dx+af . d= [¢vida,
0 0 0
_p2 3
p =2 0= 5 — g + 9, Qs,0) = PP ¢% Rs,0) = 37| +

l l
+ 63f7/)3v dr + 3f¢2112 dr + af~ ' Jna  jgasbHei-
0 0

mero paccMOTpeHndA BBEIEM cjieayromue MHOZKeCTBa

Ut =v et :Q(s,v) > 0,4t =vedt:Q(s,v) <O0.

Teopema 1. Ilycmv n=1,a8 <0, = A\1. Toeda
(i) dns 06020 ug € Ut N UL cywecmeyem mpu pewenus sadavu (1),

(2);
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(i1) dasa mo6oz0 ug € U ﬂﬂi cywecmeyem odno pewenue 3adavu (1),

(2).
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'FOzxHO- Y pambcKuit rocyIapCTBeHHEI yHIBepcuTeT, PoccuiicKas
Oenepanus. Email: gavrilovaov@susu.ru

2IO»kH0-Y paltbCKHil TOCYIapCTBEH bl yHuBepcuTeT, Poccuiickast
Denepanust. Email: et1814nng42Q@susu.ru

METO/bI IIOCTPOEHIN A HEOT'PAHNYEHHBIX
OHTPOIINMVHBIX PEINTEHNY OJTHOMEPHBIX
3AKOHOB COXPAHEHUNA

TAPTSIHII JI.B.!, TOPULIKUI A.IO.2

B nomoce Iy = {(t,z) |t € (0,T), x € R}, e 0 < T < +o0,
paccMmaTpuBaeTcs 3aaada Kot

ut + (f(u))z =0, (t, z) € lp, uli=o = ug(x), = € R. (1)

Mpr Oy/ieM CTPOUTH KyCOYIHO TJIa IKHe 0O0DOIEHHBbIE SHTPOIMITHBIE pelle-
Hust 3a1aun (1).

Panee ObLTH TOCTPOEHBI TPIMEPHI HEOTPAHUIECHHBIX (HO IIPH 9TOM JIO-
KaJIbHO OPAHNICHHBIX ) 0O0OIIEHHBIX SHTPONUITHBIX perternit 3a1a4 Ko-
mu (1), umeronux ciepyonyo crpykrypy. Homyninockocers ¢ > 0 jie-
JINTCST TJIQJIKMMU HEIIEPECEKAIOIIMMUCS KPUBbIMU 1, Ha CUETHOE UHCIIO
obsacreit. B o6racTsIX MeXK1y STUMEU KPUBBIMU PEIEHHUE SBJISIETCS KJIac-
CUYECKHM, a JINHUS CUJILHOTO pa3pbiBa [, hopmupyercs Kkak orubarorast
ceMelicTBa XapaKTEePUCTUK.

IIpusaIIUIIIAIBLHON OCOOEHHOCTBIO 3TUX PEITEHUN ABJISIETCST CMEHa, 3Ha-
Ka IIPH [epexojie Yepe3 KaxKIyo JIMHIIO pa3pbiBa. 1eM caMbIM, HapyIia-
eTCsl IPUHIIATT MAKCUMyMa, U, KaK CJIEJICTBUE, TePsIeTCsI € IMHCTBEHHOCTD
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SHTPONUIHOIO perieHus 3aaadn Koim, eciu ol perneHneM IOHUMATh
dyukimo He u3 npocrpancTBa Lo (II7) (kak B Kiaccumueckux paborax
C.H.KpyxkkoBa) a B 60jee IIPOKOM KJIacce JIOKAJbHO OrPDAHMYEHHbBIX
dbyskimit, © € Log joc(II7). OTMeTHM, 9TO 3HAKOIOCTOSIHHBIX SHTPOIIHIi-
HBIX PEIEeHuil y pacCcMaTpUBAEMbIX 3319 HE CYIIECTBYET.

Takue perennsi ObLIN TOCTPOEHBI JIJIsi CTEIICHHOW (DYHKIIMHU TOTOKA
f(u) = Ju|*"tu, o > 1, n HeOrpaHUUEHHBIMU NIPH T — — 00 HAYATLHBIME
yeaosuamu ug(x) = |z|?, Bla — 1) > 1, mmm ug(z) = e,

Pertenne cTpomiock mpu MOMOIY HEKON PEKYPPEHTHOM MPOIIEyPHI,
11032Ke OBLT TIPeJIJI0XKEH C110c00, OCHOBAHHBIN HA HAJIMIUY Y UCCJIELyeMbIX
3a4a4 Pyl CUMMETPUI.

B pa6ore [1| cchopmynupoBan eauHbIi MOX0/ K IIOCTPOEHUIO TAKOTO
TUIIA PEIIeHnit B cilydae HedeTHOl dyHKImuu noroka f(u), uMeromei B
HyJIe €IMHCTBEHHYIO TOYKY Iepernba, OCHOBAHHBIN Ha MPeoOpa30BAHUM
Jlexkarapa. Kak uzBectHo, mmenHO mpeobpazoBanuem Jlexkanipa ompe-
JIEJISIIOTCsT OTUDAOIIe CeMENCTB MPSIMBIX Ha ILIOCKOCTH.

OkasbiBaeTCst, 9TO B CJydae CTEIeHHON (DYHKIMH [MOTOKA U HAYAJIb-
HBIMU JIAHHBIME, COBITAJIAIONIUMU CO CTEIEHHON MM SKCIOHEHIIUAILHOM
dbyHKIMEH HA MUHYC OECKOHEYHOCTH, MOXKHO IPUMEHUTH OIMHUCAHHYIO B
crarbe 1] mpouemypy nocrpoenusi pemienusi. IIpuanunmuanbHoe oTandne
3aKJI0YAETC B TOM, JIMIIb YaCTh yaapHoil BosHbl 'y (a He Best Kpu-
Bast g, KAK B paHee MOCTPOEHHBIX PEIIECHHsIX) 06pa3yeTcss Kak Orubaro-
mas ceMeiicTBa XapaKTEePUCTUK, UJIYIINX OT HAYAJIbHBIX YCJIOBHIA.

Teopema 1. V zadaw Kowu (1) ¢ dynxyueti nomoka f(u) = |u|* tu,
a > 1, u NoAKHCUMENLHBMU HAMANLHBIMU YCAOBUAMU, COBNAAIOULU-
mu co emenennoti g(x) = |z|?, Bla — 1) > 1, uiu sxcnonenyuavror
h(z) = ™ gynryued na Munyc 6ECKOHEYHOCTIU, CYWECTNEYIOM 3HAKO-
UePEYIOULUECA KYCOUHO 2A00KUE 0006UWEHIbIE IHMPONUTIHILE PEUEHUSA CO
CHEMNBIM YUCAOM YOUPHBIT GONN.

Pa6ora JI.B. laprsaum BeimostaeHa npu nojiep:xkke [Iporpammer [pe-
sunenta Poccuiickoit Peeparun 18 roCyIapCTBEHHON MOIIEPKKNA MO-
JIOIBIX poccuiickux yueHbrx, rpant MK-1204.2020, a Takxke mpu moi-
nepxkke MunucrepcTBa HayKu U BhICIIEro obpazoBanus Poccun, mpoekT
0705-2020-0047.
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AHAJINTNYECKVE HEPABECTBA TUIIA
MAPKOBA-®PUJAPUXCA-KOJIMOT'OPOBA

IF'APMAHOBA T.A.

Byuem paccmarpusarh npocrpancrsa Cobosesa W;‘[O; 1] cocrosimue
u3 Beex dynximii, Takux uro fU)(x) € AC[0,1] u f9)(0) = f9)(1) =0,
Vj=0,..,n—1,a f"(z) € L,[0,1]. Hopma B sannoM mpocTpancTse
OIPEJIEIIACTCA PABCHCTBOM:

P

1
£ igioay o= | [ 177 @)Pda
0

OHpe,Z[eJH/IM BCJIMYNHBI An’k(a) KaK HaHMEHbIIINE BO3MOXKHbIEC KOH-
CTaHTBbI B HEpaBEHCTBaXx

2 .
1P| < A2 @I oy S € WD)
Takue HEPABEHCTBA HA3BIBAIOTCSA AHAJINTUICCKIMHI HEPABCHCTBAMHI THIIA
Mapxkosa-®pugpuxca-Koamoroposa.
LlesbI0 JAHHOTO MCCIIEIOBAHUSA SIBJSETCS yCTAHOBJICHHE ABHOTO BHIA
dbynkimit A, i (a), aus Beex a € [0,1] u marypanbhbx n u 0 < k < n.
Tax>ke paccMaTpuBaeTCs 3a/1a49a 0 HAXOXKICHUU TOYHBIX 3HAYEHUI

A= sup A (@),
z€[0;1]
ITycte Jy, OIEPATOp BIIOKEHUS U3 IIPOCTPAHCTBA W2[0:1] B upo-
crpancreo WE[0;1] (n > k > 0), torma | Jpkll = A k. Takum obpazon,
Ay, — KoHCTaHTa BioxkeHusi npocrpancrsa Cobosesa W3'[0;1] B mpo-

crpancrso WE [0;1].
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CwMmermeHHbBIE TIOJUHOMBI JlexKaHpa 00pa3yoT OPTOrOHAIBHYIO CHCTe-
My B npocrpascTse Lo[0; 1] u omnpeesisiorest Kak

P,(x) := % ((x2 — x)”)(n)

[TepBoobpasnas nopsinka 0 < m < n ompeesseTcs Kak

1 _
Péfm) = ﬁ ((.7:2 _ x)n)(" m)

3ajata 0 HAXOXKJIEHUsSI KOHCTAHT BJIOXKeHHs B mporcpaHcTBax Cobo-
JieBa, ObLIa pacCMOTpeHa B OOJIBINIOM KoJimdecTBe pabor. U3 mociemamx
pe3yibaToB B pabore 1] 6buin mosydenbr (pOpMyYJIbL JIJisi KOHCTAHT A%’O,
A%?l " A%J’ a TAKYKe YCTAHOBJIEHA CBS3b MEXKJIy KOHCTAHTAMU BJIOYKE-
HUsI ¥ TI€PBOOOPA3HBIMU TI0JMHOMOB Jlexkanapa. B pabore [2] mosyuens
JIOKAJIbHBIE CBOWCTBA (OYHKITHI Ai (%) 1 nperbsaBIensl GOPMYIIBI JIs
A?z,4 u A%’(j. B paborax (3|, [4] 6buin HaiigeHbl SKCTpeMaIbHble (DYHK-
MU, Ha KOTOPBIX JOCTUTAETCsS PABEHCTBO B HepaBeHCTBax MapkoBa-
Opunpuxca-Koamoroposa, jgoka3aHbl pasjudHble CBONHCTBa (OYHKIHI
A, k(a), B 9acTHOCTH

Jlemma 1. Jlas mobvx a € [0, 1] umeem mecmo pasencmeo

A2 (@)= A2, i(a) — (20— 1) (P ()2

n

Teopema 1. /Jlaa ecex uemnolxr k mouHoe 3HAMEHUE KOHCTAHIMbL BA0-
oHCeHUA UMeem ud

_ _ ((k —1)mm?
Mo = Anr(1/2) = 24n=3k=2((n — (k/2) — 1)1)2(2n — 2k — 1)’

[ToceroBaTE/IBHO TOKA3BIBAIOTCS CJIEIYIONIHE (DAKTHI.

Jlemma 2.

—__,F —4t
=k n—k+1 :

PiE(1) =

edet = a® — a, o Fy(t) — eunepeecomempuneckas dynxyus Taycca.

Teopema 2. /[aa awbvix 0 < j < m umeem mecmo pageHcmeo

3 () — (a2 — 2y = o)
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Teopema 3. Qynxyuu Ay, ydo6aemeopAIOM COOMMHOUEHUIO
_42n—2k—1

(2n — 2k —1)((n— k — 1)2

AL k(1) =

edet = a® — a, 3Fy — eunepzeomempuneckan dyrryua muna (3,2).

CaencrBue 1. 1) ITyemv n € N, k € NU {0}, k - wemno un > k,
moeada . "e
_ 1 — — 1l
o, | R k=g 2n k;lz((k‘ M)
n—=k,2n—2k 2k(n — k)2
3

2) Ilycmo n € N, k € N, k - newemno u n > k, moeda

~kn-k-L122m—k | _ (k!1)?

3F2 |: n-— kv 2n — 2k ’ 1:| B 2k+1(n - k)2k+1
o

2de (m);:=m(m+1)...(m+1—1) — cumson IToxzammepa.

YrBepxkaeuue 1. Jlaa wobozo newemnozo k > 3 anavenue Ai i ydo-
b
BAEMBOPACTN, HEPABEHCTNEAM

(k1)? >
<A2
24n—3k—1((n — EEL)2(2p — 2k — 1) *

2 ((k —2)1)?
A”vk S 24n—3l<:—3((n _ k1 1)‘)2(271 — 9k — 1)
2 !

Pabota Benosaena npu noggepxkke PODI, rpant 19-01-00240.
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MTI'Y umenun M.B.JIomonocosa, MockoBcKkmit eHTp byHIAMEHTAJIHLHON U
npukaagHoil MaTemaruku, Poccns. Email: garmanovata@gmail.com

O CYIIECTBOBAHUU INEPNOJUYECKHUX I1O
BPEMEHU PEIITEHNUU B 'A30BOU JINMHAMUKE

FOJIVBATHUKOB A.H.!, VKPAUHCKHUI JI.B.2

Jlano noka3aresibCTBO IVIO0AJIHHON AHAJUTUYHOCTU PEIeHns! ypaBHe-
HUN OJTHOMEPHON ra30BONA JUHAMUKU JIJIA CJI04 Ta3a, 3aKJII0YCHHOIO MEK-
Jly JIBYMs TIOPIIHSMHE, Ha OJJHOM U3 KOTOpbIX (m = 0) ycsioBus 3a/1a10Tcst
HePHOIIeCcKUM 06pa3oM, a Ha BTopoM (m = M) ¢ HeoBGXOIUMOCTBIO 1101
buparorcsi. B mpocreiireit mocTaHOBKe cuCTeMa YPaBHEHUH i 3aKOHA
JBIKeHUs raza z(m,t) uMeeT BHJ

Ty +pm =0, px) = f(m).

PaccmarpuBaercst parioHaJbHBIN OKa3aTes b agnabarer v = k/l > 1,

rie k u | — meable 9ncia. 3a cdeT BBEJIEHUSI HOBLIX HEM3BECTHBIX (DYHK-
k

muit p = ¢~" n x; = ku cucrema ypasHeHnii MoxKeT OBITH 3allliCaHa B
KBas3smJINHERHONI dopme
-1 k+1
Uum = F(m)q g, qm = ¢" 1, (1)
rae F(m) = (1/4)fY7. KmoueBbM IPenMyIecTBOM JaHHO#R HOpMbI

yPaBHEHU{l SBJIsieTCs TOT (PAKT, YTO BEJIMIUHA ¢ BXOJUT B [IPABBIC YaCTH
CHUCTEMBl AHAJUTUYECKU TIPHU MOJIOKUTEJNBHBIX k u [. CTouT 3aMeTHUTh,
YTO [IPU OTPUINATEIbHBIX k 1 [ JIaHHOE CBOMCTBO CIIPABEJJIUBO JIJIsi yPaB-
HEeHUll, pa3pelleHHbIX OTHOCUTEJIBHO U U Gy

u=q " Vg, g =F Y m)g Ty,

9TO IIO3BOJIACT PAaCCMOTPETH HAYaJIbHYIO 3aJa4dy. ,HHH n3y4deHnmd KOH-
KpeTHoii 3ajiaun K ypasHeHusaM (1) 106aBasgioTes J1JIs IPOCTOTHI yCJIO-
Busd, MOJC/JIUPYIONIHE IIPOIECC IMEPUOIUICCKUX KOJICOQHU IIOPIIHA IIPpU
COXpaHEHNN Ha HEM TEPMOJIMHAMHUYCCKHX IIapaMETpPOB B IIpOoLeEcCe ABU-
KeHud

’LL(O, t) = upT COS(t/T), Q(Oa t) = qo. (2)

[Tycts Tak»Kke crnipaBe IuBbl pa3ioxkenus (31eck F, #e 3apucst or M)

o.9] 9]
F(m) =Y Fym", ®(m)=Y_|Fym"
n=0 n=0
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Crpontcst pernenne 3aa49u (1)—(2) B Buze crenennoro psia. s noka-
3aTeIbCTBA €r0 CXOJAMMOCTH HCIIOJIb3yeTcst TeopeMa Kosasieckoit 1, §7]
1, B YaCTHOCTH, MeToJ MakopaHT. Ho B oTyinyune or KilacCu4ecKux pac-
CYKJIEHUHl, IEJIbI0 SBJISETCS JIOKA3aTEIbCTBO CXOJUMOCTH HE B HEKOTO-
poil oKpecTHOCTH HyJIs1, a HAa MHOXKecTBe U = {m € [0, M],t € [0, 27T}
JaHHOrO pe3ysbTaTa MOXKHO JIOOUTHCsT BHIOOPOM MOCTOsiHHOM IV, orpa-
HUYMBAIONIENl CBEPXY YJIEHBbI PA3JIOXKEHUsI B PsJ NIPaBbIX 4YacTeil KBa-
SHJIMHEHHON cucTeMbl ([I0CJIe 3aMeHbl MICKOMbIX (DYHKIM, NpUBOIsIIIEl
HAYaJIbHBIE YCIOBUS 3aJ1a4l K TOXK/JECTBEHHO HYJIEBBIM ), B BUJIE

N = max{l, [l +ugexp(R/T) + ®(R)] D},

rae Besmunna ugexp(R/T) — upezmosaraercsi IOCTOSIHHON DU yMEHb-
meann T (9To bakTUYeCKH TOBOPUT O HEOOXOJIMMOCTH B YMEHBIIICHUN
AMILIATYIbI KOJIeOAHWIT TIOPIIHSI IPU MTOBBIIIEHUN UX YACTOTHI), MHOMKI-
renb D = (R+¢qo)* ™ upu R4+qo>1uD = (R+qy) ' upu R+¢qp < 1,
a R — 4uc/I0, HEMHOIO MeHbIIlee PaJnyca CXOAuMocTu psifa s F'(m).
[Tpu nansom N HyxkHBIM yMmeHbinerueM M u T (410 ¢ MeXaHUYIECKON
TOYKH 3PEHUs sIBJISETCsI BBIOOPOM HE3aBUCHMBIX MAcHITabOB) yiaercs
IOMECTUTH BCE MHOXKECTBO U BHYTPb KPyTa CXOJUMOCTHU PEIIEHUsT MaXKO-
PaHTHO 3a/1a91 U TeM CaAMbIM FapAHTUPOBATH OTCYTCTBUE 00PA30BAHUS
yJIapHBIX BOJIH B IIpOIlecce JIBUYKeHUs ra3a. llepuojinueckue 1o BpeMeHn
yeaosust u(0,t) u ¢(0,t) TpUBOAAT K HEPHOJANIECKOMY 110 BDEMEHU pellie-
HUIO, YTO MOYXKHO YBHJIETH C IIOMOIIBIO METOJIa MATEMaTUIeCKOW UHITYK-
1y 110 KoabduImeHTaM pasiioKeHust B CTeleHHoil psa dyHkiwii u(m, t)
u g(m,t). [lpuBeeHbl HEPABEHCTBA JJIsT CPEJIHUX 3aKOHA JBUZKEHUS C MO-
HOTOHHBIM BecoM X(m).

Criucok JuTepaTypbl
[1] Kypanm P. Ypasuenus c gacTHbIMU npoussogabivu. M.: Mup, 1964.

I MocKOBCKHIT TOCyIapCTBEHHBIN yHIBepcuTeT, Pocenst.
Email: golubiat@mail.ru

2MockoBCcKmit ToCyIapCTBeH B yHuBepcuTeT, Poccns.
Email: d.v.ukrainskiy@gmail.com

CIIEKTPAJIbBHBIE CBOMICTBA O/THOI'O OIIEPATOPA
C MHBOJIIOIIUEN

I'PAHMJIBIIINKOBA f.A.
206



Pacemorpum muddepennmanbabiii onmeparop Lo, OmpeeseHHbli Ha
dyukusx w3 npocrpanctsa Cobosesa Wi ([—1;1]):

Lo(y) = a(z)y'(z) + y'(-=) (1)
C KpaeBbIM yCJIOBI/Iel\J
Uo(y) =y(=1) — By(1) =0 (2)
Baech ax) - BemecTBeHHOZHATHAST (DYHKIIHSI, TAKAsl ITO
a(z) € O([-1:1]), ¢/ (2) € Loo([-1;1]), |a(z)| # 1 (3)
B ompenenennn Ly npucyrcrByeT oneparop uasosmornmn Jy(x) = y(—x),

u nozpasymesaercd, aro y' (—z) = J Ly(z).

MzyunMm kpaeByio 3a7iady JJjis BO3MYIIEHHOIO OIepPaTopa Ha TOM Ke
IIPOCTPAHCTBE

L(y) = a(@)y'(z) + ' (—2) + g()y(z) + r(z)y(—2) = My(z)  (4)

U C TeM JKe KpaeBbIM ycsioBueM. IIpeonoknm, 9To cynecTByoT dhyHK-
mn g(x) n r(x) Takue, 9To ypaBHeHHE (3) MMEET pEIIeHHe BHJIA

y(z) = @A 4 ¢(z)er ("0 (5)
rie dbyukmun (), c(z) 3aBuUCAT TOIBKO OT ().

Onpepesienne 1. Kpaesoe yciosue Bujia (2) Ha30BeM peryssipHbIM, €C-
JIN JJIAd HET'O BBIIIOJJIHAIOTCA COOTHOIIICHUMA:

B#c(1)!
B #c(1)

st Takoro ycsioBust HaiijieM COOCTBEHHBIE 3HAYEHHsI U COOCTBEHHbIE
dyukmu Bo3myennoii 3anadn (4),(2):

Ap = %(lnAJerk),keZ

7($)% <ln A+27rik> 'y(—ac)% <ln A+27rik>

ye(z) = e + c(z)e

rae kommuiekcusle uncia A = A(f, a(z)), I' = I'(a(x)).
Wccnenys 6asucnocts o Puccy cobcTBenHbIX (DYHKIMN JJI pa3Int-

HBIX (), TTOJIydaeM CJIeJYIOILYI0 TEOPEMY:
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Teopema 1. [Tycmwv das sewecmeennosnaunot gynkyuu a(x) evnoare-
HoL yeaosus (3), u aubo |a(x)| > 1, aubo |a(x)| < 1 ua(z) = a(—x). To-
2da cywecmeyrom makue gynryuyu g(z),r(x), wmo ypasuenue (4) ume-
em pewenue euda (5). IIpu amom cobemeenmvie pyrkyuu sadavwu (4),(2)
¢ napamempamu o(x), g(z), r(T) U pezysapHvM KPAESHIM YCAOBUEM CO-
cmasaaom besycrosnwidl basuc Pucca npocmparncmea Lo([—151]).

Wcnonways nogunnennocTs oreparopa L — Ly oneparopy L, mosrygaem
OoJiee OOIMIT BBIBOI:

Teopema 2. [Tycmov dasa seuecmeennodnaunol gymnkyuu o) 6vnoa-
nenvr yeaosua (3), u aubo |a(x)| > 1, aubo |a(x)] <1 u a(x) = a(—z).
Tozda cobemesennvie gyrkyuu 3adawu (4),(2) ¢ npoussosvrvmu cyuie-
cmeenno ozparuernomy Koapduyuenmamu g(z), r(x) u pezyaaprvim
KPAEBLIM YCAOBUEM COCTNAGAAIOM bedycaosnbill basuc Pucca npocmpan-
ecmea La([—1;1]).

IIpumep 1. Ecin |a(x)| < 1 n a(x) mederna, To 6e3yciioBHast 6a3nCHOCTD
no Puccy me rapanrtupyerca. B ciaydae a(r) = kz, k € (—1;1) ee ne
Oyer.

JokJutag ocHoBaH Ha coBMecTHOI padore ¢ A.A.IllKaauKoBBIM
Pabora momgepxxkana Poccuiickum dommom dyHIaMeHTaIbHBIX HCCITe-

noBarnit (POON), rpant No 19-01-00240.

Cnucok JuTeparypbl

[1] Baadwruna B.E., Ilxasuxos A.A. Perynsipable obblkHOBeHHBIE quddepeniy-
aJIbHBIE OTIEPATOPHI ¢ mHBOIONNEN. Maremarudyeckue 3amerku, 2019, T. 6, BoIm.
5, cTp. 643-659

[2] T'ox6epe H.1]., Kpetin M.I. BBejeHue B TEOPUIO JMHEHHBIX HECAMOCOIIPSIYKEH-
HBIX OIIEPATOPOB B THILOEpPTOBOM mpocTrpancrse. M., 1965

Mockosckuit rocymapcTBennslit yamBepcuTeT nMenn M. B. Jlomonocosa,
Poccus. Email: yasya.granilshchikova@yandex.ru

INEPNOAMNYECKOE PEIINTEHVE YPABHEHU A
CIIMHOBOTI'O TOPEHUN A

I'PEBEHEBA A. A.l, XA3B0BA 10.A.2
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ypaBHeHI/IIO CIIMHOBOI'O DPe€XKMMa TI'OPpE€HHA TOHKOCTEHHOI'O KPYTOBOI'O
TUJINH/IPpa paJanyca " COOTBETCTBYET KpaeBasd 3a/ ava:

é+§:a[§' <1—i§'2) +—A§+B>\\/—A§

E(tyx + 2mr) = £(t, x),

rae &(t,x) — koopauHaThl ToueK dpoHTa roperus, 0 < ¢ << 1 — un-
KPEMEHT HEYCTOHYMBOCTU MaJibIx KoJiebauuit dponta, A > 0 — Koppe-
JISITIIOHHAST JIJTMHA TETJIOMPOBOJHOCTHON CBSI3U COCETHUX YUACTKOB WC-
KPHUBJIEHHOrO PPOHTA, TOUKA O3HaUaeT AuddepeHIInpoBaHNe 0 BpeMe-
un, A — ogHOMEpHBIH omepaTop Jlamaca.

st mocrpoennst pemenns 3aga4au (1) npumensiercst meros [amepku-
Ha — peIeHne MPeCTaBIsIeTCs B BUJIE

(1)

x

€ =yo(t) +y1(t)cos(0) + V(t,0), 0 = =

Haiineno nepmomaeckoe perenne Tuma 6eryimeit BosHbl ypasaenus (1),
ITPOBEJIEH aHAJIN3 €Tr0 YCTONYIMBOCTH.

Cnucok Jureparypbl

[1] Xasosa FO. A. Beryimue BosiHbBI B napabomveckoii 3ajade ¢ npeobpasoBaHueM
TOBOPOTA Ha OKPY2KHOCTH // KOMITbIOTEPHBIE MCCIIEOBAHAS W MOIETMPOBAHNE.
2017, T. 9, Ne 5, C. 705-716.

[2] Xasosa FO. A. Pemenue tuna «Geryiupe BOJIHBI» B NapabOIMIeCcKOil 3a1aue ¢
npeobpazoBanunem moBopora //Mssectns By3os. [Ipuknagnas menwHelHas mu-
namuka. 2017, T. 25, Ne 6, C. 57-69.

[3] Xasosa FO. A., Ilusan O. B. Teopema 0 CyIIeCTBOBAHMM U YCTONYMBOCTH pe-
eHust OZHOTO napabommaeckoro ypasaenus // Innammaeckue cucrembr. 2018,
T. 8, Ne 3, C. 275-280.

'Kpeimckuit deepanbHblii yausepcureT uM. B. 1. Beprasckoro, Poccust.
Email: agrebeneva2001@gmail.com
2Kpoiveknit dbemepanbabni yausepeuter uM. B.J. Bepranckoro, Poccus.
Email: hazova.yuliya@hotmail.com

OB OJITHOM 3AJAYE JMNPUXJIE OJIS1 YPABHEHUN
COCTABHOTI'O TUIIA C PA3BPBLIBHBIMU
KO®OUITNEHTAMU

I'PUT'OPBEBA A.N.
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PaccmarpuBatores quddepennuaibible ypaBHEHUS BUIA
D, [(—l)prpHu — h(x)ugy | + a(x)uzy + c(z, t)u = f(x,t), (1)

(p > 1—muenoe, DF = %, D, = %).

ITycte x ecth TOUKa orpeska [—1,1] ocu Oz, t ecTb TOYKa OTpE3-
ka [0,7], 0 < T < oo, Q1, Q2 u Q ecrb mumuaapsr (—1,0) x (0,7),
(0,1) x (0,7) u (—1,1) x (0,T"), coorBercrBerHo, c(x,t) u f(x,t) —
dbynkmmm, onpenenennwie pu (z,t) € Q, h(w), a(r) —3azanmbe dynk-
1y, onpesesennsie pu x € [—1,1], ¢t € (0,7) u umerormue pa3pbiB 1-ro
pona ipu x = 0, o, B — 3aJaHHbIe AEHCTBATEIBHbBIE YUCIIA.

KpaeBasi 3amaqa: naiitu GyHkimo u(z,t), ssBASIONLYIOCA B IUJINH-
napax Q1 u Q2 perenueM ypaBHeHusi (1) u Takyio, 9TO Jisl Hee BBIIOJI-

HAIOTCA yCJIOBUA

u(—=1,t) =u(1,t) =0, t € (0,7), (2)
DFu(z,t)|i—=o =0, k=0,...,p, z € (—=1,0) U (0, 1), (3)
Diu(z,t)|i=7 =0, k=0,....,p, z € (=1,0)U(0,1), (4)

a TaK K€ YCJIOBUS COIPAKCHUA

u(=0,t) = au(+0,t), uz(+0,t) = Bux(—0,t), t € (0,T).  (5)
Henpio paboThl sABASETCS TOKA3ATEILCTBO CYIIECTBOBAHUS U €IUH-
CTBEHHOCTH PEryJIAPHBIX PEIICHUN.

Pe3yanaTI>1 ObLIN MOJIy9€HbI B paMKaX BBIIIOJIHEHUA I'OCYJapCTBEHHO-

ro 3ajanust Munobpuaykn Poccun (HUP Ne FSRG-2020-0006)

Cesepo-Bocrounstit degepanbubiii yausepcurer um. M. K. Ammocosa, Poccust.
Email: shadrina_ai@mail.ru

TRANSMISSION EIGENVALUES /1J151 CEMENCTB
TOYEYHBIX ITOTEHIINAJIOB

I'PUHEBUY II.I".!, HOBUKOB P.T".2

B nacrosiiliee BpeMmsl B JIUTEPATYpe aKTHBHO OOCY2KJIaeTcs 3aJiada O
transmission eigenvalues — ypoBHSAX SHEPIrUM B 3a[9aX PACCESTHHUS, JIsi
KOTOPBIX MOXKHO HAHTH TaKyl0 KOMOWHAIIAIO HMAJAIONINX BOJH, YTO pac-

CedHHasd BOJIHa TaKasd 2Ke, KaK e€CJInu Obl pacceBaTe/iIb OTCyTCBOBaJI. 9T1o
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CBOMCTBO SIBIISIETCSI OCTa0JIEHHON Bepcuell CBOWCTBa CBOMCTBA IPO3pad-
HOCTU ITpHA ﬂaHHOfI QHEepIruum. I/ISBGCTHO7 9TO JJId J0CTAaTOYHO I'VIaJIKHX I10-
TEHIMAJIOB TaKhe YPOBHU 00Pa3ylo JUCKPETHOE IMOIMHOYKECTBO U KPaT-
HOCTU BBIPOXKJICHUA KOHEYDI. MI)I PaCcCMOTPEHJIN HpOTI/IBOHOJIO)KHbIﬁ
cJlydaio — CHCTEMY TOYedYeUHBbIX paccemBareseit tuna Bere-Ilaitepiica-
Bepesuna-Danneesa. Hamu mokazaHo, 9TO /I TAKAX ITOTEHIINAJIOB BCE
ITOJIOXKUTEJILHBIE YPOBHU SHEPIUU SBJAIOTCS transmission eigenvalues
OECKOHEYHON KPATHOCTH.

Pabora BbIOSIHEHA TIpU TOJJEPKKE COBMECTHOro 1mpoekta Pd-

@I /CNRS, rpant POOU 20-51-1500/PRC no. 2795 CNRS).

'Maremaruaeckuit mncruryT nm. B.A. Crexiosa PAH, UnctutyT
reopernueckoii puzuku um.JI.. Jlangay PAH, MI'V uwm.
M.B.JTomonocosa, Poccust. Email: pgg@landau.ac.ru

?Bricmas moamTexHIYecKas mKoya, OpaHims.

Email: novikov@cmap.polytechnique.fr

PACHINPEHUE ITPOCTPAHCTB HEIIPEPBIBHBIX
OYHKIINU N X ITPUMEHEHUE K 3AJAYE
ANPUXJIE OJIL SJIJIMIITUYECKOI'O YPABHEHU A

IVIIAH A.K.

XopoIo M3BeCTHO, 9TO He JI000e KIACCHIEeCKOe PEITICHNe SIBIISIETCST
06001meHHBIM. OCHOBHBIM COJIEPXKAHUEM HACTOSIIIETO JOKJIAIa STBJISIETCS
paciupeHre MHOXKECTBa TPAHUIHBIX (DYHKINANA ¥ U3MEHEHHe OIpeIesie-
HUsI TIPUHSITUSI TPAHUIHOTO YCJIOBHUsI, KOTOPhIE BKJIIOUAIOT KJIACCHIECKOE
u 00o01enHoe perntenusi. Mbl orpannanmcs paccMoTpenueM 3agaqn Jlu-
pUXJIe JJIsT PABHOMEPHO JUINIITHYECKOTO YPABHEHUSI

Z i <aw(aﬁ)§;> =0, z€Q, ulpg=u € Ly(0Q),p>1, (1)
j

o0x;
ig=1 """

rJie () — orpammgenHas 00J1acTh N-MEPHOTO €BKJINJI0BA TpocTpaHcTBa Ry,
a (a;j(z)) — Marpuia ¢ H3MEPUMBIMU U OIDAHHYEHHBIMHU 3JIEMEHTAMI.
I[Ton pemenneM 3aaun oHnMaercst (n — 1)-MepHO HenpepbiBHas (DYHK-
sl U3 W217100(Q), yaosiersopstoras (1). [Ipocrpancrso s-mepHO Hermpe-

PBIBHBIX (DYHKIIUI C&p(é) 6110 BBEsIeHO B paborax [1], [2]. O6ozHaumm
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cumBosioM My, 0 < s < n, — MHOXKeCTBO OOPEIEBCKIX HEOTPUIIATETHHBIX

mep i, p(Q) =1, ¢ HocuTensIME B (), YJOBJIETBOPSIIONINX OIEHKE

3IC>0Vr>0Ve' €eQ  pu({z: |z —2° <r}) < Cr (2)
|pl|s = inf C. Oynkmms v : Q — R npunagnexur Cs ,(Q), ecian "6us-
kuM Mepam u3 M cooTBeTcTBYOT OJin3kue 3HadeHus " ; QyHKIUU U3 3TO-
IO TPOCTPAHCTBA €CTECTBEHHO PACCMATPUBATEL KaK OTOOparKEHUe

s > p — v € Ly(p); nompobuee cm. [2|. Ha npocrpancrse Cs ,(Q)
BBOJUTCA HOpMa |[v|[f = sup m [ Jv[Pdp(z). TIpu ecrecrBennOM
Cs(Q) neMs —

OTOK/IECTBJIEHUY (DYHKIUI BBEJIEHHOE IIPOCTPAHCTBO ABJIsieTCs OaHaxo-
BBIM, MHOXKECTBO HEIIPEPBIBHLIX (DyHKIN I0THO B HeM. Jlajee Mbr Oy-
JIEM IIPEJIIIoJIaraTh, YTO HOpMaJib K IPAHUIE PACCMaTPUBAEMOil 00JIacTH
ynosJierBopsieT yeaopuio Juau. OT K03(bpuImeHToB ypaBHeHusT Oy1eM
TpeboBaTh HEIPEPHIBHOCTH 110 JluHu Ha rpanure. OTKa3aThest OT HOCTIE -
HEro yCJIOBUS HEJIb3SI.

Teopema 1. [3]. [as aoboti ug € L,(0Q) pewenue u(x) sadawu (1) us

npocmparcmea Cn_1,(Q) cywecmsyem, ono eOUHCMEEHHO U OAA He2o
CNPABEINUBH OUECHKA

HuHI; _ Sconst/uo(x)\pdS.
nfl,p(Q) 8@

OrMmeTnM, ITO yTBEPXKIEHNE TeOPEMbI OCTAETCS CIIPABEJJIMBBIM, €CJIN
PaCIIMPUTH KJIACC Mep: B olleHKe (2) B3aTb Mepy Kapiiecona. 91o pac-
IMUpeHne HeMEJJIEHHO JlaeT CBOHCTBO BHYTPEHHell HEIPEPBIBHOCTU Ppe-
mreHnsi. Kak mMoKas3bIBaeT cieyrolnee yTBep:KAeHne O0JIbIe YBEeTTIUTD
KJIacC Mep HeJb3sl.

Teopema 2. [4]. Ouenka [ |u(z)|Pdu(z) < const [ |ug(z)|PdS cnpaseo-
Z aQ

Q
ausa das 6cex uy € Lp(0D) mozda u moavko mozda, kozda mepa [i

asasaemca mepots Kapaecona.
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Jns anamuTHIeCcKoit B Kpyre (DYHKIINU C TPAHUYTHBIM 3HAYEHUEM U
9Ta Teopema ObLia gokazana Kapseconom. [[jis rapmonudeckux GyHK-
Ui TOT Pe3yIbTaT OBbLI YCTAHOBJIEH XEPMAHICPOM.

Maremaruaeckuit nactutyT uMm. B.A.Crekmosa PAH.

Cnucok JuTeparypbl
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Maremaruyeckuit nuacruryT uM. B.A.CreksioBa PAH, Poccusi.
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OB OJJHOM KPUTEPUUN SKCIIOHEHIINAJIBHON
AnXoToMmm OJid ANOPEPEHIINMAJIBHBIX
YPABHEHUI 1 EI'O MPUJIOXKEHUAX

JEMUJIEHKO T'.B.

Bymem paccmarpuBarh KjacC CUCTEM HEIUHEHHBIX TuddepeHInaib-
HBIX YpaBHCHUM

dy
dt
rJie s7eMeHThl MaTpul] A(t) pasMepa n X n sIBJISIIOTCsT HellpepbIBHbIME T-

nepuojmIecKkuMu PyHKIMIME, a HerpepbiBHasi BeKTop-pyukims f(t,y)
JIOKQJIBHO YIOBJIETBOPseT ycioBuio Jlummuia mo y

If(ty") = ity < Lily' — 7

n cjaeayronmmM yCJIOBUAM

fE+Toy) = fty), 1FEYI < at+lylD”,

rie ¢ > 0, w > 0 — xoHcTaHTHI. [Ipejronaraercs, 9To JIUHEWHAST CHCTEMA

Aty + f(t,y), —oo <t < oo, (1)

d

Yo Alt)yy, —oo<t < oo, (2)
dt

SKCIIOHEHIMaIbHO juxoTromudta [1]. CorsacHO CrieKTpasibHOMY KpHTe-

PHIO 9TO SKBHBAJEHTHO TOMY, YTO CIIEKTp Marpuibl Moroapomun Y (1))

He IIePeCceKaeTCsl C eJMHUIHON OKPYKHOCTBIO. B pabore [2| ycranosiien
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HOBBI KPUTEPUil SKCIOHEHIMAJIBLHON JTUXOTOMUM, KOTOPBIH (opMysiu-
pyercd B TepMHUHaX Pas3pellnMOCTU CIeIUaJIbHON KpaeBOou 3aja4uu JJIst
nuddepennraabHOro ypapaenus JIsamynosa

%H +HAW) + A*(H = — (Y7'(1))" P*Q(HPY (1)

+HYYe)* (I - P)y'Q)I —P)Y 1), 0<t<T,

rie Q(t) € C[0,T] spmuroBa MaTpuria, yI0BJIETBOPSIONIAs yYCIOBHIIO

T
/Q(s)ds >0,
0

Y (t) — marpunanr juHeiiHoi cucremsl (2),
P?=P, PY(T)=Y(T)P.

Harra miesib — Ha 0CHOBE 9TOTO KPUTEPUs MOJIYYUTDh OIEHKHU I1apaMeTPOB
JUXOTOMUHM, JTOKA3aTh TEOPEMY O BO3MYIIEHUHU JJIsi KCIIOHEHIINAILHOM
JUXOTOMUM, U3YIUTh YCJIOBUS CYIECTBOBAHUSA 1 -II€PUOIUIECKUX PeITie-
Huit cucrembl (1), yCTAHOBUTH MX YCTONYMBOCTH IPH MAJIbIX BO3MYIIE-
HUAX KOIDPUITNEHTOB U HEJIMHEHHBIX TJICHOB.

Pabotra Boinionnena npu gpunancoBoit nogmaepxkke Poccutickoro dpouma
dynmamenTaIbHbIX Hccsenoanuii (mpoext Ne 18-29-10086).

Cnucok Jureparypbl
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OBPATHA4 3ATAYA OJId YPABHEHUMNA
TEIIJIOITPOBOJHOCTU C HEM3BECTHBIM
COCTABHBIM NCTOYHUKOM

JEHICOB A.M.
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Paccmorpum HauaabHO-KpaeByto 3aa4y s dbyHkuun u(z, y, t)

up = Au+ F($>y)p1(t) + G(l’,y)pQ(t), (:v,y) €D, t>0, (1)

u(xz,0,t) =0, z€R, t>0, (2)
uy(z,l,t) =0, xz€R, t>0, (3)
U(%?Jﬁ) =0, (xay) € D: (4)

rie D ={(z,y): x€R, ye(0,0)}.

Cdopmymupyem obparuyio 3agaqay. [lycrs dyukmun pi(t) u pa(t) 3a-
naubl , a byakiun F(z,y) u G(z,y) nenspecrupl. Tpebyercst onpeeanTsb
F(z,y) u G(x,y) , ecau 3ajaHa J0N0IHATEbHAsE HHGOPMAIUS O Peliie-
mun 3agaqaun (1)- (4)

uy(z,0,t) = h(z,t), ze€R, t>0, (5)

rue h(x,t) - 3anannas GyHKIMs.

B ciygae, korga pi(t) = e #t a po(t) = e H2! obparnas zanaua
HMEET eCTeCTBEHHYIO (PU3NIECKYIO NMHTEPIPETAIUIO.

B J1ok/1a/1e IpUBOJAATCS IIPUMEPBI HEeIUMHCTBEHHOCTH PEeIIeHus: 00paT-
HOIT 3a/1a41, JOKa3bIBAIOTCA TEOPEMbI €JIMHCTBEHHOCTH €€ PENICHH B CIIe-
uaJIbHbIX Kiaccax yukmmit F(z,y) u G(x,y), obcyKIaeTcs 3aBUCH-
MOCTH €JJMHCTBEHHOCTH PEIeHnst 0OpaTHOI 3a1a9u OT 3aJaHHbIX (DYHK-
it p1(t) u po(t) u ycranaBauBaercst CBsi3b 0000IIEHNsT OOPATHOMN 3a/1a41
C Teopuell aHAJUTUIHOCTU PEIICHUN SJINITUYCCKAX YPABHEHUN IIPOU3-
BOJILHOT'O TOPSIJIKA.

Mockosckuii rocymapcrennsiit yauBepcurer nmenu M.B.JIomonocoBa,
Poccus. Email: den@cs.msu.ru

IT10JIAd PUBA N IIEPNO/INYECKWNE TPAEKTOPUN
AJEHNCOBA H.B.

BekTopHoe 1ojie v Ha TpexMepHOM MHOT0OOpaszuu () ¢ hopmoit obbema
) nHazwiBaercst nosem Puba, eciiu HaiijgeTcst
1-dpopma 1) Takasi, 9TO

1) i,Q = d,

2) i) = w(v) > 0.
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B cuMIntekTHIeCcKOi TONOJIOIME W3BECTHA CJIEyIOIIasi THIIoTe3a Beiin-
creifHa: BekTOpHOE nojie Puba Ha J1000M TpeXMEPHOM 3aMKHYTOM MHO-
roo6pasun Beer/a nMeeT XOTsi Obl OJIHY [EPHOITIECKY IO TPACKTOPHIO (CM.
o6cyxenue B [1]). Ilpasia, nmoka 3To JOKa3aHO sl CJydasi TPeXMep-
ublit cdeper [2]. Ipumennm sror pesynbsrar Xodepa K 3ajade o mnepu-
OJINYIECKUX TPAEKTOPHUSIX (PUKCUPOBAHHON 3Heprunm h B 3ajadax JTUHA-
muku, korma M — nBymepnas cdepa. Torma npu h > maxV suepre-
THYeCKOoe MHOroobpasue () — PaccoeHHOe IPOCTPAHCTBO ¢ 6azoil S? u
cJ10eM OKpyKHOCTH — Oyzer muddeomopduo SO(3) (Tpexmephnast cde-
pa ¢ OTOXKJIECTBIEHHBIME AHTUIIOJAJBLHBIMI TOYKaMK ). Tak Kak MMeercs
Hepas3BeTBIeHHOe JAByIICTHOE HAKpeITHe S° — SO(3), To HamTe BeKTOp-
Hoe nosie v (onpejenenHoe quddepeHIaIbHbBIMU YPABHEHUSIME ) MOYKHO
noauats wa S3. W ecqmm v ecth BekTopHOe nosie Puba ma SO(3), To Ta-
KOBBIM Oyzer u "momusitoe"BekTopHOe moJie. CieaoBaTebHO, €CIN Bbl-
nosiHeHo HepasencTro infy [9(v)| < p?, o ¥ (v) > 0 — rupockomIecKue
cuiibl He Tak Bejauku. Torna auHaMudeckast cucreMa OyneT MMETh XOTsI
OBl OJHY IEPUOJUIECKYIO TPACKTOPHUIO IPpU (PUKCHPOBAHHOM 3HAYEHHUM
ITOJIHBIN SHEpPrun h.

CTouT HOTU9epKHYTH ABa MoMeHTa. Tak Kak S 0IHOCBSI3HA, TO JTH06as
samkHyTas 2-dopma I' ma S? (dI' = 0) Gyaer Tounoit. C apyroit ctopo-
HBI, HEPABEHCTBO, SKBUBAJIEHTHOE YCIOBUIO IOJIOKUTEIBHON OIpeIesIeH-
HOCTHU KBaApaTuIHON hopMbl 4LgLo — Lf (Lo — KuHETHYECKAsT SHEPIHs,
Lo =h—-V,a L) — 1-dpopma rupoCKONMUIECCKUX CUT), ITO, B 9ACTHOCTH,
BJIeYeT OIPaHUIEHHOCTH CHU3Y (DYyHKIIMOHAJIA YKOPOUYEHHOTO JIeHCTBUS

/(2\/ LoLo + Ll)dt.

D710 06CTOATENBCTBO MO3BOJISIET JIOKA3ATH CYIIECTBOBAHUE IEPHO/ e
CKOIl TPaeKTOPUH BapUAIIMOHHBIMU METOJaMHU, YTO U ObLIO (haKTHIECKH
caesano Bupkrodom B [3] (oTHOCHTEIBHO COBPEMEHHOI'O COCTOSIHUS BO-
npoca cM. [4]). B [5] cummiekTuueckasi TOIOJIOIUsT IPUMEHSIETCST ISt
JIOKa3aTebCTBa CyIeCTBOBAHUS IIEPUOJANIECKUX TPAGKTOPH B Cilydae,
korma M? — ByMepHBIH TOD.

Pa6ora BbinosHena 3a cyer cpejcts rpanta PH® (mpoekr Ne 21-71-
30011).
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MockoBckuit rocymapcTBeHHb yHIBepcuTeT nMenn M.B.JIomonOCOBA,
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OYHKIIVN BECCEJIA 1 JIATPAH>KEBBI
MHOI'OOBPA3UA

JOBPOXOTOB C.10.!, MUHEHKOB /I.C.2, HABAUKUHCKUI B.E.3

C  momompio  HegaBHo  noctpoeHHbix  C.FHO.Jlo6poxoTOBBIM,
B.E.Hazaiikunckum u A.VM.I1Madapesuuem [1] HOBBIX HHTErpaabHBIX
[IPEJICTABJICHUIN JJIT KAHOHUYECKOro oreparopa MacioBa ycTaHas-
nauBaercst coorsBercrue [2] dynkimit Beccenst J, ¢ HEKOMIAKTHBIME
JIarPaHKeBbIMU MHOI'000Pa3nsiMi, aHAJIOIMIHbIMU TopaM JInyBusuis B
TEOPUN WHTETPUPYEMBIX CHCTEM. DTO JAET, B IACTHOCTH, BO3MOYKHOCTD
[MOJIyIUTh Ppa3jIndHble ‘TeoMeTpudecKue’ acCUMIOTOTUKH s (DyHK-
muit Beccens. B kadecTBe NpuiIoKeHUsT PACCMATPUBAIOTCA 339U O
BecceseBbIX BOJIHOBBIX IydKax [3].

Pabora BeiosIHEHa 10 TeMe rocyuapcrBeHHoro 3aganus (N rocperu-
crparun AAAA-A20-120011690131-7).
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[3] Hobpoxomos C. FO., Maxpaxuc I, Hasatixuncxut B. E., Kanonndeckuii ome-
parop Macmosa, onna dgopmysna XepMmaHaepa ¥ JIOKAJIM3aIus perneHns: bep-
pu—Basnaka B Teopun BOJHOBBIX myukoB, TM®, 180:2 (2014), 162-188

"MucruryT npobaem mexanmkn um. A FO. Mmmmckoro PAH, Pocens.
Email: s.dobrokhotov@gmail.com
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Email: minenkov.ds@gmail.com
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O HEKOTOPBIX HECTAHJIAPTHBIX KPAEBBIX
3AJAYAX 3D-BEKTOPHBIX ITOJIEN

JOVBUHCKUI 10.A.

[Ipemraraercst MeToanKa (GOPMUPOBAHUSI IINKJIA HECTAHIAPTHBIX KPa-
€BBIX 3aJ1a9 TEOPUN II0JIST U UX UCCJIeOBAHMUSI.

B ocnoBe pazpaboTKu HOBBIX KPaeBbIX 33189 TEOPUU BEKTOPHBIX I10O-
Jieit J1eKuT (QyHKIMOHAILHO-TEOMETPUIECKHI TIO/IX0/T OIUCAHUS SIIED
0IIepaTOPOB IPAHUIHOIO Cjefa U siiep (pyHKIINOHAJIOB TPAHUIHOTO CJIe-
ga B mpocrpancTrBax CobosieBa. DTH siipa Pa3/IUYHbI M ONPEIEISIOT
TeM CaMbIM Pa3juvHble 0a30BbIE MOMIIPOCTPAHCTBA UCKOMbBIX PEIICHUI.
ITpu sTOM sijipa omepaTopoB cjielia MPUBOIAAT K KPAeBbIM 3ajiadaM C JIo-
KaHbeHVII/I(TOLIe‘{HbIMI/I) I'PaHUYIHBIMHA YCJIOBUAMU, a dJpa (byHKI_[I/IOHa—
JIOB CJiejla K KPAeBbIM 3a/[a4aM ¢ HEJIOKAJIbHBIMU (MHTErPALHBIME) I'Pa-
HUYIHBIMU YCJIOBUSIMMU. OCHOBHbIMI/I OCO6eHHOCTHMI/I n3yvaeMbIX KPpaeBbIX
3aJ1a4 ABJIAIOTCS:

1) HeJIOKAJIBbHOCTH KPaeBbIX YCJIOBUIA,

2) HaJIMYMe B IPAHUYIHBIX YCJIOBUSIX OCHOBHBIX OIIEPATOPOB TEOPUH 1O~
JIsl TIEPBOTO TMOPSIIKA, T.€. TPaUeHTa, JUBEPTEHIUN U POTOPA.

[Tpumepamu TaKuxX 33,184 SIBJISTIOTCS CJIEAYIONIIE 3aJIa9U JJIs CUCTEMBI
ypasuenuii [Iyaccona:

—Au(z) = h(z),z € G C R, (1)
(u,m)r =0, [n[gz,n]]r =0
—Au(z) = h(z),z € G C R, (2)
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ou
/F(u,n)dyz 0,%|F =a-n(y),yel

Bnech u(z) 1 o € R! — nckoMble BeIYHHbL

HesmokaybHOCTE KpaeBBIX YCI0BUI 00yC/IoBIeHA TeM (DAKTOM, UTO OIIe-
paTOpHI ciesa Kaxk ol bukcupoBannoit GpyHkimyn u3 npocrpanctsa Co-
60J1eBa, OIPEJIETISIIOT JINHEHHbIE HelpepbiBHbIE (DYHKIIMOHAJBI HAJ Tpa-
HUYHBIME ITPOCTPAHCTBAMHE JPOOHOTO MOpsifika. flipa smux (pyHKInOHA-
JIOB CyTh MOJIIPOCTPAHCTBA KOPA3MEPHOCTHU €JIMHUIIA, U KOTOPBIE 3aJ1a-
FOTCsl UHTErPAJIbHBIMU COOTHOIIEHUSIMU, MPUBOJSIIMME K HEJIOKAJIBHO-
CTH KPAEBOI'O yCJIOBUS.

[Tpu mocranoBKe 3a/1a4 CyIIECTBEHHO PAa3IMiaTh KIaccuieckue (pery-
JISIPHBIE) OMEPATOPHI CJIE/IA, IIPUBOJISIIINE K PEry/IsPHBIM (byHKIHOHAIAM
HAJT TPOOHBIMU TPAHUIHBIMU TPOCTPAHCTBAMU, U CHHTYJISIPHBIE OTIepaTO-
PBI Cllefia, ABJIIONIErocsd CHHTY/ISIPHOI 00001IeHHON (DyHKIIMeH Ha I Ipo-
CTPAHCTBOM CJIEJIOB B CMBICJIE TEOPHH CODOJIEBCKUX MMPOCTPAHCTB.

[TpumepoM CHHTYISIPHOTO OomepaTopa CJejia siBJISIETCS OMepaTop, CO-
nocTaBJsionieit Kaxkaoit dbyukun u(x) n3 npocrpancrsa CobosieBa mmep-
BOTO MOPSITIKA, TPAHUTIHOE 3HAYEHHUE JTNHEWHOW KOMOMHAIINN

ou .
— — [rotu, n] — divu - n.
on

YKazaHHas JUHEHAs KOMOMHALS UMeeT CJiell, KaK (DyHKITOHA Hal
IPOCTPAHCTBOM JPOOHOTO TOpsijika 1/2; u jyist rragkux (DYHKIiT sB-
JisteTcst OOBIYHBIM TPAHUYIHBIM CJIEIOM YKas3aHHOH KoMOuHaruu. MMeHnHo
sIIpa CHUHTYJISIPHBIX OIIEPATOPOB CJlefla U siApa CHHTYJISPHBIX (PYHKIIIO-
HAaJIOB CJIeJla MPUBOIST K KPAeBbIM 3aJadaM, COIEPXKAIlUM B KPaeBbIX
YCJIOBUSIX OIEPAINN TEOPHUH ITOJIsI IEPBOrO MOPSIIKA.

Heobxomnmo ormeruTh, 9T0 siipa (QyHKINOHAJIOB CJI€/la MMEIOT, KaK
M3BECTHO, OJJHOMEPHOE KOSIJIPO, B TO BpeMsl KaK sijIpa OIepaTOpoB CJie-
J1a, IIPUBOJAT K pazjoxkeHusiM npocrpancts CobosieBa ¢ 6eCKOHETHOMED-
HBIM KOstZipoM. [losToMy MeTomuKu T0Ka3aTeNIbCTB KOPPEKTHOCTH COOT-
BETCTBYIOIINX 38189 BECbMa, Pa3/INIHbBL. B IepBOM Cjiydae yCTaHOBJIEHHE
Pa3penimMOCTH 3a/1a9d Ha siJIpe JIOTOJIHSIETCS KJIACCUIECKUM pe3y/ibTa-
TOM O MPOIOPIUOHATBLHOCTH (PYHKITNOHAJIOB, UMEIOIUX OJUHAKOBOE 1
PO, B TO BpeMsi KaK BO BTOPOM CJIydae TpedyeTcsi perIuTh BOIIPOC O MPOo-
JOJIZKEHUM HAMICHHOTO pelreHns Ha OeCKOHEYHO-MEepHOe KOSIPO IIyTeM

JOMIOJTHATEILHOTO TPeOOBaHUs HA MPABYIO YaCTh CUCTEMbI YPaBHEHUI.
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[Tosryaennbie pe3y/ibTaThl OIYOJIUKOBAHBI B CTATHIX:
Pabora BbinosiHena npu nojgep:kke Muuobpraykn Poccun (mpoekt

FSWF-2020-0022).
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OB OJJTHON HAYAJIbBHO-KPAEBOW 3AJIAYU C .
NMHTETI'PAJIbBHBIM CMEILIEHNEM JI{d YPABHEHNN
TUITEPBOJINMYECKOTI'O THUITA

IIOYKEBA A.B.

B pabore mpeacraBiieHbl pe3y/bTaThbl Pa3peIImMOCTH B KJIAcce pe-
IYJISIDHBIX PeIleHni HavYaJbHO-KPAEBBIX 3aJad IS TUIEPOOTHIECKIX
ypaBHEHUI.

[Iycts ) ecTb orpaHumveHHasi 00J1aCTh U3 mpocTparcTBa R™ ¢ raaj-
Koii (6eckoneuno—muddepennupyemoit) rpanuneii I, @ ecrb nummHap
Q x (0,T) xoneunoit Bbicorel T, S = T' x (0,T) ecrb GokoBasi rpaHu-
na Q. Hanee, nycrs c(z,t), f(x,t) u N(z,t) ecrb 3ananuble QyHKIUH,
ompesestentbie pu = € Q, y € Q, ¢ € [0,T].

Umercst dyukuust u(z,t), sSBISIONYIOCS B NUIMHAPE () DeleHueMm
yPaBHEHUS

up — Au + C(:Ca t)u = f(xa t) (1)
U TaKyI0, YTO JJIsl Hee BBIOJIHSIIOTCS YCJIOBUST
ou(x,t
0 [ Nty Oy aiyes = 0. 2
v Q
u(z,0) =0, z€Q, (3)
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ur(z,0) =0, =z el (4)

B usyuaembIx 3aj1auax ycjaoBue (2) siBjsieTCst HeJIOKAJIbHBIM aHAJIOTOM
IPAHUYHOTO YCJIOBUS BTOPOI HAYATHLHO-KPAEBOH 3a/1a9H JJIsl TUIIEPOOJIH-
JecKnX ypasHeHuil. lIMeHHO 3TO ycJioBHe U ompefiesisieT MHTEerPAJIbHbIN
oneparop PperosibMa, MCHOIB30BaHHBIN B pabore |1]

Teopema 1. IIycmov vinoarsromcea Ycio6ua

c(z,t) € C(Q);
N(z,y) € C3(Q x Q).

Toz0a dan 060t pyrkyuu f(x,t) makod, wmo

f(x7t) GLQ(Q)ﬂ ft(xat) GLQ(Q)7

neaokaavran 3adava I umeem pewenue u(zx,t) maxoe, wmo
u(x,t) € Loo(0, T Wg(Q)), ug(x,t) € Loo(0,T; W%(Q)),
utt(:c, t) S LOO(O, T, LQ(Q))

Mertos, ncrnoss3yemblit B paboTe, MO3BOJINI OTKA3aThCS OT 0OPATHMO-
CTH paHee UCIOJIb3yeMOoro omeparopa Ppearosbma, MOPOXKIEHHOTO WH-
TerpajbHBIMUA I'PDAHUYHBIMU YCJIOBUSIMU, & TAKXKE OT yCJIOBUU MAJIOCTH.

Pabora Briosinena mpu dunancoBoil nojmepxkke Munobpuayku PO
B paMKax rocyiapcrsennoro 3amanus Ne 0778-2020-0005

Crucok JuTepaTypbl

[1] Kootcarnos A. H., Iyavkuna JI. C. O paspemmMocTH KPaeBBbIX 3a7ad C HEJo-
KaJIbHBIM TPAHUYHBIM YCIOBAEM WHTEIPAJHHOTO BHA JJII MHOTOMEPHBIX TH-
nepbosmmiyeckux ypasuenuii. [luddepennmanscubie ypasuennsa. 2006. T9, Ned2,
c.1166-1179.

CamI'TV, Poccus. Email: aduzheva@rambler.ru

Ob ONEHKAX IIEPBOI'O COBCTBEHHOTI'O
SHAYEHN A 3AJAYN IIITYPMA-JINYBNJIJIA C
NHTEI'PAJIbHBIMUA YCJIOBUAMU HA ITOTEHIINAJI

E>KAK C.C.!, TEJIbHOBA M.}O.2
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JlamHas paboTa sBJISIETCS MIPOIO/IKEHUEM W3YYIeHHs OIEHOK IIePBOTO
cobcrBenHOro 3HaveHns 3agad lllrypma — JIuyBusist ¢ wHTErpajJbHBIM
yCJIOBHEM Ha TOTEHIMAJI, Hadajo KoToporo 6sL10 mojoxkeHo HO.B. Ero-
poebim 1 B.A. Kongparsesbiv B [1].

Paccemorpum 3agaqay [rypma — JInyBusis

v +Q(x)y + y=0, z¢€(0,1), (1)
y(0) =y(1) =0, (2)

rjae Q IPUHAIJICZKUT MHO2KECTBY Toc,ﬁ,’y ,H,eI'?'ICTBI/ITeJIbeIX HeoTpulaTe/Ib-

HBIX JIOKaJIbHO mHTerpupyeMbix Ha (0, 1) dyHKuuii, ymaoBieTBopsionmx
UHTETrPAJIbHBIM YCJIOBUSM

1
/ (1= 2)PQ7(@)de = 1, a,B,7 € R, 7 0, (3)
0

1
/ z(1—2)Q(z)dxr < co. (4)
0
N3y4aiorcst OIeHKH BEJIMIUH

Ma g~y = _inf AN(Q) m Myg,= sup I(Q).
QeTo 5,y QeT, 8,

Hokazano (cM. [2], [3]), uro

1 /2 1 2
. . ydx — [ Q(x)y“dx
Q) = inf RIQ,y] = inf J i Jo Q@) .
yeHY(0,1)\{0} yeHE(0,1)\{0} Jo v2dx
Teopema 1. Ecauy > 1, a, 8 < 2y —1, mo cywecmsyrom maxue Gyrk-

wuu Qx € Top uu € H}(0,1), u> 0 na (0,1), wmo ma s~ = R[Qx, ul.
Kpome mozo, u ydosaemeopaem ypacHeHUuo

_a B atl
W +mu=—z2T7(1—x)T7 w1 (5)
U UHME2PAAOHOMY YCAOBUIO
1
_a B 2y
/xl—w (1 —2x)™=ur-Tdr=1. (6)
0
Teopema 2. 1) Bcauy =1, a,8 <0, mo Ma,fry 2 %7‘(2.

2) BEcruy=1,8<0<a<luwa<0<pB<1, momgg, > 0.

3) Bcruy=1,0<a,6<1, momygy = 0.

4) Ecouy > 1, o, f <y, mo mapg = 0.
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5) Ecruy 21, o>y uwau B>y, mo mag~ < 0.
6) Ecauy <0, 0,8>2y—1uwwd<y<l1, —o0<a,f <00, mo

Ma,pry = —0-

Teopema 3. 1) Berury > 1, —00 < a,8 < 00 uau 0 < v < 1,
a<2y—1, —0o<f<0 B<2y—1, —0 < a < ), mo
Moc,ﬁﬂ:”Q'

2) BEcauy < 0uaw 0 <y <1, a,8>2y—1, mo Myp~, < 72
Ecru v < =1, a,8 > 2v — 1, mo cywecmsyrom maxue
pyrnxyuu Q. € Top~, u € HE(0,1), u > 0 na (0,1), wmo
My~ = R[Q«,u]l. Kpome moeo, dynxuyus v ydossemsopaem
ypasneruto (5) u unmeepanvromy ycaosuio (6).

Crcok JuTepaTypbl
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'Poccmitcknit skoHoMIIecKuii yansepcureT uM. 1.B.Ilrexanosa, Poccns.
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2Poccniickuii sxoHoMuuecKuit yuusepcurer uM. I.B.Ilnexanosa, Poccusl.
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CUHI'VJIAPHO BOSMVIIIEHHA{A 3A/TAYA KOIIIN
IIPU HAJINYUU "CJIABOMN"TOYKHU IIOBOPOTA
ITEPBOTI'O IIOPAAKA ¥ IIPEJAEJIBI'O OITEPATOPA C
KPATHBIM CIIEKTPOM

EJIUCEEB A.T'.!, KHPUYEHKO II.B.2

Paccmorpum 3amaay Ko

euw = A(t)u + h(t), 1
u(0,¢) = u°, (1)
IJle BBIIOJHEHBI CJIe/IyIOIIue yCIOBHs
1) h(t) € C*([0,T], R");
2) A(t) € C>°([0,T], L(R", R™));
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3) st CO6CTB€HHI)IX 3HAYeHUil npejiesbHOro oreparopa A(t) :

a) Vi € (0,T] Ai(t) # Aa(t);

b) yciioBue ciaboii TOUKM MOBOPOTa MEPBOro nopsijika mnpu t = 0:

N(t) = Au(t) = ta(t),  a(t) # 0

¢) TeoMeTpuvecKasi KpaATHOCTb COOCTBEHHBIX 3HAUYEHW paBHA aJjred-
pandecKoil ;Lns{ Beex t € [0,7];

4) Re \;(t) < i=1,2, ama te[0,T);

5) A(t) = M (t ) 1 (¢ )—I—)\g( )Pa(t), dim ImP; (t) = m,dim ImP,(t) = n,

m+k=n,
snech dimImP;(t),i = 1,2, — pasMepHOCTb 00pPa30B MPOEKTUPYIONUX
OIIEPATOPOB Ha COHBCTBEHHBIE MOIIPOCTPAHCTBA.

B paccmarpuBaemoii 3amade (1) xapakrep 0COGEHHOCTH CBOIMTCS K
HAJIMYIHUIO «cJIaboil» TOUKHM moBopora (ycsoBue 3), CyIMIECTBEHHO 0COObIe
CHUHTYJIIPHOCTHA B 9TOM CJIydae MOXKHO HAWTH W3 peIleHus CJieyomnei

3aja4yn Kommn:
o (A(t) 0 0 1
sJ(t)_< 0 >\2(t)>J+€<1 0) J,

(2)

Perug (2) MeTO10M 110CII€10BATEIBHBIX IPUOIIMKEHUTT, MbI IPUXO/UM
K psgam st J(t), dieHaMu KOTOPBIX sIBJIsTIOTCs "k-MOMeHTHBIe " mHTer-
paJIbL:

( S1

t
SO / Aelsn)/e / —delsa)/
0 0

e(_l)k+1A4p(Sk)/€ dsk....dslv

o\?‘?
A

TV
k unTErpason

S1 Sk—1
oo p = P20/ / A1)/ / Ag(s2 / eV B/ g g
0 0

k unaTerpason
(3)
Nmenno 3Tu MHTErpasibl MPEACTABIISIOT COO0N MHOrooOpasue yHK-
muit Heobxoxumoe Jyisi peryisgpusanuu 3agadn (1). Bmecro mckomoro
pemenus u(t,e) 3amaau (1) Gyaem uzyuarb BekTop-byHKIWMO 2(t,0,€)
TaKyIo, 9TO €€ CY?KEHUE COBIAAET ¢ UCKOMBIM PEIEeHUEM
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Z(t7075)|azasyk(t,s) =u(t,e), s=1,2, k=000

C yuerom (1),(3), ucnonb3yst dopmyiy ciaokuoro auddepeHnupoBa-
HIs, MOYKHO 3aIlUCATh 3aJa4y /it pacimpennoil ynkmmn z(t, o, €):

o
> (AsOsk — €03 s k1) goie = €5 — h(t),
s=1 k=0 > (4)

2(0,0,¢) = u°.
Basaua (4) siBasiercst peryispHoit 1o €. [Tostomy perenne (4) Gyem
ONPEJIENIATH B BHJIE PETYJISIPHOIO PsijIa TI0 CTENEHSIM €, TO €CTh

00 2 o0
E= 3l A= 30 X osn(te)zl,(8) +wh(1),
k=0 s=1p=1 (5)

rae 28, (t), wk(t) € C*°[0,T].

2
A(t)z —

[Moncrasus psiy (5) B 3amady (4) , HOLy9IUM CEPHIO MTEPAIMOHHBIX
3a/1a1,13 PEIIEHNsT KOTOPBIX OIPENIEIAIOTCS CIaraeMble PsiIa.

[1aBHBIN 9JI€H ACHMOTOTUKH PENIeHUs MOCJEe CyKEHUsT 3aIUINEeTC B
BUJIE

2

gi(t,€) = 3 Us(t, 0)(Po(0)u® + L0020
s=1

(6)

i i:;l UL (£, 0)Po(0)22, (0)aa p(t, ) — A~ (D)h(t).

Teopema 1. O0 omeHke ocTarka (ACHMTOTHYECKAs CXOLU-
MocTb). [Tycmo dana 3adava Kowu (1) u evinoanens ycaosusa 1) +5).
Tozda sepra ouenka

n

Hu(t,s) - zijosq Zi:l 2;0 zd p(t)osp(t,e) ++ D elwy(t)

H n+1
q=0 c[o,17

<C.em,

2de C > 0 — xoncmanma, ne 3asucawas om e, a z4 p(t), wq(t) noayuenv
us pewenus umepayuornoir 3adaw npu 0 < g < n,0 <p<r.

Teopema 2. O npenesbHOM nepexone. [Tycmy dana 3adava (1) u
soinoanens, ycaosus 1) +5). Toeda:

a) ecau ReX; < =6 <0, mo
hH(l) u(t,e) = —AL(t)h(t), te [0, T], 6 >0— croav y200mo manro;
e—
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b) ecau ReX; <0, moV(t) e C[0,T]
T
lim [ (u(t,e) + A~ (t)h(t))p(t)dt = 0.

e—0
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'Mockosckmit Dueprermaeckuii Uncrturyt, Poccna. Email: predikat@bk.ru

2Mockosckmit Queprermuecknit Mucruryt, Poccus.
Email: Pavel.Ririchenko@mail.ru

Ob OZIHOM METO/JE ITIOJIVHEHNA TEOPEM
CPABHEHUNA OJI5 HEAABHBIX
ANOOEPEHIINMAJIBHBIX YPABHEHUU

KYKOBCKUI E.C.

B nokitajie mpuBoAATCs yTBEPXKICHUS O CYIIIECTBOBAHUU U OIEHKAX Pe-
IIIEHUI OIIEPATOPHBIX YPABHEHUN B YACTUIHO YIIOPSIOICHHBIX ITPOCTPAH-
cTBaX M 0OCY?K/IAeTCs UX IPUMEHEHNE K UCCJIeIOBAHUIO HEsIBHBIX (T.€. He
pa3peIeHHbIX OTHOCUTEIBHO IIPOM3BOIHON HcKoMoil dyHKIwn) nudde-
PEHIIMAJILHBIX YPABHEHU, K MOJYUYEHUIO i TaKUX yPABHEHUI TeOpeM
CpaBHEHWUSI.
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[Tycrs (X, %) —UacTu4HO ylOpsi0UeHHOe MHOXKeCTBO, Y # O, y € Y,
F: X x X — Y. Paccmorpum ypaBHeHue

F(z,z) =y, (1)
pelieHne KOToporo 6yjieM UCKaTh B HEKOTOPOM 3aJAHHOM HEITyCTOM MHO-
xkecree X' C X. Onpenennm copokynHoctb =(X, F,y) neneit S C X
TaKuX, ITO

Vue S dzeX z=u, F(r,u)=y.

Teopema 1. Ilycms svinosmersv, caedyrousue yea08us:

e cywecmeyrom uy € X, xg € X makue, wmo xo = ug u F(x9,up) = y;

e daa mobvir u € X, x € X makuz, wmo x < u u F(z,u) =y, natidymea
anemernmu, v € X, w € X, daa komopux w I v < u u F(w,v) = y;

e dasa npoussoavnoli beckoneunot uenu S € Z(X, F,y) cywecmeyrom
anemenmo, v € X, w € X, ydosaemeopaowue CooOmHouLeHUAM

VueS w=v=u F(wv)=uy.
Tozda cywecmeyem pewenue x € X ypasrernus (1) maxoe, wmo x < uyg.

Teopema 1 ucnoJsb3yercst B JOKA3aTEIbCTBE TEOPEMbI CPABHEHUS 1151
crucrembl auddepeHnuaJIbHbIX YPABHEHUH

fi(t,l‘,i?,ibi) =0, te [0, 1], 1=1,n. (2)

Baech dyukiwmn f; : [0, 1] xR xR" xR — R y10B1eTBOPSIOT CII€/yIOMIM
yeaoBusim: npu n.e. t € [0,1], wobwxr x,v € R™ u y; € R dynrwyun
filx,v,y5) 1 [0,1] — R usmepuma, gynwyus fi(t, -, -, y;) : R" x R” - R
YoLi6aem u HeNpepuIeHa CNpasa no KaANCOOMY APRYMEHMY L1, ..., Ty U
U1y ey Up, Pynkyus fi(t,z,v,-) : R = R nenpepwisna.

st cucrembl (2) mostydena TeopeMa O JIBYXCTOPOHHEM HEPABEHCTBE,
YTBEPKJAIOIIAA, UTO €CAU OAf HEKOMOPHLT AOCONMOMMHO HENPEPLIEHLL
Pyrryut v, 1 66MoAHENDL HEPAGEHCTEA:

v(0) = 1(0), v =,
fi(tvy(t)vv(t)vl)i(t)) > 07 fi(tan(t)777(t)’77i(t)) < Oa te [07 1]7 1= 1777

mo cywecmeyem pewenue 3adavwu Kowu dan cucmemo, (2) ¢ nauais-
rowm yeaosuem x(0) = a, 7(0) < a < v(0), ydosaemsoparousee oyenre

n<z<.
IIpescraBiienHble B JOKJIaJe yTBEPXKJIEHUS DPA3BUBAIOT DPE3Y/IHTATHI

pabot |1, 2| 0 HAKPBIBAIOIIUX 0TOOPAYKEHUSIX YACTUIHO YIIOPSIOYEHHBIX
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LPOCTPAHCTB, & TaKzKe [OJIyYeHHbIe B [3] TeopeMbl cpaBHEHHUsI JIJIsl HesiB-
HBIX JuPEPEHITNATBHBIX YPABHEHUH.
Pabota Bernosaena npu noggepkke PH®, rpant 20-11-20131.
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PEIITEHUWE 3AJAYN KOIIIN AJI<
TUIMTEPBOJINMYECKOTI'O
ANPOPOEPEHIINMAJIBHO-PASHOCTHOI'O YPABHEHU A
C HEJIOKAJIBHBIM ITOTEHIINTAJIOM

3AMILIEBA H.B.

Uccnenosana ciepyormias 3a1ada: Haiitn GyHkimo u(x,t), yaoBie-
TBOPSIOINLYIO YCJIOBUAM

u(z,t) € C1(D) N C?*(D),
0?u(x,t) 2 O*u(x,t)

+bu(zx —h,t) =0, (z,t)€ D,

ot? Ox?
u(z,0) = up(x), uzr,0)=0, zekR,
rie a > 0, b > 0, h # 0 — B3ajaHHble BEIIECTBEHHbLIE YHCIA,

uo(x) € L1(R) n up(z) € C(R), D = {(z,t)|]x e R,0 <t < T} —
obacTh KoopauHatHoit miockoetn Oxt, D = {(x,t)|x € R, 0 <t < T}.

JUtst mocTpoeHusT perreHust 3aJa9u OBLIN MCIOJb30BAaHBI KJIACCHYe-
CKasl OIlEPAIlIOHHAs CXeMa U HeKoTopble miuew pabor [1, 2|. B pabo-
Te [3] mokazano, 4TO0 HEOOXOIMMBIM YCIOBHEM CYIIECTBOBAHUS PEIICHUS

ABJIAETCHA Tpe6OBaHI/Ie IIOJIOZKUTEJIbHOCTHU BeH.[eCTBeHHOfI JaCTu CHUMBOJIa
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b depeHInaIbHO-PA3SHOCTHOTO OlEPAaTOpa B YPaBHEHUU, KOTOPOE Ia-
panTHEpyeTCca BumomHeHneM yeaosuit 0 < b < 2a%/h? na xoadbdunmenTo
a, b m cnBur h.

Crcok Jureparypbl
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Mockosckuii rocymapcrennsiit yanBepcurer umenun M.B. Jlomonocosa,
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OB ACUMIITOTUKE PEIIIEHUI MHTETPO-
INODOEPEHIINMAJIBHBIX OIIEPATOPHBIX
VPABHEHUN

3AKOPA JI.A.

Paccmorpum B rusibbepToBoMm nipoctpanctse H 3amaay Korm

t
d? d =
%’g - _Ad% — Bu+ / e PCu(s) ds + g(t) + Y e fi(t),
k=0

0
u(0) =u°, /' (0) =ul,

(1)

rne A, B — caMOCOIpPsIzKEHHBIE TIOJIOXKUTEILHO OILIPEIC/ICHHBIE OIIepaTO-
pbl, C' — caMOCONPSI>KEHHBI HEOTPULIATEILHbIN onepaTop, b > 0, u

D(A) = D(B) € D(C). 2)

N3 (2) n mepasencrsa laiinna (em. [1, rn. I, §7, Teopema 7.1]) coemy-
er, B wacriocty, aro D(AY?) = D(BY?) c D(CY?). Takum obpasom,
oneparopsl Q := BY2A71/2 i Qy := CY/2A~1/2 orpanuuensr.

Bynem cumrars, 9To cymecTByeT KoHcranTa 7y > 0 Takas, ITo

YAVl < [BY2ul? = 67N [CM2ul? Vu e D(AY2) = D(BY2). (3)
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Onpenenenne 1. Oynaxmus u € C2(Ry; H), rae Ry = [0, +00), HazHI-
Baercs pemtenueM 3a1aan Kommu (1), ecom
1) u(t) € D(B), v (t) € D(A) aus moboro t € Ry n Bu, Av' € C(R4; H);
2) B (1) BBIIOJIHEHO ypaBHeHMe IpU Beex t € Ry 1 HaYa/bHBIE YCJIOBUS.
Teopema 1. ITyemwv 6 3adave (1) svinoanenv yeaosus (2) u (3). Ilpeo-
noaoocum, wmo u’, ut € D(A), fy € C'(Ry; H) (k =0,n), dynryusa g
A0KaavHo 2eavdeposa, oo = 0, 0 # o € R (k = 1,n). Tozda umerom me-
Mo CAeYIULUE YMBEPIHCICHUA.

1) Badawa Kowu (1) umeem eduncmeenmnoe pewenue.

2) Beau Yim_g(®)]| =0, lm_ |fi(t)] =0 (k=0.m). mo pewerue

sadavu (1) ydosaemsopaem coomuoweruro

AV (u(t) - ATV2(Q1Q1 — b7 Q3Q2) T AT fo()+

n e*io'k
+) =
10},

k=1

2
+

t

A_I/QL_I(Z'%)A_mfk(t))

u(t) = e T ATYPL T (iog ) ATV fr(t)
k=1

2
=o(1), t— o0,

(4)

_l’_

2de L(\) — onepamopnuili ny4ok, onpedeasemviii no dopmyae
_ 1 1 b
L) =T-XA""— - (Q1Q1 — - Q3Q2) + —— Q5Qo.
A b b— A
8) Ecau g(t) =0, fi.(t) =0 (k =0,n), mo cxodumocmo x nyawo 6 (4)
IKCNOHEHUUANDHAA.
B [2] anasoruunasi Teopema JlokazaHa Jjisi HEIOJHOIO WHTErpo-jud-
depeHnmaIbLHOro ypaBHeH!sl BTOPOro MOPsIKa.
Crucok Jureparypbl
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OB O/THOM HAYAJIbHO-KPAEBOI 3AJTAYE
HEJIMHENMHO-BA3KOM CPE/bI

3BSAT'MMH A.B.
B orpanmdennoii obsactu 2 C R™, n = 2,3, ¢ 10CTATOYHO TJIAIKOM

rpanuteii J€) na orpeske spemenu [0,7], T > 0, paccMmaTrpuBaercst cJie-
Jylollias HadaJbHO-KpaeBas 3a/lada:

ov ov
Gt T 2y, P Ro(R0)Ew)] -
M1 . t o o . _
—m_a)D”/o“‘S’ E(v)(s,2(53t,2)) ds + Vp=f, (1)

Z(T;t,az):x+/ v(s,2(s;t, @) ds, t,7€[0,T], z€Q, (2
t

dive(t,z) =0, tel[0,T], x¢€Q, (3)

)

v]t=0 = vo, U|[0,T]xasz = 0. (4

31ech, v — BEKTOP—@PYHKINSA CKOPOCTH JBUYKEHUS YaCTUILI CPEIbI, P —
dyukus nasienns, f — QyHKIUS TIOTHOCTH BHEIIHUX CuJl, (T3, &) —
TPAeKTOPHsI YACTHUIILI CPEIbl, YKA3bIBaIoOIlas B MOMEHT BPEMEHU T pac-
[TOJIOYKEHIE YACTUIIBI CPEIbl, HAXONSAIIEHcss B MOMEHT BpeMeHH t B TOUKe
x, p1 = 0,0 < a < 1 — HEKOTOpBIE KOHCTAHTBL. 31ech 1'(f) — ramma-
GyHKIMa Ditaepa, ompeaesseMas depe3 abCOTIOTHO CXOMSITUIACT NHTe-

rpan () = [t te ! dt. Yepes € = (£i5(v)), Eij(v) = %(g;; + g?z),

i,j = 1,n, oboznagaercs Tenszop ckopocreii pedopmarun. Tenzop I2(v)
onpeienisiercs pasencteoM: I5(v) = E(v) : E(v) = doij=1 [£:(v)]?. Bis-
KOCTB Cpejibl f19($) oupesesiena npu s > 0 HenpepbiBHO uddepeHnupy-
eMoii cKaJsisipHO# (byHKIHEH, J1JIs KOTOPOI BBINOJHEHBI HEPABEHCTBA, (CM.
1))

a) 0<C1 < p(s) <Cy < oo

b) —sp'(s) < p(s) mpu p/(s) < 0;

) |sp/(s)] < Cg < 0.

PaszpemnmimocTs HauabHO—KpaeBbix 3a1a9 (1)—(4) ¢ mOCTOSTHHON BSA3KO-
CTBIO paccMaTpuBasach B paborax [2]-[4].

Omnpegenenne 1. Ilycts f € Lo(0,T; V1), vy € VO, Oyukmusa v € W
={v € Ly(0, T; V)N Loo(0,T5VY), o' € Ly/3(0,T5 V—H} maspisaercs
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cs1abbIM pelleHreM HadaabHO-KpaeBoil 3agadn (1)—(4), ecam mast Beex
¢ € V! npu outn Beex t € (0,T) oHa yI0BIETBOPSIET PABEHCTBY

W, ) — /Q Z V;V; gﬁj dr + 2/9;1([2(1)))5(1)) 1 E(p) dz+

i,j=1
7 ! o . B
it ([ = e s o) dse0) = (i),

u HadaJgbHOMY yciaoBuio (4). 31ech z(v) — peryJisipHbIi JIarpaHKeBbIi
IOTOK, IIOPOZK/JIEHHBIN 0.

Teopema 1. Ilycmo f € Lo(0,T; VL), vg € V0. Toeda mananvro—
kpaesasn 3adaua (1)—(4) umeem zoms 6w, 00no caaboe pewenue v € Wi.

VccnenoBanue BBLINOJHEHO 3a cyYeT IpaHTa PoccHilcKoro HaydHOro
donma Ne 21-71-00038, https://rscf.ru/project/21-71-00038 /
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O CBOMCTBAX PEIIEHUN IIPSIMOW CUCTEMBI
KOJIMOTOPOBA " OILIEHKAX JIJI4
COOTBETCTBYIIOIIINX MAPKOBCKUX IIEIIEN C
HEIIPEPHLIBHBIM BPEMEHEM

3EM®MAH A.U.
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PaccmarpuBaercst (KoHedHasi i cyerHas) npsiMast cucrema Kosvo-
ropoBa, OIMUCHIBAIONIAS OBEACHUE BEPOATHOCTEH COCTOSTHUN J1JIs1 HEOHO-
POJHO MapKOBCKOI IEIM ¢ HEelPEPLIBHLIM BPEMEHEM. DTO — JIMHeiHas
cucreMa, UMEIOIas BUI,

® —awp. (1)
rae marpunia A(t) ¢ JokanbHO mHTErpupyeMbiMu Ha [0, 00) Ko3bbuIm-
eHTaMH CyIIECTBEHHO HEOTPHUIATEIBbHA, & CyMMa 3JIEMEHTOB 10 KasKI0-
My CTOJIOIy paBHa HYJIIO, B CJIydae CUETHONH CHCTEMbI J00aBJISIeTCS ele
YCJIOBHE OIPAHUYEHHOCTH: Sup; |a;i(t)| < oo mouru mpu Beex t > 0, ra-
pPaHTUPYIOIIee BOZMOXKHOCTD [IPUMEHEHNs Pe3ysIbTaToB u3 [3].

HaunGonee n3ydeHHbIM BJISIETCA CIydail MPONECCOB POXKICHUSA U I'H-
Gesin, nust Koropeix Marpuna A(t) — rpexauaronasnbhas. CooTBeTCTBY-
IOIIe OJIHOPOJIHbIE MPOIECCHl (TO ecTh cuTyalmsi, Korjga A He 3aBucur
OT BPEMEHH ) BO3HUKJIU BIIEPBbIE [IPU OIMCAHUY OMOJOTUIECKUX 33/1a4,
3aTeM 3a/1a4, CBA3aHHBIX C TEOPUeil MaccoBOro o6y KuBanusd, cM. [8, 1],
a MCCJIe/I0BaHUST HEABTOHOMHOI cucTeMbl (1) Jyisi KOHKPETHBIX MOJIesIeit
Hauauch B 1970-x rogax, cM., Hampumep, [2, 6, 7|, 1 akTHBHO 1IPOIOJI-
JKaTCs U cefivac, M. [4, 5.

JIJ1st TIOCTPOEHNUST M ONEHUBAHUS MPEIEIbHBIX XapAKTePUCTUK OIHChHI-
BaEeMbIX MOJIEJIell OCHOBHOI HMHTEpEeC NIPEJCTABIAIOT OINEHKH CKOPOCTH
CXOIMMOCTH, YCTONIMBOCTH, MOIPENTHOCTH, MOIYYaeMO IIPU aIlllPOKCH-
MalUsIX C IIOMOIIBIO ycedeHHil (cucTeMaMy MeHbIIeli Pa3MepPHOCTH ).

IIpumensieMbIii OAXOJ, OCHOBaAH Ha HECKOJBKHX CIICIMUATbHBIX Ipe-
obpasoBanusix cucreMbl (1), a 3areM wuccaeoBaHUE IPeOOPA30BAH-
HOIl CHUCTEMBI B COOTBETCTBYIOIIMM 00Opa3oM II0J0OpaHHBIX "Beco-
BBIX ' TIPOCTpAHCTBAaX MTOC/IEI0BATEIBHOCTEN.

B nmokmnane 6ymayT chopMyinpoBaHbl OCHOBHbIE TIOHATUS U PE3YJIbTa-
THI, onupatorecst Ha pesyiabrarst [10, 11, 12|, a Takke paccMOTpPEHBI
HEKOTODPBIE UX PACIIUPEeHUs Ha CJydail 6ojiee oOIIero mpocTpaHcTBa Co-
crostauii, cm.[9].
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PEIIIEHUE ITOJIYTPAHUYHOM 3AJJAYUN JIJISI
JAECKPUIITOPHOI'O YPABHEHUNA B HYACTHBIX
ITPOU3BOJHBIX

3YBOBA C.I1.1, MOXAMA/I A.X.2, PAEIIKASI E.B.3

PaccmarpuBaercs ypaBHenue

ou ou

rie A : E1 — Fo, F1, E5 — 6aHaxoBbl IPOCTpaHCTBA; A — JTHHEHBIH

3aMKHYTBII (DperojibMOB OllepaTop ¢ HyJieBbIM uHjekcoM, dom A = Fy;
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B € L(E) — Ey), AB™Y (t,2) e Tx X, T =1[0,t], X =[0,21]; f(¢,2)
— 3aJIaHHas JOCTATOYHO IUIaIKas BEKTOP-(PYHKIUS CO 3HAUCHUAMU B Fo;
u = u(t, r) nckomasi BeKTOP-yHKIIUSI.

ITox  pemennem  ypaBuenusi (1)  moHMMaeTcss — BEKTOp-
dyskmus v = wu(t,x) € dom A, menpepbiBHO guddepeHIpyemast
1o t u x, ynosiersopsitonias (1) nupu Beex (¢, x) € T x X.

Uiercst perenue ypasaenus (1) ¢ ycioBusimu

uw(0,z) = ¢(x), ze€X; u(t0)=y(), teT, (2)

rae ¢(z), ¥(x) — 3amaHHBle JOCTATOYHO IVIaJIKHe BEKTOP-(DYHKIUHA CO
3HaYEeHUSIMU B Fy.

PaccmarpuBaeTcs perysspHblii ciaydail, To ectb mydok A — AB 06-
paruv mpu A € U(0)(C. Ussecrno [1], uto Ay = (A — AB)"'A:
dom A — FE; mMeer uncio 0 HOPMAJIBHLIM COOCTBCHHBIM YHCJIOM, TO
€CTh IMeeT MECTO pasjoxkenne K1 B IPAMYIO CyMMY

ElZM@Na (3)

rie M umBapmanTHO oTHOCHUTEeNbHO A\ M Takoe, uTo cyxenne Ay ore-
paropa Ay na M obparumo; N — KOPHEBOE IOIIPOCTPAHCTBO jijist Ay,
N = lin {v1,v2, ... vp}, vae {v;} — B—rKOpAaHOBa IENOYKA IPHCOEIN-
HEHHBIX 3JIEMEHTOB Jjis1 A, OTBeUAroIast HyJIEeBOMY COOCTBEHHOMY THCILY,
p — nopsiyiok nosttoca oneparopa (A — AB) B okpectrocTH TOUkH A = 0.

Ypasuenue (1) paciienuisiercss Ha ypaBHEHUsSI B IOJIIPOCTPAHCTBAX
M u N. B M »sro muddepeHinaibHoe ypaBHEHHE IO BbIIEJ/ICH-
Hoit mepemenHo#t t, B N 310 auddepeHmaabHoe ypaBHEHHE IO
BBIIEJIEHHON TmepeMenHoit x. VM omHO ajreOpamvecKoe COOTHOIIEHNE
u(t,z) = Qu(t,z) + Pu(t,x), tne @ u P — npoekropsl Ha M u N.
B srom cmbicsie ypasaenue (1) — nuddepennuaibao-aaredbpanieckoe.

It perenust 3amauu (1), (2) Tpebyercs BBIOJHEHHE HEKOTOPOIO
ycsioBust corytacoBanust Jyist p(x) u (t).

Teopema 1. Ilpu anasumuueckotl sexmop-dpymnxuyuu o(z), Jupdepen-
yupyemotls p pas sexkmop-pynrkyuu Y(t) u 6vNOAHENUL YCAOBUA CORAACO-
sanua das o(x) u P(t) pewenue u(t, ) sadauu (1), (2) cywecmeyem u
eduncmeento.

[Mosyuensr hopmyiibt jist nocrpoerust u(t, ).
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CTPATETU A ITETPOBCKOTIO - JIAHANCA
NJIBAIIEHKO 1O.C.

Crparerus [lerpoBckoro - Jlamanca MokeT OBITH B IPUHITAIE IIPUMeE-
HEHa K JIIOOBIM KOMILIEKCHBIM IMOJMHOMHUAJILHBIM JIUHAMIYIECKAM CHCTE-
MaM. Ecin creneHn MHOTOYIEHOB, 3a/Ia0MNX CHCTEMY, HE IIPEBOCXOIST
d, pocTpaHcTBO K03MPUImeHToB KonednoMepuo. CTparerust MpucIo-
cobJieHa Jjist TOro, 9To0bI TOKA3bIBATD, 9TO HEKOTOPOE CBOMCTBO HE MO-
JKeT OBITH JIOKAJIBHO TUIIMIHBIM B IIpOCTpaHcTBe KoaddurimenTos. Ipes-
MOJIOYKIM, UTO “HerKeaTeabHOe” CBONCTBO BBIMOJHSIETCS B HEKOTOPOM
00/IaCTH TIPOCTPAHCTBA KO3(D(DUITNEHTOB.

IIIar 1. Teopema o coxpanenun. Ecan “HerxkenareabHOe” CBONCTBO BbI-
[TOJIHSIETCST B HEKOTOPOU 06JIaCTH IMPOCTPAHCTBA KOI(PMUIUEHTOB, TO €10
MOYKHO “a@HAJIITUIECKH ITPOIOIKUTE B JIIOOYIO 00JIACTb 3TOTO IIPOCTPAH-
CTBa.

IITar 2. BergenmuTs B mpocTpaHcTBe K03 OUIHNEHTOB 0071aCTh, COCTO-
ANYI0 U3 JIETKO UCCJIEIYEeMbIX CUCTEM, JIjisi KOTOPBLIX ‘HeXKeJiaTebHoe”
CBOMCTBO 3aBEJIOMO HE BBIIIOJHAETCS.

IIporuBopeune Mexmy 1marom 1 u Imarom 2 JOKa3bIBAeT, U9TO ‘HEeXKe-
JlaTesibHOe” CBOMCTBO HE MOXKET BBIMIOJHATHLCS JIJI BCEX yPABHEHUN U3
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KaKoit ObI TO HU OBLIO, CKOJIb YTOMHO MaJjIoi, 00JIaCTH TPOCTPAHCTBA, KO-
3 HUIUEHTOB. DTy CTPATErHIO yIAJ0Ch OCYIIECTBUTH I ITOJUHOMU-
AJIbHBIX aBTOMOD(MHU3MOB KOMILIEKCHOH Iutockoctu. Jlokasano [1], uro
ITOYTH BCE TAKHE aBTOMOP(MU3MBI HE MMEOT TOMOKIUHUIECKIX KACAHUI
U TI09TOMY yA0BJIeTBOPstOT TeopeMe Kynku - Cwmeita.

Crparerust Ilerposckoro - Jlanauca Bocxoaur K padoram 50-X rozos,
IJie aBTOPBI IBITAJIUCH permuTh 16 mpobiemy ['mabbepra 1jist mpesesnib-
HBIX TUKJI0B. K 9T0i1 paboTe BOCXOAUT He pelleHHast 10 CUX Iop Ipode-
Ma, COXPaHEHUs: MOYKHO JIM aHAJUTHIECKH MPOJOJIKUTH KOMILJIEKCHBIH
[PEJIEJIbHBIN [UKJI TTOJUHOMHUAJBHOIO BEKTOPHOIO TOJIsi CTEIEeHU 71 Ha
IIOCKOCTH Ha BCE IPOCTPAHCTBO TAKUX IOJIEH? DTa »KIyde WHTepecHast
pobJjIeMa JI0 CHX IIOP KJIET CBOEr0 PEIICHUSI.

Cnucok Jureparyphl
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PEIIIEHUE CMEIITAHHOM 3AJAYY AJ19 BOJTHOBOT'O
YPABHEHUWS HA TPA®E METOJ0M JTAJIAMBEPA

KAWBIPBEK K.A.

[TycTs m-bukcnpoBaHHoe HATYPAJIbHOE YHCII0. PaccMoTpuM cMerian-
HYIO 38189y JJIsl CHCTEMbI BOJIHOBBIX ypPaBHEHMUI

2 2

0 um—i—l(xm—i-lyt) . 0 um—&-l(mm—&—lat)

2 2
ot 0z, 4
O Uy (T ) B U (T, t)
ot? o2,

=0,0 < Zmy1 < bpy1,t >0,

=0,0 <z < bp,t >0,

8211,1(:111 t) (9211,1(1171 t)
L — - =0,0< 1z <by,t >0,
ot? 0z?
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¢ ycaoBusiMu Buja (a)

Um+1(1,t) = u1(0,t) = un(0,1)

2
8um+1(1,t) _ 8U1(0,t) L+ M’t >0 ( )

0T 41 0x1 0T
u ycsosusimu Buia (b)
Um+1(0,t) = 0,u1(1,t) =0, .., upm(1,t) =0, > 0, (3)
a TakyKe HAYAJbHBIMU yCIOBIME

Um41(Tm11,0) = @mi1(Tm+1),0 < Trng1 < bingt,

0
aum—f—l(«rm—f—lao) = ¢m+1(xm+1)70 < Tm+1 < bm-‘,—ly

Um(xnuo) = SOm(-%'m),O < Ty < by,

0
gum(xm,O) = Om(Tm),0 < T < by, (4)

Corutacuo pesyibraram pabors [1] 3amada (1), (2), (3), (4) MoxkeT ObITH
UHTEPIPETUPOBAHA, KaK CMeIlaHHas 3ajada JIJIsi BOJTHOBOIO YPABHEHUS
Ha rpadye-3Be3Je.

B noknazne dpopmyna Janambepa agantupoBana Jijisi CMEIIAHHON 3818491
(1)- (4). IlpuBeeHb! MILTIOCTPATUBHBIE IPUMEDBI PACIIPOCTPAHEHUST BOJIH
¢ MAaJIBIMF HOCHUTEJISIME BJIOJIb Tpada-3Be3/1bl.

Pabora Bormostaena coBmectro ¢ B.E. KanryxuabiM u ipu puHAHCO-
Boit mogmepkke Komurera Hayku MOH PK rpant NeAP 08855402 "Kpa-
eBble 3aJa9r JJIst cucteM uddepeHnalIbHbIX ypaBHEHUT Ha TeOMEeTPH-
Jeckux rpadax M MX NPUMEHEHHs! DU pacderax COeIMHEHUI YIpyrux
TOHKHUX CcTepxKHeil ".

Criucok JurepaTypbl

[1] Kanguzhin B FE,Zhapsarbaeva L. K, Madibaiuly Zh. Lagrange formula for
differential operators and self-adjoint restrictions of the maximal operator on a
tree. Eurasian mathematical journal, 2019.
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Kazaxckuit HanmoHabHbIN yHUBEpcuTeT nMenn ajab—Papadbu, Uucturyt
MAaTEMATUKHA U MaTEeMaTUIeCKOTO MOJieInpoBanus. KazaxcraH.
Email: kaiyrbek.zhalgas@gmail.com

KPUTEPUII MUTHNIMAJIbBHOCTHU OIIEPATOPA
JIATIJTIACA

KAJIbBMEHOB T.II.', KAXAPMAH H.?2

[Mycrs 2 C R™ xoneunasi obyacTh ¢ riajkoit rpanureit 0§). Yepes
Ap— obosnaunm 3ambikanue B Lo(2) oneparopa Jlamnaca

Au= f(z), =xe€q. (1)

Ha moaMHoKecTe byHkmEn u € C2H(Q), u‘x con = % S
8%— HOpMaJIbHasl IPOU3BOJAHAs, a 4depe3 Aj— conpsikeHHbI B Lo(2)
omeparop K Ag.

Oneparop Ag— Haz0BeM MUHHMAaJBbHBIM oreparopoM Jlamnaca A, a
Aj— MaKcHMaJIbHBIM onepaTopa A.

B pabore maiimena HeEOOXOAWMOE U JOCTATOYHOE YCJIOBHUSI Ha

f € La(Q2), nyist KOTOPBIX

=0, re

Agu = f(x), (2)

CYIIECTBYET peIleHne, T.e. JaeTCId KPUTepuil 00paTuMOCTH MUHUMAJIHLHO-

ro oneparopa Ag B Ly(2). 113 sT0r0 Kpurepus B ciaydae R? onpenensiercst

IPOUBBOIAIIAA PYHKINS JJIsT IBYMEPHDBIX TAPMOHUYIECKAX (DYHKITUN.

Pabora sermosinena npu nogaepkke MOH PK, rpanr AP09260126.

'Nucruryr MaTtemaruku u MaremaTmaeckoro Mogeauposanns, AIMaTL,
Kaszaxcran. Email: kalmenov.t@mail.ru

2Uucturyt Matemaruku u Maremarmaeckoro Momeaunposannst, AlMarsl,
Kazaxcran. Email: n.kakharman@math.kz

OB OBPATHBIX 3AIJAYAX OIIPEAEJIEHIN A
KO PUITMEHTA IIOIJVIOIITEHN S B
BBIPO2K JAIOININXCA ITAPABOJIMYECKUX
YPABHEHUAX ITPN YCJIOBANM MHTET'PAJIBHOT'O
HABJIFOJEHN A

KAMBIHUH B.JI.
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M3y4aercs: 0lHO3HAYHAA Pa3pPeIIIMOCTh 0OpaTHOl 3a1a4n B IIPSIMO-
yrosbauke Q = [0, 7] x [0,(] mis napaboindeckoro ypaBHeHuUsI

p(t, x)ur — ugy + b(t, 2)uy + c(t, z)u + y(z)u = f(t,x), (1)
C KPaeBbIMH yCJIOBHSIMHE
U(O, IE) = UO(:L')v u(t7 0) = ,Ul(t)7 u(ta l) = .U2(t)7 (2)

1 JOIIOJIHUTEJIbHBIM YCJIOBUEM HMHTETPDaJIbHOI'O Ha6JIIO,IL€HI/IH
T

/ ut, 2)x(t) dt = (), 3)
0

a TaKKe OJIHO3HAYHAsI PA3PEIINMOCTh OOPATHON 3aa4un Jjisi TapaboJim-
YEeCKOr'0 ypaBHEHUS

up — a(x)Ugy + b(z)uy + c(t, x)u + y(z)u = f(t,x), (4)
¢ yeaosusivi (2),(3). B paccmarpuBaeMbix 3a/1adax HEM3BECTHOI SIBJISIET-
cs mapa {u(t, z),y(x)}, dyukus y(x) — HeoTpuIATEIbHA U OTPAHIICHA.

Ypasuenus (1) u (4) npeamosaraioTcst BIPOZK TAIOIIMUICS:
B ypasHenun (1) mpejmosiaraercs, 9To

0<p(t,x) <p1, 1/p € Ly(Q),q> 1, (5)
a B ypaBHeHnu (4) Ipenosiaraercsi, 9ro
0 <a(z) <ai, /a1 € Ly((0,1),q > 1. (6)

Jutst obenx 3a1a9 yCTaHOBJEHBI JOCTATOYHBIE YCIOBHSI, 00ECIIETNBAT0-
e CyIECTBOBAHNE U e TMHCTBEHHOCTDL perterus. [[puBeiensr npumMepst,
HJIA KOTOprX IIpI/HVleHI/Il\/H)I JOKa3aHHbIe TeOpeMbI.

Panee B paborax [1,2] 6bl1a ycTaHOB/IEHA OJJHO3HAUHASI PA3PEIIUMOCTD
0o0paTHBIX 3aJ1a4 OIpeJe/ieHnsT KO3(MDPUIMEHTa, MOIJIOIMIEHNST B CUJIBHO
BBIPOXKIAIOIINXCS HAPabOJIMIECKUX YPABHEHUSAX IIPU JIOIOJIHUTEIHLHOM
YCJIOBUU UHTEIPAJIHLHOTO HAOJIIOIEHUS BUIA

l

[ utt,a)ta) do = o(0),
0

a B paborax [3,4] upu ycioBun nnrerpasbaoro Habsoenus (3) Gblia uc-
CJIeJIOBaHA OMHO3HAYHAS PA3PENINMOCTb OOPATHBIX 3a/1a9 OIPEICICHUS
HEU3BECTHON MPaBOil YacTU B MapaboInIecKUX YPABHEHUAX C YCJIOBUSIMU

caiaboro Beipoxenust (5) u (6).
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WNccnemoBanne BBITOTHEHO TpH MOoAmep:kKe [IporpaMMbl MOBBIITEHMST
koukypeuTaocrmocoonoctu HUAY MUDU, npoext Ne 02.a03.21.0005 ot
27.08.2013.
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Hauumonanbublil uccienoBarebekuil syepublii yausepcurer "MUOU Poccus.
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O CHEKTPE JEJBTAOBPA3HBLIX BO3MVIIIEHUNI
OITEPATOPA JIAIILJIACA

KAHT'Y?KIH B.E.

B rusib6eproBom npocrpancTse H co cKasipHBIM NPOU3BeJAeHnEM (., .)
1 HOPMOIi || - ||p paccMOTpuM 3aMKHYTBIN JMHEHHBINH onepaTtop B ¢ 06-
nacreio oupenesenns D(B) mwiorustii 8 H. Cunraem, 4ro

KerB # 0, Ran(B) = H,dimKerB = m < .

Ha o6acru onpezenenns D(B) 3ajaaum J0N0THUTEIbHY O HOPMY || - |1
u 3ambikarue D(B) 1o sroit Hopme obosHaunm depe3 W. Cuuraem, 4ro
JIonoJIHITEIbHAsE HopMa || - ||1 cubree uexoauoit HOpMEL || - ||o, TO ecThb
BhIosTHsIeTcst HepaBeHCTBO || z ||o< C' || = ||1. [lonsTHO, YTO BBIIOIHEHO
Bioxenne W C H. B conpstizkennom ripoctpanctse W* BoibepeM cucremy

13 m JINHEITHO He3aBUCUMBIX PYHKIIMOHAJIOB U1, ..., U,,. Torma naiimercs
eJINHCTBEHHAs] CUCTEMA, 9JIEMEHTOB {1, ..., o } 13 KerB, nogunHennas
YCJIOBUASM

(Ut; (p7«> = (5tz,t,z = 1,2, ey
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rie (Ug; @ )- 03Ha"aer 3Hauenne pyHKIpoHasa Uy Ha 9JIeMeHTe @y, 1 Oy~
cumBos1 Kponekepa.

[Tycts Ag-obparumoe cyxenue oneparopa B. Oneparop A, onpeeanm
o ¢popmysie Au = Bu Ha 006J1acTH OIpee/IeHnsT

DA)={ueD(B):u=A"f =Y o Us(Ag'f),Vf € H}.
s=1
Teopema 1. Onepamop A- obpamumwviiti onepamop, npuiem

A=A =D s Us(Ag f). VS € H. (1)

s=1

Sameuvanue 1. Teopema 1 yTBep:K €T, ITO I HOCTPOSHUS OOPATUMOLO
cyx)ennst A omeparopa B, KpoMme (PUKCHPOBAHHOI'O OOPATUMOTO CyKe-
HUS JOCTATOYHO 3a/1aTh HAOOP JIMHEHHO HE3aBUCUMBIX (DYHKITHOHAIOB

(U1, ... Up} w3 W*.

Teopema 2. Pesoaveernma (A — p)~! onepamopa A umeem caedyrowee
npedcmasaerue
A=) f=Bo—w) ' f =D AN =) s - Us((A =) 71 f). (2)

s=1

Sameuanue 2. Teopema 2 yTBepKIaer, YTOObI 3HATH 3HAYEHUE PE30JIb-
sente! (A — ) ~! ma npomssosbHOM 31eMenTe f s H jocTaTodHO HANTH
sHavenue pe3osbeenThl (A — 1)~ Ha amemenTax @1, ..., .

Teopema 3. Pesoaveerma (A — pl)~! onepamopa A mosicem Goimov 6vi-
Yucaena no popmyae

ndetH (p; f)

A=pD)™f = Bo=pD) = @xUs((Ro=n) NH ()" 5050 S
s=1

20e mampuyoe D(p) w H(p; f) s3adaromes no cneyuaivhoim Gopmyaam.

B nokgame obcyKmaroTcst TeOpeMBI O CIIeKTpe oreparopa A B cirydae
CHUHTYJISIPHBIX BO3MYyIIeHuil orneparopa Jlamnaca.

Pabora BoinmosiHena npu duHaHCOBOM mojiepkke Komurera HayKu
MOH PK rpantr NeAP 08855402 "Kpaesbie 3amauun st cucreM audde-
PEHIMAJILHBIX YPABHEHN Ha PeOMETPUYIECKUX Ipadax U UX NPUMEHEHUsI
[IpU pacuerax COeJUHEHUN yIpyrux TOHKUX crep:KHeit ".
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Kazaxckuit HanmoHabHbIN yHUBEpcuTeT nMenn ajab—Papadbu, Uucturyt
MAaTEMATUKHA U MATEeMaTUIeCKOr0 MoJieinpoBanus, Kazaxcram.
Email: kanguzhinb3@gmail.com

O EANMHCTBEHHOCTU BOCCTAHOBJIEHUM A
OBJIACTU OIIPEAEJIEHN A BOSMYIITEHHOI'O
OITEPATOPA JIAIIJIACA

KAHI'V>KUH B.E.!, AKAHBAI E.H.2, KAUBIPBEK »K.3

B pabore jmaHO KOpPpeKTHOe ollpejieieHre (pOpMaIbLHOIO OIepaTopa
Jlamnaca ¢ jilesbraobpa3HbIM Bo3MyieHueM. st 3a/1anms 001acT onpe-
JIeJIEHUsT YKA3aHHOTO OIEPATOpa MCIOJb30BAHBI MIPEJIEIbHBIE 3HAUCHUS
MIOTEHITUAJIOB TIPOCTBIX U JBOWHOTO cJyioeB. JlokazaHo, UTO 1m0 HaAOOPY
CIIEKTPOB HEKOTOPBIX ITAJOHHBIX OIIEPATOPOB MOXKHO OJHO3HAYTHO BOC-
CTAHOBUTH TI'DAHUYHBIE IJIOTHOCTU IOTEHIMAJIOB IPOCTBIX U JBOHHOIO
CJIOEB.

1. ITocranoBka 3amaun. [lycrs €2 — d-mepublit emuaIYIHbIN map. To-
ria ussecrer |1, 2| Bug dynkuun ['puna 3agaqn dupuxie B € 1jist ore-
paropa Jlamnaca. s 20 € Q Beegem Bg — map paJjuyyca € ¢ IeHTPOM
B Y. JomycTumbivu dbynkmusayu h(z) cautaem GyHKINT, 06,13, aI0MIHe

cpoitcteavm: 1. h(z) € W2(Q\ BY), Ve > 0. 2. hlpg = 0. 3. Cyme-

CTBYIOT KOHeuHbIe mpefensl Ys(h), s = 0,...,d. Hanee, nysi dyHKImm
h(zx) BBemeM DYHKIMOHAIBI B BUJE [IPE/ICbHBIX 3HAYCHUI [TOTEHIINATIOB
MPOCTBIX U ABOWHOTO cj0eB py s = 1,...,d :
. (ts — xo)
To(h) =~ lim / GordSe () = dlim [ Gthyas,
8BY aB?

Ijie V4 — BHEIIHSs HopMaJb B Touke t kK OBY.

Iycrs W3 (Q\ {2°}) xnace gomycrivprx byuaxiun h(z) ¢ HeKOTOpbIM
JlomoTHATENBHBIM cBOlCTBOM. [lasee pacemorpum oneparop L : W3 (Q\
{2%}) — La(Q), tne Lu=Au(z) mpu = € Q\ {z°}, u nycrs obnactn
oIpeiesieHns oneparopa L ecTsb

D(L) = {u e W2, (Q\ {«}) : /53 S, s =0.1....d),

rje Bs(t) — durcupoBanHblil HAOOpP QYHKIMIT ONPE/IEIEHHBIX Ha OKPY K-
noctu Of).
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2. OcHoBHasi yactb. B pabore 1] gokasano, aro oneparop L obpa-
tuM. Hamu ObLI0 HaliJIeHO pellieHre OlrepaToOpHOro ypasHuenust Lu = f u
JIOKa3aHa

Teopema 1. Obaacms onpedeaerus onepamopa L mooicto 3anucams 6
sude

D(L) = {ue W (Q\{2"}) : Vi(u) =0, s=0,1,...,d}

¢ HeKkomopum  wabopom  eapmonuveckur 6  §) Pyrryul

{Ks(&),s=0,1,...,d}.

O6parHas 3aja4a 3aK/II09aeTCsl B BOCCTAHOBJIEHUU TPAHUIHBIX (DYHK-
i {K(§), s = 0,1,...,d} mo HekoTopomy HabOpY CIEKTPOB Olepa-
Topa L U JIONOJIHUTE/IbHBIX, TaK HA3BIBAEMBIX TAJOHHBIX OIEPaTOPOB.
Husgm € {0,1,...,d} BBesieM sTajioHHBIH onepaTop L, : W22,,Y (Q\ {z°})
— Lo(Q), Lypyu = Au(z) nmpu x € Q\ {2°} ¢ obmactsio onpenenenns
D(Ly) = {u € W3 (Q\ {z°}) : Vi(u) =0, 5 = 0,1,...,m, vs(u) = 0,
s=m+1,...,d}. Oueparop tuna L,, ¢ TeM XkKe JeficTBreM, HO C JAPYIH-
MU TPAHUYHBIMU (DYHKIIASIMHA {I? s(€), s=0,1,...,d} obozHaunM uepes
L.

Teopema 2. [Iycmv namypaavhoe wucao m € {0,1,...,d}. pednoso-
aHCUM, WMO cneKmpo. onepamopos Ly, 1 u Ly, ne nepecexaromea. Iycmo
cnexkmput onepamopos L, u Ly, cosnadatom.

Tozda, ecau Ko(&)=K(€), s=0,1,...m — 1 6 Ly(Q), mo
Kon(€)=En(€) 6 La(2).

Crcok JuTepaTypbl
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OBIIIME PEIIEHN Y BOJIHOBBIX YPABHEHUII C
ITEPEMEHHBIMU KO®PUIINMEHTAMUN

KAIIIIOB O.B.

HoﬂyqubI O6H_H/Ie pernienusd JIJIsl HEKOTOPBIX KJIaCCOB JINHEHHBIX BOJI-
HOBBIX YPaBHEHUI C IepeMeHHbIMU Kodddunmentamu. Takue ypaBHe-
HU4 OIIUCBIBAKOT KOHe6aHI/IH CTep)KHeﬁ, aKyCTHY€CKHue BOJIHBI, a TaKXKe
K HUM CBOJSITCSI HEKOTOPBIE MOJEIN ra3oBoil auHamMuku. st mocTpo-
eHHsI OOIUX PeIeHnil NCIOIb3YI0TCs ClIeaIbHbBIE THIIBI IIPeodpa3oBa-
Huit Ditsepa-/lapby — npeobpaszopanusi Tuia JleBu. I1u npeobpasoBaHust
IIPEJICTABJISIIOT cobOoM udpepeHInabHbIE OICTAHOBKY IIEPBOI0 TOPSII-
ka. Jlj1st mocTpoennst KaxkJioro npeobpasoBaHusi HEOOXOIUMO PeIaTh JIBa
JINHEHHBIX OOBIKHOBEHHBIX (D (DepPEHITNAIBHBIX YPABHEHUSI BTOPOI'O 110~
psifka. PereHust OqHOTNO U3 3TUX ypaBHEHWI HAXOMSATCS W3 PEIICHMUI
JIPYTOro ¢ IOMOIIBIO i depeHITuaTbHOM TOJACTAHOBKU U (hopMyIIbl JIu-
yBwLIst. B 061eM citydae perars 9Tu 0ObIKHOBEHHBIE JindbepeHInaib-
Hble ypaBHeHus He TpocTo. OJHAKO MOYXKHO YKa3aTh HEKOTOPYIO hOpMYy-
JIy cylepro3unuu npeobpazopanuii Tua, Jlesu.

CrapTtysi ¢ KJIACCHYECKOT'O BOJIHOBOI'O YPABHEHUS C MOCTOSHHBIME KO-
s durmeHTaMu 1 UCIOJb3ys HailJleHHbIe TPe00PA30BAHMS, MOXKHO CTPO-
UTh OECKOHEUHBIE CEPUU yPaBHEHU, 00J1aJaf0NIX ABHBIMEI OOIINMHI Pe-
menumu. C momMorbio MeToga MaTBeeBa MOy YeHbl IPeie/IbHbIe (DOPMBI
UTEPUPOBAHHBIX IIpeoOpazoBanumii. [IpuBosiTCs Psiji KOHKPETHBIX ITPUME-
POB ypaBHEHU! 00JIa/IAI0IINX OOIIUME PEIIECHUSMU.

Pabora nmognep:kana KpacHostpckuM MaTeMaTHIeCKIM IIEHTPOM, du-
naucupyeMbiM Munobpaayku PO B paMKax MepoOnpusSITHil 110 CO3IAHUIO
u pazsuruio perunonasbubix HOMIL (Cornamenune 075-02-2020-1631).
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O 3AJTIAYE CTE®AHA OJId
MATHUTOTIMIPOANHAMUMYECKOM CPE/BI C
PEOJIOTUYECKUM 3AKOHOM
O.A. JIAJBI2KEHCKON

KNCATOB M.A.

Pabora mocsinena TeopeMe CyniecTBOBAHUS €IMHCTBEHHOIO KJIACCHU-
yeckoro pernenns 3agadu Credana, BO3HUKAOIIEH TP U3yYEeHUU Mar-
HUTOTUIPOIMHAMITYECKOTO TTOTPAHUTHOTO CJIOA B BA3KOM Cpejie C MHHEK-
nueit MOIMMUIIMPOBAHHON cpefbl ¢ peosiormdeckuM 3akonom O. A. Jla-
IIBLI2KEHCKOI.

Pabora Bermosinena npu nojepkke PHO, rpant 20-11-20272.
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SQJUINIITNYECKHWE U ITAPABOJIMYECKUE
YPABHEHN{ C MTHBOJIIOIIVEN

KO>KAHOB A.U.

Omnpeneniennast Ha HEKOTOPOM YHCIOBOM MHOXKecTBe E dyHKIwms ¢(x)
Ha3bIBAETCsI WHBOJIIOINEN Ha 9TOM MHOXKECTBE, €Ciu pnu T € F BBIIOJI-
usterest (p(x)) = x. duddepennnaapaple ypaBHEHNsT ¢ WHBOJIONUEH
B HEM3BECTHOM PEIIeHWH AKTUBHO HU3YyYAIOTCS B IOCJEIHEE BpeMsi, HO
IIPH 9TOM HCIOJIBL3YyEeTCI B OCHOBHOM METOJ[ pa3jeeHns MePEeMEHHbIX,
U PacCMaTPUBAIOTCI yPaBHEHUdA C IIPOCTEHIIeN JIMHEHON MHBOJIIOIUE.
B macrosimmem mokjage OyyT m3garaTbCst Pe3yIbTaThl O PA3PEIImMOCTH
€CTECTBEHHBIX KPAEBbIX 3aJ1a4 JIjIsd HEKOTOPBIX KJIACCOB SJLIUITUYECKUAX
1 apaboIMIecKnX YPaBHEHU BTOPOTO MOPSIIKa C IEpeMeHHBIMEI KO-
durmenTaMu 1 MHBOJIIONKEH OOITHTO Buga. Kpome Toro, OyayT n3y<ueHbl
HEKOTOPBIE C/IyYad yPABHEHUI ¢ BBIPOXKIEHUEM U OOIell MHBOJIIOIHUE.

YTouHuM, 4TO HAIIEH IEJIBIO SABJISIETCS JTOKA3ATEILCTBO CYIIECTBOBA~
HUsI U e JMHCTBEHHOCTHU PETYJISPHBIX PEIeHN — PeleHnit, UMEOIX BCe
obobmrennbie 110 C.JI. CobosieBy Npou3BoOAHbIE, BXOIAIINE B COOTBETCTBY-

Iolllee ypaBHEHUE.
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PesynbraTsl, mpencraBieHabe B TOKIaE, MOJYIEHBI B COTPY/IHIIE-
ctBe ¢ O.M. Bxkeymuxosoii.
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CBOMCTBA PEIIIEHUN HEJIMHENHBIX
SJIJINIITUYECKNX YPABHEHUM C L,-JAHHBIMU B
HEOTPAHUYEHHDBIX OBJIACTAX

KOXKEBHUKOBA JI.M.!, KAIITHNKOBA A.II.2

B neorpanunuennoii obactu @ C R" = {x = (x1,...,2,)}, n > 2,
paccMarpuBaercs 3ajgada Jlupuxire

—diva(x, Vu) + M'(x,u) + b(x,u) = p, p€ L1(Q), x€Q, (1)

u

=0 2)

Baecs dyuknum a(x,s) = (ai(x,8),...,a,(x,8)) : @ xXR™ — R"™ b(x, s¢) :
QA xR — R, umeror poct, omnpemeisieMblit 0bobmeHHo# N-dyHKInei
M (x, z), KoTopas He 0bsi3aHA YIAOBIETBOPATH Ag-yCIOBHIO.

I. Chlebicka B pabore|l| qyst ypaBHeHmst

—diva(x,Vu) =pu, x€QQ, (3)

PU  HEKOTOPBIX YCIOBUSIX PeryaspHocTH Ha ¢yHKnuio Mysuniaka-
Opmmaa M (x,z) B caydae obimeit Mepbl (1 JOKa3aaa CyIIeCTBOBAHEE, a
B ciaydae jauddy3HOH MEPBI (1 U eJINHCTBEHHOCTb PEHOPMAaJIM30BAHHOIO
perrennst 3aga4an Jdupuxie (3), (2).

Ecmun  dyukmus Mysunaka-Opanga M we ymosmeTBopsieT  Ao-
YCJIOBUIO, TO COOTBETCTBYIOIIEe mpocTpancTBo Mysuika-Opiinda He siB-
JisieTcst pebJIEKCUBHBIM 1 PACCMaTpUBaeMasi 3a/1a9a 3HAUUTETbHO YCI0K-
Hstercst. OOBITHO, ecjIM OrpaHUYeHnit Ha pocT 0000meHHO! N-QyHKIINT
M (x, z) He Tpebyercsi, TO HPEAIOIaraeTcsi, YT0 OHA MOAUUHSIETCsI yCIIO-
BUIO lOog-resibepOBCKO#l HENPEPBIBHOCTH IO IHEpeMeHHOH X € ), 4To
IPUBOJUT K XOPOHINM aIIIIPOKCUMaIIMOHHBIM CBOMiCTBaM IIPpOCTpaHCTBa
Myswuiaka-OpJnua.

B pabore [2] mokazaHO CyliecTBOBaHHE DPEHOPMAJIM30BAHHOIO DeIlle-
Hust 3aa9u (3), (2) ¢ p € L1(Q) u HeoHOPOAHON aHU30TPOIHON (BYHK-
nueit Mysuiaka-Opisinaa. B pabore [3| ycranoBieHsl cyiecTBoBaHue u
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€JIMHCTBEHHOCTb SHTPOIUITHOIO ¥ PEHOPMATM30BAHHOTO DEIeHuii 3a1a-
qu (3), (2) ¢ p € L1(Q2), mokasaHa nx 3KBHBAJEHTHOCTD B IIPOCTPAHCTBAX
Myswuraka-OpJnua.

Bce nponuTupoBaHHbIE BBIIIE PE3Y/ILTATHI TI0JIy Y€HbI B OTPAHUYEHHBIX
obsactax. st s/IMITHIecKux ypaBHEHUH ¢ HECTAHIAPTHBIMU yCIOBH-
SIMH POCTa ¥ JIAHHBIMU B BUjie Mepbl (1in L1-JaHHBIMU) PE3yJIbTAThI Cy-
[IECTBOBAHUs U €JIMHCTBEHHOCTU SHTPONUIHBIX U PEHOPMAJN30BAHHBIX
pellieHnii B IPOU3BOJIbHBIX HEOIDAHUYEHHBIX O0JIACTSIX YCTAHOBJIEHBI B
paborax [4] — [6] u ap. OHako, 115 ypaBHEHUH ¢ HEJIMHEHHOCTSIMHE, OTIPe-
nesisieMbivu byHkImsaMu Mysuinaka-Opiinda, TaKuX pe3ysibTaToB HeT.

TpyauocTb 06001IEHNsT Ha HEOIPAHUYEHHYIO 00JIACTH COCTOUT B TOM,
4TO B Hell He paboraer aHasior HepaBeHcTBa [lyankape-CobosieBa u Teo-
peMa 0 KOMIAKTHOCTHU BJIOxKeHus npocrpancTsa Mysunaka-Opinga-Co-
6osieBa. Pemmuth 1ipobjieMy aBTopaM ymajaoch OJaromapst 100aBIEHUIO B
ypasrenue (1) ciaaraemoro M'(X,u) u JONOJHUTEIBHOMY TPEGOBAHUIO
uarerpupyemoctu gyukrmu M (-, z) mo ).

Apropamu Hacrosieil paboTbl B mpocrpancTBax Mysuinaka-Opiuaa
JIOKA3aHO CYNIECTBOBAHUE SHTPOINUNHOIO PelleHnusl U yCTAHOBJIEHO, YTO
OHO SIBJISIETCsI PEHOPMAJIM30BAHHBIM pererreM 3aja4u (1), (2) B mpons-
BOJILHOI (B TOM dMCJIe M HEOIPAHUYEHHON) 06JacTh ), yI0BJIETBOPSIO-
el cerMeHTHOMY CBoO#cTBY. KpoMe ToOro, IMoJTydeHbl HEKOTOPBIE CBOii-
CTBa ¥ JIOKA3aHa €JIMHCTBEHHOCTH SHTPOIUNAHBIX U PEHOPMAJIM30BaAHHbBIX
perennit 3agaqn dupuxie (1), (2), a TakyKe ycTaHOBJICHA SKBHBAJICHT-
HOCTHb TaKWX PEIICHUMN.
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YN CJIEHHOE NCCJIEJOBAHUE OJHOM MOJEJIN
MATHUTOI'NMAPOINHAMMWKN

KOH/TIOKOB A.O.

Cucrema
1 1
(1—%A)vt:VAU—(U-V)U—;Vp—%ZXv—i——(be) X b,

i
V=0, Vb=0,
by = 0Ab+V X (v X b),
(1)
MOJCJIUPYeT  TeYeHHEe  HECXKHUMAEMON  BA3KOYNPYTOl  YKUJIKOCTH
Kenbeuna—Poiirra HyseBoro nopsiaka [1| B MarHuTHOM m0Je 3eM-
Jii. 371ech BEKTOP—(YHKIINA ¥ U b OIPeNesIsiioT CKOPOCTh YKUJKOCTH W
I/IHﬂyKHI/HO MarHUTHOI'O II0JIgA COOTBETCTBEHHO, P — I'MAPOJMHAMHNYICCKOE

JIaBJIEHUE, > — KO3(DPUIMEHT yIPYTOCTH KUIKOCTH, §2 = iv X v —

YIJIOBas CKOPOCTH BpAIEHUs KUJIKOCTH, V — omeparop [lamuibrona,
0 — MArHUTHAasi BSI3KOCTb KUJKOCTH, [ — MArHUTHAS [POHUIIAEMOCTH
2KUJIKOCTH, p — IJIOTHOCTD KUJIKOCTH.

PaccmorpuMm HavaibHO — KpaeByto 3aja4y st cucreMbl (1)

v(z,0) =vo(x), b(x,0)=bo(z), =€ D, @)
v(z,t) =0, b(xz,t) =0, (z,t) €D x R4.

rne D € R? — mummHaprdeckas 061acTh ¢ rpamuieii 0D kiracca C™.
Panee nagasibHO-KkpaeBas 3a1aua (1)-(2) upu » = 0 GbLia U3ydeHa B
[2]. TIpu > # 0 HaYaIbHO-KPAEBbIE 3a/a49K PA3IMIHBIX IIOPSAIKOB ObLIH
nccsieioBanbl B paborax [3, 4, 5|. B pamkax Teopun mostysMHeHBIX ypaB-
HeHUil cobosIeBCKOro THla [6] ObLIN JOKA3aHbI TEOPEMBI CYIIECTBOBAHUS
1 e JUHCTBCHHOCTHU pe]l[eHI/Iﬁ YKa3aHHbIX 3a/a4.
B pabore |7| onmncan BBIMHCINTE/BHBI SKCIEPUMEHT JIJIsi HAYAIBHO-

kpaesoii 3agaqan (1)-(2). dus ero ocymecrsienust Oblia IPOM3BEICHA
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juckperusanus (1)-(2) koneano—pasHocHbIM MeTogoM [8]. B pesysbrare
JIACKPETU3aINN HCXO/HAs HadaIbHO-KpaeBas 3ajada Ipeobpasyercs K
3ajade Kormmn yist cucreM OOBIKHOBEHHBIX HEJHHEHHBIX ypasHennii. Ta-
JIee JJIs LOJTyYeH st YUCACHHOIO PeleHnst 3a1a4u Koy uernop30Bansl
AJICOPUTMBI, OCHOBAHHBIC Ha SIBHBIX OJJHOIIATOBBIX CxeMax Tura Pynre—
KyTTsl [9] cenbMoro mopsi/ika TOIHOCTH ¢ BEIGOPOM Iara HHTEIPHPOBa-

HU.

OLLGHK& KOHTPOJIsI TOYHOCTHU BBIUHMCJJACHUN Ha, KazKJIOM BPEMEHHOM

nrare OCYIIeCTBJIAETCA IO CXeMe BOCBbMOTI'O ITOpsAJKa TOYHOCTHU.

(1]

2]

3l

(4]

5]

(6]

(7]

18]
(9]
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O JIOKAJIM3AIINN HAYAJIBHOT'O YCJIOBUA
PEINTEHN A 3AJAYN KOIIN OJI1d YPABHEHUA
TEIIJIOITPOBOJHOCTU

KOHEHKOB A.H.

PaccmarpuBaercs 3anada Komm

u —Au = 0, ¢t>0, (1)
uli=g = ¢ €S (R"),

rae S'(R™) — npocrpancTso 0600meHHBIX DYHKIUI MeIJIEHHOTO POCTa B
R'I’L

B paborax [1, 2| npeobpazoBanue, si[poM KOTOPOTO siBJisieTcsi GyHIa~
MEHTAJILHOE PeIlleHre yPABHEHNUS TETIOMPOBOIHOCTH, BIEPBbIE UCIIOJIb-
30BaJIOCh JIJIsT XapaKTEPU3aIlnu TUIePMYHKINNR. 3aTeM 3TOT METO/T IPHU-
MEHSIJICST JIJIsT OTTUCAHUsT PA3JIMIHbIX KJaccoB (pyHKIuil. B gactnocTn, B
[3, 4] mosmyuena HekoTOpast XapaKTepH3aIlis PACIPEIEICHUI 1), NMEIo-
[IUX KOMIIAKTHBII HOCUTENb, B TepMUHAX perternst 3agadn Kormm (1).

[Tycrs K — BBIIYKJI0E KOMIAKTHOE MHOXKeCTBO B R", df () — paccro-

_ _ 2

srne ot Toukn x € R™ o K u Z(x,t) = (4rt) =2~ 1#1P/4 — pymmamen-
TAJIBHOE PEIeHne YPABHEHNUSI TEILIOTPOBOIHOCTH.

[Tonyduena oreHka, KOTOpasl SIBJISIETCS HEKOTOPBIM YTOUYHEHUEM yTBEp-
Kienus u3s [3].

Teopema 1. Ecau supp®¥ C K, mo cywecmsyrom nosoAHCUMEALHDLE
konemanmo, N, C' maxue, wmo dan gynryuu u(z,t) = (Z(x — -, t), 1)
CNPasediusa oueHKa

di; (x)
at

\u(x,t)|§C(1+|xy)N(1+tN)exp{— } z€R™ t>0.

Takzke MbI ycTaHaBJIMBaeM OOPATHOE B OIPEIEIEHHOM CMBICJIE YTBED-
2KJICHHE.

Teopema 2. Ecau gynrkyus u ssasemces pewenuem zadawy (1), ydo-
BAEMBOPANULUM HEPABEHCTNEY

(3N,C > 0) |u(z,t)| < CA+ |z A +t7™), z € R", t >0,

u das wexwomopozo T' > 0 cnpasediusa ouerka

d2
jue, T)| < C(1+ [N exp {— 2 } L zeR",
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mo suppy C K.

Paccmorpum 3amauy Ko i ypaBHEHUsT TEIIOITPOBOIHOCTH ¢ 00-
paTHBIM HaIIpaBJIEHUEM BpEMEHU

nw+Av = 0,
{ V|i=o = . @)

Crnenytormee yTBEpXKI€HNE, BBIBOJNMOE U3 TEOPEMBI 2, MOKA3LIBAET,
9TO HEOOXOAMMBIM YCJIOBUEM DA3pPEeIIMMOCTH 3a/aun (2) B KJacce orpa-
HUYEeHHbIX (DYHKIW s1BJIsIeTCsl TpeboBaHue (3a UCKIIIOYeHHEM TPUBUAIb-
Horo ciydast ¥ = (), 4roObl HauaJdbHasi (DYHKIMsI HE CJIUIIKOM OBICTPO
yOBIBaJIa IpU T — OC.

Teopema 3. Ilycmv das wexomopozo T > 0 dynrxyus v asaaemca 6
caoe D = R"™ x [0, T] nenpepuievim u 02paHUMeHHbIM PEWEHUEM 30004
(2) u cnpasedausa ouyenka

|22

()] sc*exp{—ﬂ}, reR"

Toedav=0s6D.

B stoMm HEepaBEHCTBE KOHCTAHTa B 9KCIIOHCHTE ABJIACTCHA TOYHOM.
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OB ACUMIITOTUKE PEHIEHUN
MUNP®PEPEHIINAJJIBLHBIX YPABHEHUI YETBEPTOI'O
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B meppoit wacTu mokiaaja pedub MOHIeT O MOCTPOEHWHM MATPHIL THUIIA
HInxa-3erria Fug (em. |1, Pasgen I, ¢.8]), Takux, aro kBasugudbepen-
[UIbHBIE BBLIPAYKEHUsI, TIOPOXKIEHHBIE UMU, COBIAIAIOT ¢ Auddepeniiu-
aJIbHBIM BbIpa’KeHUEeM

lap(y) := (py")" — (¢'Yy/) + Py,

rie o € {0;1}, B € {0;1;2}, u npousBoJHBIE MOHUMAIOTCS B CMBICTIE
TEOPUU PaCIpPEIeICHHUIA.

Cuayuait lgg siBasiercst kiaccuaeckum (eM. |1, Tlpun. Al), a cayuaii [19
nocrpoet B pabotre [2]. CoorBeTcTBYOIIME MATPHUIIBI UMEIOT BUJL:

0O 1 0 O 0 1 0 0
_— 0 0 p' 0 . —rp1 gp~? 10
00 — 0 q 0 11’ 12 — q,rp—l € — q2p—1 7qp—1 1
-r 0 0 0 r2p~1 —qrp~! —rp~t 0
HpI/IBeﬂeM BU MaTpUIL Foc,B B OCTaJIbHBIX CJIy4YasX:

0O 1 0 O 0 1 0 0

{0 0 p~t 0 B —rp~ L 0 p~t 0
Fo=1_p g 0 1 f2= 0 24q 0 1)

O » 0 O r2p1 0 —rp~t 0
0 1 0 0 0 1 0 0
g0 et Pt L [0 gt pTh 0
O B e O I I & S R
—r 0 0 0 0 T 0 0

Kax usBecTHO, ycjioBue IPUHAJIEXKHOCTH BCEX 3JIeMEeHTOB [Fig mpo-
CTPaHCTBY Llloc[l, +00) obecreanBaeT BOZMOXKHOCTH KOPPEKTHOI'O OIpe-
JiesieHusi KBazuudHepeHnnaaIbHOr0 BhIPayKeHUsI, TIOPOXKIEHHOTO ITOi
MaTpurieil. 9To kBazuauddepennnaabHoe BIpaXKeHne CoBIaIaeT ¢ nud-
bepennmanbHBIM BeIpaXKeHneM lo3(y) ¢ koaddunuenTamu - pacupe/ieie-
musmu (M. [1, Pazgen I, ¢.8] u [2] mis coyqas {h2).

Bo BTOpOit wacTn mokiaga pednb MOmeT 00 ACHMITOTHUKE PEIeHMi
YpaBHEHUN BUIA

lap(y) = Ay (1)
npu © — 400, rjie A — (PUKCUPOBAHHLIN ITapaMeTp.
CdopmynupyeMm  pe3yibraTbl, I[OJyYeHHblE HaMU JJjIs  CJIydasi
a=p=1.
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Teopema 1. ITycmo p = (14 p1)~!, 2de py € L'[1,400), u nycmo
7+ lgl(1 + gD (1 + [p1]) € L1, +00).

Tozda 6 cayuae o = =1 u XA # 0 ypasnenue (1) npu x — +0o0 umeem
Pyndamenmarvryro cucmemy peteHut

yi(z) =e¥"(1+0(1)), j=1,2,3,4,
ede zj — pasauuHble KOPHU Yemeepmol cmeneny u3 A.
Teopema 2. [Tycmo p = (1+p1)~ !, 2de p1 € L[1,+00), u nycmy
0|1+ alal) (1 + [p1]) + 22/r] € LM[1, +00).

Tozda 6 cayuae o = =1 u A =0 ypasnenue (1) npu x — +00 umeem
PYHOGMEHMANDHYIO CUCTNEMY DEWEHUT
i1 .
OTMeTuM, 9TO sl ABYYIEHHBIX AuddepeHnaJbHbIX YpaBHEHUI aH-
JIOPUYHBIE PE3YJIbTaThl ObLIN MOJIy4YeHbl B padore [3].
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NAEHTNONKANNA OYHKINN NCTOYHNKA B
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B nanmoit pabore paccmarpuBaercs 3ajgada uiaeHTHdUKAIUN QyHK-
UM UCTOYHUKA JIBYMEPHON CHUCTEMBI YpaBHEHHUI HapabOMIecKOro TH-
1a, OJIHO M3 KOTOPBIX COJEPXKUT MaJIblii mapaMeTp IPHU IIPOU3BO/IHOI
II0 BpeMeHU. HO,Z[O6HI)I€ 3aJa91 BOZHUKAIOT IIPU aIllllPOKCUMaIIUN CUCTEM
CMEIIAHHOTO U COCTABHOI'O THUIA TAPAOOJMIECKUMU CHCTEMAMU C MAJIBIM
TapaMeTpOM.

Ananornunast 3aj1a9a B OJJHOMEPHOM CJIydae PacCMaTpPUBAJINChL B [1].
B [2] uccaenoBana paspemmvocts 3a1a4 Ko u nepBoit Kpaesoii 3a1a-
90 JI7Is] KBA3WJINHENHOM cuCcTeMBbl TapaboIMIecKuX YPaBHEHUN ¢ MAJIBIM
TapaMeTpoOM.

B nonoce Glop = {(t,2) | 0 <t < T,z € Ep} paccMoTpumM 3aj1aty

olpeJieIeHusl IeHCTBUTEIbHO3HAYHBIX (DYHKITHI (ﬁ(t,x),%(t,:n), f](t)),
VZOBJIETBOPSIIOIINX JJIsi Kaxkoro ukcuposantoro € € (0,1] cuemyro-
UM COOTHOIICHUSIM

at + 0,11(75)’3 + alz(t)le} = /Lllﬂxlm + M125x2x2 + é(t)f(ta '1")7 (1)

£

gvy + 6121(75)1i + 6122(15)181 = ,LLZI%mlxl + M221€)x2x2 + F(t, x),
E(O, ZL‘) = Uo(l'), 5(0’ ZL‘) = Uo(fL'), (2)

u(t, %) = o(t), 20 = (29,29) — dukcuposannas Touxa. (3)

B upenonokennn 10CTaTOIHON IIAJIKOCTH U OIPAHMYEHHOCTH BXO/I-
HBIX JIAHHBIX JIOKa3blBaeTCsi paspemmmocts 3ajauan Komm (1)-(3) mpu
KazKJIOM (PUKCHPOBAHHOM €. J0Ka3aTeIbCTBO IPOU3BOIUTCS IIyTEM CBe-
JCHUS MCXOIHOM OOpaTHON 3aja4uu K NPIMOil, Pa3perinMOCThb ITPAMOi
3a/1a4M JJOKA3bIBAETCSl METOJIOM CJIABON AlIPOKCUMAIIIH.

JlaJtee 1Ipu yCJIOBUM MEPUOJIUIHOCTH 110 & ¥ HEIETHOCTH BXOIHBIX JTaH-
HbIX f, F, ug, vy JOKA3bIBAETCS MEPUOJAMIHOCTD pemntenus 3ajadn (1)-(3)
U, CJIeJIOBATEJIBHO, CYIECTBOBAHUE JOCTATOYHO TVIAJKOIO DEIeHUs 3a-
Jladn olpele/IeHus (5,5,5) B Qr = [0,T] x [0,11] x [0,l2] mpu mepsom
OJTHOPOJTHOM KPA€BOM yCJIOBHH.

Hajiee JOKa3bIBAIOTCS PABHOMEPHBIE 110 € OIEHKH, TapaHTUPYIOHe
CXOIUMOCTD Tipu € — 0 moc/IeI0BaTEILHOCTH (73(75, x), 151(15, x), f](t)) perire-
HUi KpaeBoil 3agaun jyist cucrembl (1) k pemenuto u(t, z), v(t, ), g(t)
1apabosI0-3JUIUIITUIECKONH CUCTEMbBI

Ut + all(t)u + a12(t)v = W11Ugqyz; T H12Uzyzs T g(t)f(ta .ZU),

az1(t)u + age(t)v = po1Vz 2, + H22Vgoas + F(t, ).
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C Ha9aJIbHO-KPa€eBbIMU YCJIOBUAM
u(0,z) = up(z), v(0,z)=wvo(z), x€[0,1]x[0,l],
u(t,0,x2) = v(t,0,22) = u(t,l1,z2) = v(t,l1,22) =0,
u(t,z1,0) = v(t,x1,0) = u(t,z1,l2) = v(t,x1,l2) =0

U yCJIOBUEM IIepeolpe/iesIeHu s

0
u(t,z”) = ¢(t).
Pabora mogmepkana Kpacnogpckum MareMaTuaecKuM eHTPpOM, dhu-
naucupyembiM Munoopaayku PO B paMkax MeponpusTHii 110 CO3aHUIO
u pazsuTuio perunonasbabix HOMII (Cornamenune 075-02-2021-1388).
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ACUMIITOTUKU PEIIEHUMN 2 x 2 CUCTEMBI
OBBIKHOBEHHBIX JTNO®PEPEHINAJIBHBIX
YPABHEHNIUN ITEPBOT' O IIOPAKA

KOCAPEB A.Il.

PaccmarpuBaercs crekTpasibHast 3a1a49a

<Z§>/ (9= S (%) cena w
y1(0) =0, y2(1) =0, 2)

rje A — CHeKTpaJIbHbLi napamerp, g, h,p,q,r,s € L1[0, 1], obe dyHkum

g u h noyiokuTenbubl, a GYHKINAA P, ¢, T, S KOMILICKCHO3HATHbIE.
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Hama menb - HOaydYuTh acHMITOTUIECKHE IIPEJCTABICHUS PelleHnit
cucrembl (1), a 3aTeM UCIIOIB30BATH UX JIsi HAXOXKIEHUs ACUMIITOTUKH
cobcTBeHHBIX 3HaveHui 3a1aun (1), (2). s dopmynmuposku Teopem 06
ACUMIITOTUIECKHUX MPEJICTABJICHUAX BBEIEM 0003HAYCHUS

G(x)z/:gdt, H(x):/ogchdt, P(a:):/oxpdt, S(x):/oxsdt,

a(x) = g(z) + h(z), b(x) =

e
eP(:):) 0 eAG(m) 0
M(z) = ( 0 es(m)) , Blz,A) = ( 0 e—)\H(a:)) -

OrnpeneniuM orepaTopsl
1

(1 f)(x) = — / qOb N OF () dt, (If) () = /0 b £(1) dt, (3)

1 rb b1
[@), ==L, J= —qTIQ. (4)

P(z)—S(x) )

(Df)(zx) =

a(x)
Teopema 1. Ilycmw g,h > 0 u sce gynxyuu g,h,p,q,r,s npunadse-
orcam npocmpancmsy L1[0,1]. Tozda npu awbom k € R cywecmeyem
Pyndamenmanvhas mampuya Y (x, ) ypasnernua (1), umerowan nped-
CMasAeHue

20e R(x, \) — 20a0MOpPHAL MAMPUY-PYHKUUL 6 NOAYNAOCKOCTIU

II, = {A € C| Re X = Kk} npu docmamouno boavwux |\|, npuvem

R Mllep,) = o(1), 2de o(1) = 0 npu A — oo, A€ .

Ecau gynryuu g, h,p, q, 1, s npunadaesrcam npocmpancmey W1'[0, 1] npu
nexomopom n = 1, mo gyndamenmanvryro mampuyy Y (z, N) moorcro
suilbpamv maxot, wmo R(x,\) donyckaem npedcmasaerue
R'(x) R"(z)
R(z,\) = —~+...,+——= +o(1)\7",
(,3) = T 9 o)
2de o(1) — beckoneuno manran Pynryus pasnomepro no x € [0,1] npu
A — o0, Aell.
Mampuy-pyrruyun R* svvucastomes no gopmyram
k- ok re gc ! re gc~
RF = "1 M2 , rl =1 —, rl = —) rl = —, rl =1
<7,151 7,52 11 17 T2 21 o 2 2
7”]1?1 = 117,151’ TlfQ =(D+ J2)k7”%27 77°]2€fr1 = (D + Jl)kT%h 7'52 = I27"i2-
25
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ITocre IIOJICTAHOBKU IIOJIYIY€HHBIX aCUMIITOTUK B Xapa.KTepI/ICTI/I‘{eCKI/IfI
onpeaejnTe/Ib 1mojJayvdaceM CJIIEAYIOIIYI0 TeOpeEMY.

Teopema 2. [lycmwv 6ce koappuyuenmu. ypasnerua (1) abcomommo
HENPEPBIGHBLE U, KPOME 020,

q(1) # 0, r(0) #0.

Tozda cnexmpasvhas s3adaua (1), (2) umeem dee cepuu cobemeenHvir
snavenuti {\T}, umerowuz acumnmomury
2mi 472
M=t =y _2Inn—In 4+ o(1).
T em ) atem +amy T
Joxna i, ocHoBaH Ha coBmecTHOM pabore ¢ A.A. IIIKaIuKOBBIM.
Pabora momgaepxkana rpantom PODOU No 19-01-00240.

Crncok JuTepaTypbl

[1] Birkhoff R. E., Langer R. E. American Acad. Proc., 58:2 (1923), 49-128.
[2] Casuyx A. M., Ilxaruxos A. A. Marem. ¢6., 211:11 (2020), 129-166.

MT'V um. M.B. Jlomonocosa, Poccusi. Email: ruterminals@gmail.com

O HEKOTOPBIX HEJIMHENHBIX OBPATHBIX
BAJAYAX JJISI VIIBTPAIIAPABOJIMYECKIX
YPABHEHUII [P MOJEJINPOBAHNN JMHAMUKI
IO YJILITNN

KOIIIEJIEBA 10.A.

ObGparHbIe 3a/1a91, KOTOPbIE IPEJICTABIEHBI B JaHHON paboTe CBSI3aHbBI
C MaTeMaTUYCCKUM MOJE/IMPOBaHNEM AUHAMUKU IIOILYyJIAIMNA C y4eTOM
ACTPOHOMHUYIECKOTO BpPeMeHU ¢ , OMOJIOrHIeCKOr0 BPEMEHU ¢ U JOTOJI-
HUTEJILHOIO yuera jnuddysun (IepemMernBaime B Mporecce B3auMo/Ieii-
crBust). Takue 3aj1a4m CBOJISITCS K UCCIIEIOBAHUIO HEJIOKAJIBHO KPAeBOil
3aJa4n TS yJIbTPANapaboIMIecKuX ypaBHEHHT.

Oco0bIii MHTEPEC BBI3BIBAIOT HEJIMHEHHBIE 0OpaTHBIE 3aJIa9H JIJIsT YJIb-
TpamnapaboIniecKuX ypaBHEHUN, paHee OHU HE U3YyJaJNCh (JH/IHeﬁHbIe
obpaTHbIe 33129 /I JAHHOTO TUIA YPABHEHU paHee n3yvIauch aBTO-
pom B [1,2,3]).

[Iycts €) ecTh orpanmdeHHasi 00JACTh IpocTpaHcTBa R™ ¢ ryiajkoi

(1t pocToThl - HGeckonewHo uddepeniupyemoii) rpanuneit I') ¢ ecrsb
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qucsio u3 unrepsana (0,7), 0 < T < +00, a eCTb YUCJIO U3 UHTEPBa-
na (0,A4), 0 < A < 400, Q ecrb mummaap Q x (0,7) x (0, A). Hasee,
nycrs f(x,t,a), N(z,t,a), uy(x,a), vo(z,t), ¥(x,t,a) cyrb 3amanHbIE
mpu x € Q, t € [0,7], a € [0, A] bynxmum.

O6parnas 3anada I: Haiitu dyuakuun u(x,t, a), ¢(t), cBsi3anHble B 111~
mHape () ypaBHEHUuEeM

up + uq — Au+ q(t)u = f(x,t,a) (1)
1pH BbInoJHeHNN s GyHKIwn u(x, t, a) yeaosuii
u(z,0,a) = up(x,a), ze€Q, ac(0,A), (2)
u(z,t,0) = vo(z,t), x€Q, te(0,7), (3)
u(2,t, a)|(2,t,0)e0% (0,7)x (0,4) = Y(2, 1, a), (4)

a TaK2Ke yCJIOBUA

A
//N(x,t,a)u(:v,t, a)dzda = p(t), xze€Q, ac(0,4). (5)
0 Q

O6parnas 3anada 1I: Haiitu dbysxiun u(z,t,a), ¢(t), cBasannbe B
mumHApe () ypasHenueM (1) npu Bbinossenun juist Gyskiwn u(z, t, a)
yeaiosuii (2), (3) u (5), a Takxe ycaoBust

ou(z,t,a)
#‘(z,t,a)GFX(O,T)X(O,A) = T/’(% t) CL),
Ou(zx,t,a) . L
(5 (@ t,a)erx(0,1)x (0,4) = Zuxi(x,t,a)ui, rje v; - KOMIIOHEHTHI

=1
BEKTOpa BHyTpEeHHEH HopMmasn K I' B TekyIeil Touke ).

B obparneix 3amadax [ u Il yemoBus (2)-(4) cyrs ycioBust 0ObIMHOI
MEPBOI WJIM COOTBETCTBEHHO BTOPOI HAYATBLHO-KPAEBBIX 3784 IS YiTb-
TpanapaboInIecKuX ypaBHeHnil, yeiosue ke (5) ycaoBrue HHTerpaabHo-
IO Mepeorpe e/ IeH sl

Jlnsg m3ydaeMbIX 3a/a9 JOKA3bIBAIOTCA TEOPEMbBl CYNIECTBOBAHUS 1
eJIMHCTBEHHOCTH PEryJIsIPDHBIX pelleHuil (PerysisipHbIMU PEleHusIMUA Ha-
3BIBAIOTCSI pelienusi, nMmerornue ce obodbmenubie 1o C.JI. CoboJieBy mpo-
U3BOJIHBIE, BXOJISIIIIE B COOTBETCTBYIOIEE ypaBHeHue). Bo Beex ciydasx
nMeeT MeCTO €JMHCTBEHHOCTDb peHIeHMdA — KaK JJigd KpaeBbIX 3a/jav JJIsd
«HArPYKEHHBIX» YJIbTPanapado/JMIecKuX YPaBHEHUHN, TaK U /i 00paT-

HBIX 33J1a4.
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Meroabr mcciieioBaHns OCHOBAHBI Ha CBEIEHUU WMCXOIHON 3aJadd K
IIpsiMOl KpaeBoil 3ajate Jjisi HarpyKeHHOTO YJIbTpanapado/imIecKoro
YPaBHEHUSI, MCIIOJb30BAHUU METOJla PEryssipu3alii U TeXHUKU, OCHO-
BaHHOI Ha AIlPUOPHBIX OIEHKAX.
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Cubupckuil KypHaja 9ucTOi W TpukaamHoil maremarmku. 2016. T. 16, Ne 3.
C. 27-39.

CaxaJmHCKU rocyaapcTBeHHbl yauBepcutet, Poccns. Email: ynuta@mail.ru

O EJINHCTBEHHOCTU BEPOATHOCTHOTI' O
PEIMTEHN YA 3AJTAYN KOIIIN J1JI4
ITAPABOJIMYECKOTI'O YPABHEHU A KOJIMOT'OPOBA

KPACOBUIIKHWI T.U.

Paccemorpum 3amaay Ko s mapabonndeckoro ypasaenust Koimo-
roposa:

atﬂ = a;i;v] (awﬂ) - amz (bllu) y Mo =1, (1)
e matpuna A = (aij ) CUMMETPHUYHA U TOJIOXKUTEJIBHO OIIPE/IESIEHA,
b — BexTopHOe moje Ha RY, a HavambHOE yCIOBHE U — GOpEJEBCKAsT
BeposTHOCTHasT Mepa Ha RY. Pemenus Bua W= pg dt, Toe p; — BeposT-
HOCTHBIE Mepbl Ha R?, HA3BIBAEM BEPOSITHOCTHBIMI. BasKHOI 1mpobieMoit
SIBJISICTCSl WCCJICIOBAHUE E€IUHCTBEHHOCTU BEPOSTHOCTHOIO PEINCHUs, B

JaCTHOCTHU, IIOCTPOEHNE IIPUMEPOB HEETUHCTBEHHOCTH.
IIyctb d > 2. Tlonoxum

b(z,y,2) = (B(x),C(y), D(2)), tne 2,y €R, z€ RT?, (2)
2
B(z) = —x—6e"/2, C(z) = —(1+y2)arctgy+Tyy2, D(z) = —=.

Ecimu d = 2, o komnonenta D(z) orcyrcrByer.
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Teopema 1. /s ecaxoli eepoamuocmmuoti mepo v 3adaqa Kowu (1) ¢
koappuyuermom cnoca b = (B, C, D) U HAUAALHOM YCAOBUEM UV UMEEM,
beCKOHEUHO MHO20 NUHETHO HE3ABUCUMDBIT SEPOATMHOCTNHOIL PEWEHUT.

B pasmeproctn d = 1 Takoro poja mpuMepbl HEBO3MOXKHBI. Kak 1mo-
KazaHo B pabore [2|, st a = 1 u JOKAJIBHO OrpaHUYeHHON Gopesies-
ckoit dyukimn b(x), He 3aBUCHINEH OT BpeMeHH t, BEDOSTHOCTHOE Dellie-
HUe eINHCTBEHHO. B ciIydae HEIOCTOSTHHOTO KO3 PUINEHTa ¢ MPUMEPDI
HEeeIMHCTBEHHOCTH MOYKHO TTOCTPOUTD M B OJTHOMEpHOM ciy4ae. [locTpo-
eHre TaKWX TPUMEPOB C MOMOINBIO CIIEIUATLHON 3aMEHBI MePEeMEeHHDBIX
CBOJINTCST K TIOCTPOCHUIO PEIeHNH HAYAJTLHO—KPAEBBIX 34789 JJIsT BbI-
POKIAIONTIXCsT TTapabondecknx ypasuenuit. Jlanuoiit MeToq mocTpoe-
HUA MIPUMEPOB HECIMHCTBEHHOCTH IIJIOJOTBOPHO IPUMEHAJICA K CTaIllo-
HapHOMy ypasHeHuto Kosmoroposa B pabore [4].

Teopema 2. [Tycmb a — NOAOHCUMEALHAA NOKAADHO AUNWUYUELEA HYHK-
yua, b — soxaavro ozpanuvennas bopesesckas gynxyus. Ilpednono-
2HCUM, YO

0 1 +oo 1
/ do= [ do =0, 3)
—0 v a(x) o Va(x)
Toz0a ecau eepoammocmmoe pewenue 3adavwu Kowu (1) cywecmeyem,
mo ono eduncmeenro. Ecau xomsa 6ve 0dun us unmezpanos (3) crodum-
CA, MO CYWECMBYIOM AOKANOHO 02paHuerHbl Kospduyuenm croca b
U HawasvHoe pacnpedenerue, OAA KOMOPHIL CUMNAEKC BEPOATIVHOCTIVHOLT
pewerutl 3adavu (1) beckonewnomepen.

OTMeTHM, 9TO YCJIOBUST TEOPEMBI COBIIA/IAIOT C YCJIOBUSIMHI €/[MHCTBEH-
HOCTH BEPOSITHOCTHOI'O DEIeHHs OJIHOMEPHOI'O CTAI[OHAPHOIO ypaBHE-
uust Kosmvoroposa (cm. [1]). IlogpobHoe m3iokeHne STHX PE3yJIBTATOB
MOXKHO HaiiTu B [2| u B [3].

Pabora nommeprxkana rpanrom POOU 20-01-00432, MockoBCKUM TIeH-
TpoM (yH/IAMEHTAIBHOl ¥ MPHUKJIAHON MaTeMaTHKW U CTHICHIHel
Donyga «basucs.
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[3] Bozaues B.H., Kpacosuukuti T.H., Hlanowruxos C.B. O HeeIMHCTBEHHOCTH Be-
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C. 361-364.

MockoBckuit rocymapcrsennbiit yuusepcuteT uM. M.B. Jlomomocosa, Poccust.
Email: tik714@Qyandex.ru

O HEOCHMJLJISALIUN YPABHEHUN YETBEPTOI'O
ITOPAJKA HA CETU

KVYJIAEB P.4.

N3y4daeTcs ypaBHEHNE YETBEPTOTO MOPIIKA

d? d*u
Lu= i (p(ac)dFQ> —h(x)u=0, =zel, (1)

rie I' — reomerpuueckuit rpad [1, 2|. lox duddepenyuarvnom ypasre-
HUeM Ha 2page, MBI TIOIPa3yMeBaeM MHOXKECTBO OOBIKHOBEHHBIX I de-
PEHIINATBHBIX ypaBHEHHIT Ha pebpax

(pi(z)u])" —ri(x)u =0, =z €, (2)

¢ koacbdurmentamu p(z) € C?[I], r(z) € C[IY, igf pi(z) >0, r(z) >0
T€Yi

Ha I', nonostasiemoe B Kazk10ii BHyTpenueii Bepumune a € J(I') yeroBusivm
COIJIacCOBaHUsA

ui(a) = u(a), Bla)ui(a) —I(a)uj,(a) =0, i€ I(a), (3)

B KOTOPBIX Ko dunuentst 5(a), ¥(a) HeOTPUIIATEIbHBI ¥ HE PABHBI OJI-
HOBPEMEHHO HYJIIO, U YCJIOBUEM C TPETHUMH IIPOU3BOIHBIMU

Y (), (a) = r(a)u(a) =0, ae (D). (4)

i€l(a)
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Onpepenienne 1. Pewenuem dupdeperyuarvrozo ypasrerus (1) Gy-
JIeM Ha3blBaTh BCSKYI0 (DYHKIMIO u(X), yIOBIETBODSIONLYIO Ha KarK-
JoM pebpe rpada COOTBETCTBYIOIIEMY OOBIKHOBEHHOMY auddepeniiu-
aJIbHOMY ypaBHeHHIO (2), a B KaKJ[0ii BHyTPEHHell BepIlUHe — YCJIOBH-

s (3), (4).

VYpasuenue (1) BO3HMKAET NpU M3YyUEHUU CIEKTPa 3aJa4u O KojeHa-
HUSIX [IJIOCKON CeTKH YIPYTO-IIIADHUPHO COYJIEHEHHBIX cTeprKHeil [1].

Onpenenenune 2. Ioarpad Iy C T’ masosem S?-zomnot dbynxman u(z)
u3 C(T)NCHTY, ecom: 1) u(x) # 0 on Tg; 2) cymecrsyer noarpad 't C T
rakoit, uro g C I'y m u(z) = 0 ma Ty UIT1; 3) v/(z) = 0 ma 0T NIT.

Onpenenenne 3. Huddepennnanbuoe ypasuenne Lu = 0 u coor-
BercTByOmMuil qudpdpepeHnpanbibii oneparop L, IOPOXKIaeMblil cOOT-
Homenusivmu (2)—(4), HazoBeM Heocyustsupyrowumu Ha rpade I, ecm
M060€ HeTPUBHAJIBHOE PEIICHHE STOTO yPABHEHUS He MOXKET HMeTh 92—
30HBI B .

3aMerTnM, UTO JaHHOE OIpeje/ieHre HeOCIUIupyoIero auddepen-
IMaJbHOTO YpaBHEHUsI Ha TIpade sIBJISETCS aAHAJIOIOM HEOCIMLISAINNA B
ojtHOMepHOM ciydae. OrcyTcrBue S2-30H y pelleHus ypaBHEHHS Ha
J C R ozmauaer, 4TO pellleHre Ha MOYXKET UMeTh Oojiee TpexX HyJeil B
J.

Cuuras 0" # &, BeJieM B pacCMOTPEHHUE JIJIsT KayK 101 IPAHUYIHON Bep-
muasl a € I rpada [ mo j1Be Kpaesble 3a1a9n

Lu=0,z€l, wu(a)=1, v (a)=0, ub) =u'(b) =0, b€ dl'\a, (5)
Lv=0,zel, wv(a)=0,v(a)=1, v(b)=2(b) =0, b€ I\ a. (6)

Teopema 1. Caedyroujue c60lcmea IKEUBANEHMHDL:
(a) xaorcdas us 3adaw (5) umeem nososrcumenrvroe na I' pewenue;
(b)  cywecmeyem pewenue w(x) ypasuenus (1) maxoe, wmo
w'(a) =0, a € 9T, inf w(z) > 0;
zell
(¢) cywecmsyem noaosrcumenvroe na I' pewenue ypasnernus (1), ydo-

saemeoparouee epanuinvim yerosuam u'(a) = 0, a € AT, u ne pasnoe
HYA0 xOMAdvL 8 00noU sepwure ud O1';
(d) xaorcdas us 3adaw (6) umeem noaosrcumenvroe na I' pewenue;
(e) pynruyua 'puna xpaesots s3adavu
Lu= f(x), z €T, wu)=14'(b)=0, bedl,
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noaoostcumenvna wa I x T';
(f) ypasnenue (1) ne ocyusrupyem wa T

PaGora BbinosHeHa 1pu GUHAHCOBOI HO/IepKKe MuHICTEpCTBa Hay-
ki 1 BbIcirero obpazoBannst PP (Cormamenne 075-02-2021-1552).
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O BO3MO2KHOCTU PEAJIMSAIINN CIHIEHAPUA
JIAHIOAY-XOII®A ITEPEXOJA K TYPBYJIEHTHOCTU
B HEKOTOPBIX 9BOJIIOIIMOHHBIX KPAEBBIX
BAJAYAX MATEMATUYECKOM ®ON3UKN

KVJINKOB A.H.', KYJIUKOB /I.A.2

PaccmarpuBatoTcest KpaeBble 3a/1a4u, B KOTOPBIX MOXKET ObITh Pean30-
BaH ClieHapuii nepexosa K TypOysienTHOCTH, npennoxennbiit JI.J1. Jlan-
nay u 9. Xomndowm [1,2]. B pabore 2] 6b11 npejiozkeH npumMep KpaeBoii
3aj1a4um, B KOTOPOIi 9TOT CrieHapuii ObLI peasm3oBaH. B jokiaje 6yayT
[IPUBEIEHB] MHbIE IPUMEPhI HeJIMHEHHBIX KPAEeBbIX 3a/1a4, TJIe TaK¥Ke y/la-
eTCsl Peam30BaTh Takoil crienapuii. [Ipu 9ToM MCII0/Ib30BaH UIaH, IPEe/I-
noxennslit @. Takencom (cm. 1. 3 u3 [3]). Budypkarun nnBapranTHbIX
TOPOB PaCTyIeil pa3sMepHOCTH TPOUCXOJAT Oyrarojapsi Kackary oudyp-
kauuii Aunponosa-Xomda.

PaccMorpuM ypaBHeHHE ¢ 9aCTHBIME ITPOU3BOIHBIMU

Upt — EUp 4+ U — EVUgy — O Uzy = —cu | wpudz, (1)

Ot~

rae € € (0,e0),e0 > 0,v,0 € Ry. Ypasnaenue (1) MOXKHO JONOJHUTH
OJTHUM U3 JBYX BHJIOB CJICJYIONIUX KPAEBLIX YCJIOBHIL

u(t,0) = u(t,m) =0, (2)

Up(t,0) = ug(t, ) = 0. (3)
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Kpaessie 3amaun (1), (2); (1), (3) 6bwm npoanan3npoBasbl B paborax
[4,5]. Ormernm, uTo ypaBHenue (1) siBisgeTcs: OJHUM U3 BAPUAHTOB 0600~
neHHoro ypasaenusi Ban jiep [osist ¢ pacupee/ieHHbIMEI TTapaMeTPaMH.
K kpaesbiv 3agadam (1), (2); (1), (3) cBomurcs ananus ogHON U3 OC-
HOBHBIX MaT€MATUIECKUX MOJIEIeNl MAaKPOIKOHOMUKHI, KOTOPasi U3BECTHA
10/ Ha3BaHUeM "MyJIbTUILINKATOP-aKceTbpaTop .

Eciin BeIOpaTh it u3ydeHusi Kpaesyio 3ajady (1), (2), To Bompoc
0 CTPYKTypEe €e OKPECTHOCTU MOXKET OBbITh CBEJIEH K aHAJM3Y CUETHOMH
[OCJIEIOBATE/IbHOCTH HECBSA3AHHBIX OCIUJLISTOPOB

I = i0nyn + (£/2)(n = [ynl*)yn, (4)

rie U% =1+4+0%n% v, =1 —vn® Anamus cucrems! auddepeHIIaTbHbIX
ypaBHeHuii (4) mokasaJi, 4TO IIPU YMEHBIIIEHUN V' Y Hee, a [JIaBHOE Y Kpa-
eBoit 3amaun (1), (2) peanusyercst Kackas 6udypkannii "HBAPHAHTHBIX
topoB T1(e) = ... = Ti(e) = Tky1(e) = ..., tae dimTy(e) = k. Ilpn
v e [1/(k+1)%1/k?) cymecrytor Topwt Tp, (), m < k, HO OTCYTCTBYIOT
TOPBI pagMepHocTu n > k. [Ipu mepexose BeTMUUHDBI ¥ U3 TOJTyHHTEPBA-
ma (1/(k+1)%,1/k?] 8 momyunrepsan (1/(k+2)%,1/(k+1)2] mpoucxoaur
poxenne Topa Tj11(g). Bosee Toro, Kak yuaercst mokasaTh IPUTITUBA-
omuM OyeT Top HanOOJIbINell N3 BO3MOXKHBIX Pa3MEPHOCTEH.

Ananornunerit oreer 6bL1 10Ty YeH Jist Kpaesoii 3aga4n (1), (3). Cue-
napuit Jlanmay-Xormda Takke MOXKET OBITH peain30BaH B JIBYX 3a/1a9aX
U3 Teopuu yupyroii ycroitausocru (cM. paborst [6,7]).

Pabora BbImo/IHEHA B PAMKAX PEATH3AINN TPOrPAMMBI DA3BUTHUSI PETU-
OHAJIBHOI'O HAYYHO-00Pa30BaTEILHOIO MaTeMaTudeckoro neurpa (SApl'y)
npu dunaHcoBO o iep:kKe MunucrepcTBa HayKu U BBICIIErO 00pa30-
Banus P® (Cornamenune o npejgocrasiennn u3 (enepajbHOro Grozkera
cybeumnu Ne 075-02-2021-1397).
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Lelpocasckuit Tocyrapersennbiit yausepeurer um. 11.T. Jlemusiosa,
Poccuga. Email: anat kulikov@mail.ru
2sIpocnasckuit rocyaperBennbit yausepeuter umM. 11T, lemuosa,
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O ITIOJIOXKUTEJIBHOCTU ®VHKIINN I'PUHA
JIBYXTOYEYHOM KPAEBOU 3AJAYN

JIABOBCKUH C.

PaccmaTpuBaiorcst yejioBus MOJI0KATEILHOCTH DYHKITHE ['prna 1ByX-
TOYEYHON KpaeBOH 3a1a4u

!
Lyu = (=1)Fu™) + )\/ u(s)dsr(z, ) = f(z), = €[0,1], B¥(u) = a,
0
rie
BF(u) := (w(0),...,u™ D0, u(l), =/ (1), ..., (=1)FDu*=D(0)),

n > 3,0 <k < n. Oyakuus r(x,s) upeanosaraercsi HeyObIBAIONIEH 110
BrOpoMy aprymenty. Ilycts m+k meaerno. O603naunm \'™ (310 BepxXHMii
NHJIEKC, He CTeHeHb) — HanMeHbIIIee IIOJIOZKUTEJIbHOE 3HAaYCHUE A, npu
koropoM 3agada Lyu = 0, B™u = (0 uMeer HETPUBUAJIBHOE PEIIEHUE.
Heobxonumoe u 10CTaTOTHOE YCIOBHE TOJIOXKUTEIBHOCTH PENIeHUT 3T
KpaeBoil 3aJ1a4u, yJI0BIeTBOpsomux ycjopusim f(x) > 0,

uw(0) = =u"*2D0) =0, u(l) =--- = uF2 (1) =0,

u=F=D0) > 0, (=1)F (1) > 0 saxmouaercs B OKpuTHYHO-
CTH KpaeBbIX 337184 ¢ BeKTop-pynKimonamamu BF~1 u B¥1 A nmenno,
mapa yeaosmit A < A1 u A\ < Ml peobxommma u gocrarodma s
[TOJIOYKUTEILHOCTY PEIIeHUsT 3aJ[a1N.
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[Tycrs L(0,1) — upocrpancrBo unTerpupyembix Ha [0,!] mo JleGery
dyurmmit. Oupegeaum GyHKIMOHATIBHO- (D MEPEHIINAIBHBIN oITepaTop
(cMMBOJI := O3HAYAET PABHO MO ONpedeenur0) PABEHCTBOM

l
Lu(z) := (—1)Fu™ (z) + /u(s)dsr(az, s),
0

l
n > 3. IIycre Qu(x) := [u(s)dsr(x,s), x € [0,1], tne 7(x, ) — HEyOBIBA-
0
omast bykHust npu nouru seex x € [0,1], r(x,0) = 0, r(-,1) € L([0,1]).
Hostomy £ = Lo+ Q, tae Lou = (—1)Fu(™, Q — nomoxurensuprit
B 00bIvHOM cMbIcsie orepaTop. Omeparop L OyieM paccMaTpuBaTh B
npocrpancTse AC™ ™ byHKIuil, HMEIOMUX a6COIIOTHO HEIIPEPHIBHYIO Ha
[0,1] mpomsBommyo w1 ¢ 06BraHOlN HOPMOIL.

OCHOBHO# TIEJIBIO SABJIAETCA ycTaHOBJeHHE TeopeMbl 1. C moMOIIbIo
OIIEHKHU XaPaKTEPUCTUUECKUX YUCEJ OHA IO3BOJIAET HAXOIUTh Pdek-
TUBHBIE YCJIOBUS OTpHUIATEIbHOCTH pyHKIMK [ prHa.

IIycte E C AC™ ! — MHOXKecTBO (DYHKITHH, VIOBIETBOPSIONINX YCIIO-
BUAM

u(0) = =u™F2(0) =0, u(l) =--- =u*D) =0, (1)
Onpenenenne 1. Hazosem zagady

Lu=f, B¥u=a (2)

E-nonoxurenibao paspemumoii, eciu u3 f > 0, a > 0, u € E cuexyer

u > 0.

Onpenenenue 2. Ypapaenne Lu = 0 sBisieTcs F-HEOCTMILIATTMOHHBIM
B unrepsasie [0,1], eciu r060e ero pemenne u3 E umeer He 6osee n — 1
uysieit B uarepsasie [0,[], caurasi KpaTHbIe HYJIH CTOJIBKO Pa3, KAKOBA MX
KPaTHOCTb.

Sameuanue 1. Tak kak pemrenue u € F yxe umeer n — 2 HyJjeil, cauras
KPaTHOCTHU, OHO MOXKET MMETb TOJIBKO oiuH mpoctoii Hysb B (0,1). B arom
ciydae, CyMMa KpaTHocTeill Hyseil B Toukax 0 u [ paBua n — 2.

Teopema 1. JxsusaschHmuo. caedyrousue YmeepHcoeHUs.
(1) Badaua (2) E-noroscumesvro paspeuuma, npuiem ecal

(f,a) > (0,0),u € E, u#0,
267



mo u(x) > ex™ *(l — z)* das newomopoeo £ > 0.
(2) Vpasnernue Lu =0 E-neocyuarayuonno na [0,1].
(3) APl > 1w AL > 1,

Tperbe ycsioBue 3hPEeKTUBHO IPOBEPSETCS C TOMOIIBIO TeopeM O Jiud-
depeHnraIbHBIX HEPABEHCTBAX 2, 3.

Teopema 2. Ilycmv 0 < m < n, U cywecmsyem HeOMPUUAMEALHOE
pewerue nepasercms Lu =1 <0, B"u=«a >0, (¢,a) # (0,0). Tozda
A< 1.

Teopema 3. ITycms m = 0 wau m = n, U CYwecmeyem Heompuya-
meavhoe pewenue nepasencme Lu = ¢ < 0, B™u = a ># 0. Toada
AT < 1.

Poccniicknit sxkonommyecknit yausepcurer um. I.B. Ilnexanosa, Poccus.
Email: labovski@gmail.com

CUCTEMBI HIJIESVMHT'EPA TOJIBKO C
TUIMEPTEOMETPUYECKVMU PENTEHNAMU

JIEKCUH B.II.

Paccmorpum Habop (PYHKIIMOHAJIBLHBIX KBAJIPATHLIX KOMILJIEKCHO-

3Ha4HBIX Marpuil B;j(z), ¢ = 1,2, ..., n pa3mepa p, ONpeJeJeHHBIX B
okpecrnoctu U C C? = C" \ U1§i<j§n{(zla 22, .., Zn)’ Zi —zj = 0}
nexoropoit Touxn 2V = (20, 28, ... 2) € U xommexcroro ymmeitnoro

npoctpancrsa C™. MbI Oyaem nccieqoBarh pemteHust cucreMmbr Lmesun-
repa
d(zi — 2)

dBi(z) = — Y [Bil2), Bj(2)——2, (1)
. T . Zi — Zj
J=1,j#i
¢ HeKoTOpbIMH HauaibHbIME yeiosusamu  B;(2°) = BY. 3nech
[Bi, Bj] = B;Bj — BjB; — 310 00bIYHbIe KOMMYTaTOpPbI MaTPHII, &
%i%;j), 1 < i < 57 < n — mepomopdubie auddepeHuabHbe

1-bopmbr Ha C". Cucrembr Ilnesunrepa (1) siBisioTcst HeJMHEHHBI-

Mu MarpuyunbiMu cucteMamu ypasuenwuit [Idadda. Xoporro uzsect-

HO [1,2,3], uro cucrema (1) siBiisleTcst BIOJIHE MHTErpuUpyemoii cucre-

moit Ilpadpda B oxpecrmoctu U rtoukm 20 u smoboe ee pemrenue

(Bi(z), Ba(z), ..., Bn(z)) MmepoMopdHO IpoozKaeTcst Ha BCe YHUBED-

cayibHOe HakpbiTue nonosHenns C7. Takke XOpOIIO U3BECTHO, UTO IIPH
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p = 2 un = 4 pemenne cucrema I1lnesunrepa [1] B Kiacce marpury
C HYJIEBBIM CJIEJIOM peIylupyercs K permtenuio ypapuenus [leniese VI
(KOTOpPOE B CBOIO 0Y€pE/[b MOYKHO PELyIIMPOBAHUTH [IPH HOIXOJISIIUX 18~
pamerpax K jobomy u3 ypasaenuii [lensese (I-V) u noromy npu 3auan-
HBIX p = 2 u n = 4, B obmiem ciaydae, peienne ypapuenus: [1liesunrepa
BBIpaxkaeTcs uepe3 TpaucienienTubie [lernese. Tpanciennentuoie [len-
JIeBE BXOJIAT B 00Jiee CJI0XKHBIHM KJrace PYHKINN, ¢ TOYKH 3PEHUST TEOPUU
lasya [4], uem runepreomerpuyeckne (OYHKIMU, PAIOHAIbHbBIE (DYHK-
MY WA TOJUHOMBI. MBI yKaXKeM HEKOTOPbBIE YCJIOBUS Ha, KJIACC MATPHUIL
Bi(z)i = 1,2, ...,n, B xoropoMm 6yjieM pemarb cucrembl lnesunre-
pa U TUI PEIyKINHU STUX CUCTEM B yKa3aHHOM KJjacce MaTpull. Bymer
ommcaHa penykiuust cucteMbl [1e3nnrepa K cucreme, KOTJIa MOCTIETHSIS
UMeeT pEeIIeHusl He CJIOYKHee, C TOYKM 3peHusi teopuu lajya, dem ru-
nepreoMerpudeckre (OYHKIUMH, WX AHAJOTUYHO, PAIIMOHAJIBHBIE (DYHK-
[N WJIK MHOTOWIEHbI. Bee Bhillle CKa3aHHOE CYMMUPYETCS B CJIEYIOIIEM
YTBEPKICHUN

Teopema 1. Pacemompum cucmemy HIre3um-
2epa 6 Kaacce BEPTHE-MPEY2ONDHDBIT MAMPULY,
Bi(z) = (bi*(2)), bi*(z) = 0, r > s,4 = 1,2,...,n ¢ nocmoan-
noLmu duazonaavhomu aaemenmamu bR (2) = Xk ITyems das wasicdozo
i Juazonanvivie saemenmu \¥ obpasyrom apugmemuneckyro npoepeccuro
¢ odnoti u mot oce pasnocmvio A daa ecex i. Toeda 6 kaacce maxux
mampuy, cucmema [llresunezepa (1)
1) pedyuupyemea x nabopy sunetnvix cucmem Ilpapgpa

d(zi — z)
Zi — Zj

dbf*(z) = (s =1)A Y (b1°(2) = b}(2)) (2)

=1, 5

2) pedyyuposarnas cucmema (2) umeem bazuc pewenud npedcmas-
AEHHBIT 2UNEP2EOMEMPUMECKUMU UHMELDANAMU,

i dt
rs — Bie C
bi*(z) =B | [t —2), Li=1,...,n, (3)
Pty t— Zi
2 k=
2de napamempo, 51° umerom snavenus [1° = - = B1° = (s —r)A, a
NEMAU Yj 6 NAOCKOCTNU KOMNALKCHOT nepemertoli nepemernoti t, no xo-

mopoti 8edemcs UHMELPUPOBAHUE BLIOUPAIOMCA MAKUM 00pa30M, ¥MOoObL
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OHU He NPoToduau uepes mouku z;, © = 1,..., n u 4mobv, noduxme-
2paavroe souipactcerue Ovia0 00Ho3HauHbM (Hanpumep, nemau Iloxzam-

mepa).
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TocymapcTBeHHBIl cOUaIbHO-IYMaHUTAPHBLI yHUBepcuTeT, Poccus.
Email: lexin _vp@mail.ru

CUHTVJIIPHO BO3MVYIIIEHHBIE I HEPETYVJISIPHO
BBIPOYKIEHHBIE SJIJINIITUYECKUE 3AJTAYL.
OBIIINII IIOIXO/T

JIOMOB H.C.
Ha npumepe IBYX 3/UTMOTHYECKAX 337144
XUy + Uuyy — K2 (2)u = f(z,y), (2,y) € D,
u|y=0 = u|y:h =0,

Ulg——rr = q1(y), Ulz=m = @2(y)

yQuyy + Upy — a2(y)u = f(:v,y), (m,y) € Da

u|m=0 = u|x=1 = u|y=b =0, |U(.%’, 0)| < 400
ITOKA3aHO, UTO METOJ[ PEry/sipU3allui CUHTYJISPHBIX BO3MYIIEHUM, pa3-
paborannbiii C.A. JlomosbiM [1, 2| mist HOCTPOEHUSI PEryJIsIPU30BAHHBIX
ACUMIITOTUIECKUX PEIIeHUN CHHTY/ISIPHO BO3MYIICHHBIX YPaBHEHU, MO-
2KeT ObITh YCIEITHO IIPUMEHEH K ITOCTPOCHUIO PEIIeHU T HEPEry/IsiPHO BhI-
POXKIAIOIIUXCA SJIIANTUIECKAX 3aad. B oboux ciydasix Jjisi OMUCAHUS
0CcOOEHHOCTEN peIeHnsT NCIIOIB3YETCs CIIEKTP MPEJIeIHLHOIO OIepaTopa.
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B caygae 3amaqu ¢ MajbIM mapaMeTpoM IpU CTapIieil MpOu3BOIHOM,
pelenre BHOBD ITOJIY Y€HHOM 3a,1a1 UIETCS METOIOM KJIACCUIECKO Teo-
pUM BO3MYINEHUN B CIEIUAJIHLHOM POCTPAHCTBE OE3PE30HAHCHBIX pe-
menunii. B ciiyvuae BBIPOXKIEHHOTO JIIUNTUIECKOTO YPABHEHUS PEIIaeT-
cs pacimupenHas 3ajgada. [IpuBomsgTcs yTBEpXKIeHUS O CYIIeCTBOBAHUU
(bOopMaBLHOTO U KJIACCHYECKOT0 pelliennit paccMaTpuBaeMoit 3aaaqau. 11o-
Ka3aHo, KaK U B Kjaccudeckoil reopeme Komm-Kosasesckoit, uro pere-
HUE YaCTUYHO HACJIELYeT aHAJIUTUIECKHE CBOHCTBA KO3 DUIIMEHTOB U
npaBoii YacTu audepeHImaIbHOr0 yPaBHEHU.
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Ap-OIIEPATOP B TIPOBHO-MEPHBIX OBJIACTAX 1N
COBCTBEHHBIE ®YHKIIVN Ap-OITEPATOPA HA
COEPE

JIAXOB JI.H.
CumBostom Ap obosnadaercst oneparop (BeejeH B [1])

n
92 i 0
Ap=3) By, By = 922 +8f}:ﬂi oz, vi > —1
~ :

1=
(mpu v > 0 sro obosnavenue obmenpunstoe). [Ipeacrasienune Ap-
oreparopa B c(HEPUIECKON CUCTEME KOOPJUHAT IPUBOIUT K PABEHCTBY

1
Ap = BnH'y\fl + ﬁAB,G, (1)

KOTOpOE II03BOJISIET TPAKTUYECKH [IPOU3BOJILHO MEHSATH PA3MEPHOCTD €B-
KJIMJI0Ba aprymenTa dbyHKImn, Hanpumep, u3 (1) B obmactu x > 0 cie-

9 m
JlyeT PaBeHCTBO %f(x): > By f(lyl) mpuy € Ry, |yl =2z, |y =0.
i=1

ITonobuylto orepanuio ecTeCTBEHHO HA3bIBATh PACIIMPEHUEM DPa3MEpPHO-
CTU €BKJINJIOBA BEKTOPHOI'O IIPOCTPAHCTBA IIyTEM BBEIEHUSI «CKPBITOI
cepuueckoii cummerpur» (TEPMUH «CKPBITasi CHMMETDHUsT» BBEJIEH [IPU

HCCAeIOBAHNN 33184 PyHIAMEHTAIbHON (DU3UKHU, CM. BBEJEeHIEe B KHUATE
271



[2]). TTosTomy cam oneparop Ap dbopMaNIbHO MOXKET PACCMATPUBATHCS
JIEHCTBYIOIIUM B JIPOOHO-MepHOii obsiacTu pasmeproctu n+|y| > 0. Mox-
HO MCXOJUTDH U3 ONPEJIEJCHHOrO IIPaBOCTOPOHHEro nHTerpasia Pumana—
Jmysuns (I @) (x)|z=0 (cM. [3], dopmyia (2.18)), KOTOPBIiT IpH HEBIX
BHAYCHUAX MOPSAIKA (v = N OKAXKeTCs WHTerpaJjoMm 1o mapy B R,. Takoit
nosxoy npumMerer B [4]. Eme ormedy pabory [5], rie oneparop Beccenst
JTpobHOrO TTapaMeTpa Ha3BaH 0000IeHneM orepaTopa Jlamraca Bo dppak-
TaJIbHOU cpejie.

Onpegenenne ApobHOI pazMepHOCTH O6JIACTH JeHCTBHs Olleparopa
A B MOXKHO JIaTh, IPUMEHUB OIIpe/ie/ieHne pa3MepHocTu Xaycaopda. st
9TOr0 3aMETHM, 9TO OIepaTop Ap OKa3bIBAETCs CAMOCOIIPSIZKEHHDIM TIPU
unrerpuposannu 1o Mepe dpy(x) = [ |@i|"dz, v > —1. Ucnomnsso-
BaHue B ONpeJIeICHIN pa3MepHocTH Xaycaopda dy mMapoBoro NOKpPbITUS
OI'PaHMYIEHHOTO MHOKECTBA B IR, OKPECTHOCTSIMU C MEPOil HMHTErpupoBa-
nust du,, npusejer K dopmyste dg = n + |7y|.

Taxum 06pa3oM, 3aJa49u I ypaBHEHuii ¢ cuHryasapubiM auddepen-
UaJIbHBIM ortepatopoM Ap mpu ; > —1 MOryT paccMaTpUBaThCs, BO-
ob1re roBopst, B obstacTu JApobHOi pazmepHocTn. VMeHHO Takast 3a1ada
Hupuxiie nocrasiena B [1] u pemasach METOJIOM Pa3JIeI€HUs] IePEMEH-
HBIX Ha pajuajbHyio u chepudeckue. Vcnonb3oBamuch 6ecosvie cfhepu-
weckue PYHKYUU, COKPAIIEHHO B-2apMoHuKku, IOy I€HHbIE CY?KEHIEM Ha
eIMHIIHYT0 chepy OJIHOPOJHBIX B-rapMonnyeckux MHOroueHoB Py ():

) — P () =Yd@), %>-1

|z ||

IIpuBenem BaxkHOE CBOWCTBO 3TUX (DyHKIHIA.

k/2 k/2
[ycrs D% :B%./ , €CJIM HATYypaJIbHOE kK — YeTHOE U D%:%Bw/ , €CTIN

k — neuernoe. Cupasenusbl oneHku (cp. ¢ 6], c. 486)
/S [ PEPL@) | di(@) < Com IVl s
1
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O TOYHBIX JBYCTOPOHHUMX OIIEHKAX
YCTOMNYUBHIX PEINEHUN JUO®PEPEHIINAJIBHBIX
YPABHEHUI 3ATIA3IBIBAIOIIIETO TUIIA

MAJIBITMHA B.B.

OrnpeiesieHne 3KCIIOHEHIMAIBHON YyCTONYINBOCTH JIMHEHHOTO audde-
PEHIIAJILHOTO YPaBHEHUsI C IOCIeaeicTBAEM 0000IIaeT KJIACCUIECKOe
ompeJie/ieHre KCIIOHEHITNAIBHON yCTONINBOCTH OOBIKHOBEHHOTO Jircbde-
PEeHIINAJIBHOI'O YPpaBHEHUA U IIO/IPpa3yMeBaACT CYIIECTBOBaAHNE TaKUX KOH-
crant N, > 0, uro ms joboro pemenus x: [ty,00) — R cnpaseymsa
omenka |z(t)] < Ne 7t=%)| ||, nme ¢ — onpenensomas pemenne Ha-
vasjbHas pyHKINsS. B onpeneieHnn SKCIOHEHITUAIBHON YCTOMIUBOCTH OT
ocTOsTHHBIX N U -y TpebyeTcst TOJIBKO CYIIeCTBOBAHUE, HO OIIBIT UCIIOJIb-
30BaHUs YPABHEHUN C MOCJIEIEHCTBHEM B TOOPETUIECKUX TTOCTPOEHUSX U
MaTeMaTUIeCKUX MOJIEJISIX IIPUBOJUT K BBIBOMY, 9TO 0e3 yKasaHus OIle-
HOK Ha [N U -y Wu aJiropuTMa uX 3(M@MEKTUBHOTO BHIYUCICHUS 3a/[a1a 00
9KCIIOHEHITUAIBLHON YCTONINBOCTH HE MOXKET CUNTATHCS JI0 KOHIIA, PeIleH-
HOil. 3aMeTHM, 9TO JjisI YPaBHEHHUI C IOCJIEIeCTBHEM 3aJiada OIECHKU
ITOCTOAHHBIX [N 1 7y HEeTPUBHAJIbHA YK€ IJIsi CKAJIsIPHBIX yPaBHEHUIA.

JLJ1s1 9KCIOHEHIMAJIBLHO YCTONYINBOIO YpaBHEHHS

h

&(t) + az(t) + /x(t —s)dr(s) = f(t), t>0, (1)

0
rie a € R, h > 0, r: [0,h] - R — dynxius orpannveHHoil Bapua-
uu, 7(0) = 0, uaTerpan noHumaercs B cMmbicyie Pumana — Cruinrbeca,
f — JokajbHO cymMmupyemas (PYHKIUs, Hpejjiaracrcs 3MdeKTUBHbIT
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METOJI, TOJIyIeHHUs JBYCTOPOHHUX OIEHOK (byHIAMEHTAILHOIO PENICHNST,
HO3BOJIAIONINI C IIPOU3BOJILHON TOYHOCTHIO HAUTU KaK MOKa3aTeJb, TaK
1 K03 PUIUEHT IKCIOHEHINAIBLHON ONEHKN. DTOT METOJ, CyIECTBEeHHO
ONMpaeTcst Ha alPUOPHOE IIPEIIONIOXKEHNE O TOJOKUTEJIHLHOCTH (hyH Ia-
MEHTAJIbHOTO PEIeHUs ¥ Ka4eCTBEHHOE OIMCAHUE €0 MOBEJICHUsI, yCTa-
HOBJICHHOE B pabore [1].

DQyndamenmanvrovim peweruem ypastenus (1) zHazoBem dbyHKIHIO X,
SIBJIAIONLYOCs penienneM ypasHenusi (1) npu f(t) = 0 u 29 = 1. Kak
u3BecTHO 2|, s060€e perenue ypasHenus (1) MoxkeT ObITH BBIPAKEHO
yepes PyHIAMEHTAILHOE pPelleHue.

h
O6osnaunm F(A) = A +a+ [e *dr(s), A € R.
0

Teopema 1. [Hycemv Pynxuus r ne yoéweaem wa [0,h]. Ecau npu
nexomopom sewecmeennom w > 0 ewnoanens ycaosua F(—w) = 0,
F'(—w) > 0, mo ¢yndamenmanrvroe pewernue ypasuenus (1) umeem
d8YCMOPOHHION OUEHKY

1
e W < xo(t) < ———e V.
=00 = )
Teopema 2. ITycmo dynkyus v ne eospacmaem na [0,h]. Ecau npu
nexomopom eewecmeaennom w > 0 evnoanerno ycaosue F(—w) = 0,

mo gyndamenmanvroe pewenue ypasrerus (1) umeem dsycmopormioro
OUEHKY
e(w—a)he—wt < ZL’o(t) < e~ Wt

Pabora BeimosiHena npu nojgep:kke Munobpuayku Poccuu, rocsajia-
nne FSNM-2020-0028.
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YCTONYUBOCTD PEIIEHUN OJTHOT'O KJIACCA
HEABTOHOMHBIX CUCTEM HENUTPAJIBHOI'O TUIIA
C IIEPEMEHHBIM 3AITA3/IBIBAHUEM

MATBEEBA N.N.

PaccmarpuBatorest cucrembl gud depeHnuaabHbIX YPaBHEHUN ¢ Tepe-
MEHHBIM 3alla3/bIBaHueM

y(t) = A()y(t) + B(t)y(t — (1)) + C(1)y(t — 7(t))

+F(t,y@), y(t — (), 5t —7(@), t>0, (1)
rae A(t), B(t), C(t) — marpumbl pasmepa n X n ¢ HEIPEPHIBHBIMU Be-
IIECTBEHHOZHAUHBIME dJIeMeHTaMu, T (t) — GyHKIUSs, OlIpe/IeJIsToIast 3a-
nazeBanme, 7(t) € C1([0,0)),

O<m<7t)<mt+7m, 0<7 <1, 7>0 1) <713<Il,

F(t,u1,ug,us3) — HEmpepbIBHAS BEIECTBEHHO3HAYHAS BEKTOP-(DYHKITHS.
Mper npenonaraem, aro F(t, w1, ug, u3) IAMIIAIEBA 110 U] Ha JTFOOOM KOM-
IMaKTe U yJIOBJIETBOPSIET HEPABEHCTBY

3
1P (¢, u, ug, us) | <Y gsllug |79, £>0, w; €RY, g5, w; >0,
j=1

Pabora mpoosizkaeT HaIllu UCCJ/IeIOBAHNS YCTONINBOCTU PEIIeHUT He-
aBTOHOMHBIX TuddepeHnuajbHbIX YPABHEHUN C 3aI1a3/IbIBAIOIIUM aPTy-
MeHTOM (cM., Hanpumep, [1]-[8]). Ucnonbays dyukimonasst JIsmynosa —
Kpacosckoro crernuaibHOTO BUIa, YCTAHOBJIEHBI OICHKU PEIICHUH Cu-
crem Buja (1) Ha mosynpsimoit {t > 0}. TlosryueHHbIe OIIEHKH [TO3BOJISIIOT
cllesIaTh BBIBOM, 00 ycToiuuBOCTH perienunii. B ciaydae acuMnrorudeckoit
YCTONYIMBOCTU YKAa3aHBI OIEHKU Ha O0JIACTU NMPUTSKEHUS U OIEHKU, Xa-
PaKTepU3yIOIue CKOPOCTb CTAOMIN3AINY PellleHnil Ha 6ECKOHEYHOCTH.

Pabora BeimtosiHeHA 1TpU (DUHAHCOBOI TIOJIIep2KKe Poccuiickoro donma
dynaamentanbabix uccsegpoBanuii (mpoekt Ne 18-29-10086).
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®A30BOE [TIPOCTPAHCTBO OBOBIIEHHOMN
OTHOPO/IHOI MOJEJIN JUHAMUKN >KNJIKOCTU
KEJIbBUHA-®OUT'TA BBICOKOTO ITIOPAIKA

MATBEEBA O.II.
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Cucrema ypaBHeHUit

(1 — Vv = vV — (v- V)ot

Nom—1

r
Z Z Am,sV2wm75 — Vp, 0=V-u,

m=1 s=0

8wm 0 1
8t’ =V + apWno , m=1,2, ..., (1)
OW,
ot = SWm,s—1 + AmWm,s
L s=1,2, ..., npm—Lan € R, Aps € Ry,
MOJIEJIUPYET JTUHAMHKY HECKUMAEMOil BA3KOYHPYTOil KIAKOCTH
Kenbeuna—Poiirta nenysnesoro nopsizaka [1]. @yuknus v = (vy, ..., vp),
v =vi(x,t), z€Q(QCR", n=2,3, 4, — orpannveHnas o0JIaCcTb

¢ rpanurneit Jf) kiacca C°) nmeer HU3NIECKUIT CMBICT CKOPOCTH Tede-
uus, Gyuknusg p = p(z,t) oTBeYaeT AABICHUIO KUIKOCTH. [lapamerps
v € Ry u & € R XapakTepusyioT Bsi3KHe M YIPYIHe CBOWCTBA XKUJIKO-
cru coorsercTBenHO. [lapamerpsr A, s OIpeessaoT BpeMs: peTapIamun
(3amna3zpiBanus) jasiaenus [2].

Paccmorpena 3agaga Komm—/lupuxie st cucremst (1)

v(z,0) =vo(x), Wmp(x,0)= w? (x), VzeQ,

m?p
v(z,t) =0, wps(z,t)=0, V(z,t)cdQxR (2)
m=1,2, ..., r, s=0,1, ..., ny—1.

Teopema 1. ITycmov uy € B. Tozda das nexomopoeo to = to(ug) cywe-
cmeyem eduncmeennoe pewenue 3adavu (1), (2), asamoweecsa keaszu-
CMAUUOHAPHOT, mpaexmopuet,

U = (uoa 0, p, w10, ---y W0, Wily -+, Wilyy +-vy Wrly «-vy wrlr)
kaacca C((—to,t0); U) u makoe, wmo w € B das ecex t € (—to,to),
2de

B={ucU: A MIA_'B(u,) = uy,

Ur =0 ,up €eH2 , u; e H2 xH2 | i=1,2, ..., K}—
daszosoe npocmpancmeo sadavwu (1), (2).
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3AJAYN CO CBOBOJHBIMU I'PAHUITAMMU 1 X
IMTPNJIOZKEHN A B MEXAHUWKE I'OPHBIX ITIOPO/],

MENPMAHOB A.M.

B npejgiaraeMom BBICTYIUICHHH OYILyT PACCMOTPEHBI MATEMATHYECKHE MO-
Jlesu, onuchiBaonue GU3NTIecKne MIPOIecchl B TOPHBIX MOPOJAax, B ODJIACTIX
C HeM3BECTHBbIMU (CBODOMHBIMM) IDAHANAMU. DTO MATEMATUIECKUE MOJIEIH
HeDTAHOTO pE3epPBYyapa, MaTEeMATHIECKHAE MOJEIN PYIAHOTO Tesa IPU TO00BIUe
PEIKUX METaJIOB METOIOM IOI3€MHOIO BBLIIIETAIUBAHNS U MaTEMATHIECKUE
MO/IEJIH, OIHUCHIBAIONINE JUHAMUKA (Da3 MOPOBOIl YKUJKOCTU MPU BHEITHUX KO-
JIEOAHUSIX TEMIIEPATYPHI.

Mer ciemyem mertomy, npemioxensomy R. Burridge u J. B. Keller [1] u E.
Sanchez-Palencia [2]|, 3akiogaromuiics B ¢ CJIeAYIONEH OCIIEI0BATEILHOCTH
IIaroB:

(a) paccMaTpuBaeMblii (hU3MUECKUIT TPOIIECC HA MUKPOCKOITMIECKOM YPOBHE
(cpesumit MaciTal OMMCAHUS NECATKA MUKPOH ) OIIUCHIBAETCS € TIOMOITIBIO KJIAC-
CHYECKUX YPABHEHUIl MEXAHUKHU CILIONIHBLIX cpel, (TOYHAas MOMEJIb),

(6) BBLIENSIETCST HAGOP MAaJIBIX Ge3pa3sMEpPHBIX HAPaMETPOB,

(B) Makpockoluueckue MareMarudeckue Mogeian (cpepHuii  MaciiTad
ONNCAHUST HECKOJBKO METPOB) €CTh CTPOTHME ACHMITOTHYECKHE IPEIEIIbI
(ycpenHeHUsI) TOYHBIX MaTeMATHYECKUX MOJieeill Ha MHKPOCKOMMYIECKOM
YPOBHE PN CTPEMJIEHUH BBIJICJICHHBIX MAJIbIX IAPAMETPOB K HYJIIO.

151 mpesebHOTO Tepexofia MPpH CTPEMJICHAN MAJIbIX TapaMeTPOB K HYJTIO
UCIIOJIB3YIOTCS METOJ AByX-Macirabuoil cxomumoctu Nguetseng G. [3] mis cory-
gas cpej ¢ OIHON IOPHCTOCTHIO W METOX MOBTOPHOro ycpemuenus Allaire G.,
Briane M. [4] quist cotygast cpes, ¢ IBOMHOM TIOPUCTOCTHIO.
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JANOPEPEHIINAJIBHBIE OITEPATOPHBI C ITIOCTOAHHBIMUI
KOPPUIIMEHTAMU N SHAYEHU A JA3ETA-OYHKIINN
PUMAHA B IIEJIBIX TOYKAX

MUP30OEB K.A.!, CA©OOHOBA T.A.2

Cumposiom ((s), Kak 06BIIHO, 0003HAYMM s3eTa-DyHKIMO PuMana, a cuM-
Bosiamu 3(s), A(s) u n(s) - poucrBennbie ¢ Heil DyHKIMH, ONpeegeMble pa-
BEHCTBAMHU

+oo _ +oo 00 —
S _ 1 (e
5(5)—;m7 A(S)—’;Wa W(S)—k=1T

u cBgzannble ¢ (($) COOTHOIICHUIMU

A(s) = (1=27°)¢(s), n(s) = (1—2""")(s).
Oyuxnuio 3(s) nassBaior 6era-dyunkiueit Jupuxie, a aucaa 3(2) u ((3) upu-
HATO HA3BIBATL IOCTOAHHBIME Kartajana m Alepu COOTBETCTBEHHO. XOPOIIO
uzBecTHbl popMyJIbl Jitaepa

(_1)77171(277_)2771

¢(2m) = 32m)] Boy, m=1,2,...
B (—l)m (1)2m+1 B
BEm+1) = 2(2;0! Es, m=0,1,...,

rae Bo,, u Fs,, — uucia Bepuyiun un Jiisiepa coorsercrBeHHo. Oco60 0TMETHM,
YTO HUKAKUX MOMOGHBIX dbopmya mis ¢(2m + 1), 8(2m) we cymectsyer, u 06
apudMeTHIECKOIt IPUPOE ITUX YUCe] MaJO 9TO U3BECTHO.

Hamy mpeijioxKeH MeTOJ, MO3BOJIAIONINI CPeJICTBAMU CIEKTPAJLHON Teo-
pUM OOBLIKHOBEHHBIX CAMOCOIPSAKEHHBIX Ju(depeHnualbHbIX OIepaTOPOB MO~
JIy4aTh (POPMYJIBI 1T CYMM HEKOTOPBIX CXOIANIMXCA IUCIOBBIX PSJIOB U HOBDLIE
HMHTErpaJibHBIE MPEJICTABICHUS JJIs HEKOTOPBIX CIIENUAIBHBIX (DYHKIHHA. DTOT
METOJI, B 9aCTHOCTH, MO3BOJIAeT YCTAHOBUTD CIPABEJINBOCTD CIIeAyIoeil Teo-
PeMBL.
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Teopema 1. ITycmov —1 < a < 1. Tozda cnpasedarusv, pasercmsa

/2
+§ (—Dkt 1 sinazd
2k —1)2 — a2  2acos & sing
2
k=1 0
/2
f 1 1 /Cosax—cos“;d
= XL
= (2k —1)((2k = 1)> —a?)  2a%cos F cos ’
= 0
w/2
Ji:’o (-DF% 1 sin ax 2d
k2 — a2  asinar sin i
k=1 0
w/2

400

1 In2 1 . .
Zm = ? — m (Slﬂ@?T—Sanax) tngdl‘
k=1 0

TlomobubIe TOXKTECTBA MMEIOT 0cODOe 3HAYUEHME, TMOCKOJIbLKY WX JIEBbIE Ua-
CTH, OYEBUJIHO, SIBJISIOTCS MPOM3BOIAAAMU (DYHKIWMsIMU st aucen [(2m),
A2m+1),n(2m —1) u {(2m+ 1) upu m € N.

W3 Tteopembl 1 MOXKHO M3BJIEYb JOBOJBLHO OOIMIUPHYIO WH(MOPMAIUIO O IIPEJI-
crasieHun aucen £(2m), A(2m+1), n(2m—1) u ((2m+1) B Buje OIPeICTCHHBIX
WHTErpaJjioB OT dJIEMEHTAPHBIX (DYHKIWIL; B BUIAE OBICTPO CXOMANIUXCS UUCIIO-
BBbIX DsAZIOB, cojepKamux ((2n); B BHJE JMHEHHBIX KOMOHHAIMKE 00G00IIEHHBIX
TUIIEPreOMeTPpUIeCKUX psijioB 3Fo u 4 F3; B BUe NPEIEOB HEKOTOPBIX YUCJIO-
BBIX TIOCJIEJIOBATE/IFHOCTEl; B BUJIe KPATHBIX YUCJOBBIX PSIIOB U JP., 9aCTh U3
KOTOPO#l U3BECTHA, & 9aCTh - ABJISETCS HOBOM. JIOKJIa 1 TIOCBAIIEH 9TOMY KPYTY
BOIIPOCOB.

Pabora Bemosinena npu nognepxkke PH®, npoexkr 20-11-20261.

' MocKoBcKmit TocyaapcTBeHHbIi yansepeuTeT mvenn M.B. Jlomonocosa,
Poccusi. Email: mirzoev.karahan@mail.ru

2Cesepnrit (Apkruaeckuit) desepaabHblii yausepenter nvern M.B.
Jlomonocosa, Poccust. Email: t.Safonova@narfu.ru

HEIIJIOCKNE ®POBEHNYCOBBI MHOI'OOBPA3MA N
NMHTEITPUPYEMOCTDb

MOXOB O.1.

BBomuTcst moHsATHE HEMIOCKMX HEACCOIMATUBHBIX (DPOOEHUYCOBLIX MHOIO-
obpa3zuit, KOTopble ODOOIAIOT TOHSATHE ILTOCKUX MHOroobpasuit JLybpoBu-
Ha—PpobeHnyca, JOKAJIBHO 3a/aBaEMbIX PEIIeHUsIMU KJIACCUYECKUX ILJIOCKHUX
ypasuenuii Burrena—/leiikxpada—Bepaunne-Bepuune (ypasuenuit B/IBB).
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Hermockue dpobeHnycoBbl MHOTO0Opa3ust JOKAJIBHO OIMCHIBAIOTCS HEILIOC-
kuMu ypasaenusmu Burrena—/leiikxpada—Bepaunne-Bepiunge (memmockumu
ypasuenusmu BJIBB), ecrecTBeHHO BO3HUKAIONMMEA B MHOIOMEPHOH CyIIEPCHM-
MeTpHYHON MexaHnKe (cM. [1]) m B Teopuu mOAMHOr000pa3nil ¢ MOTEHIIMAIOM
HOpMaJIell B MCEBIOEBKIMIOBBIX TIPOCTPAHCTBAX, PA3BUTON aBTopoM B [2|. Pa-
Hee aBTOPOM OBLIO JI0KA3aHO, 4TO Kjaccudyeckne ypasHenust BJIBB sBisior-
CsI €CTECTBEHHBIMU CITEIHAJIBHBIMEI PELYKIUAMA (DYHIAMEHTAJIbHBIX ypaBHE-
HUH T€OpUHU HOJAMHOI000pasnuil B IICEB/IOEBKJIN/IOBBIX IIPOCTPAHCTBAX U JIIODOE
muOroobpasume lybposuna—PpobeHnmyca MOXKET OBITH JIOKAJIBHO PEATIM30BAHO
KaK HEKOTOPOE CIIEINAIHHOE IIJIOCKOE IIOMHOr000pa3ne ¢ IIOCKOH HOPMAJILHON
CBSI3HOCTBIO B IICEBJIOEBKJINIOBOM IIPOCTPaHCTBe. B 11oKi1ajie Oymer moKa3aHo,
4uro Hertockue ypasaenus B/IBB Takike sIBIISIIOTCS €CTECTBEHHBIMU CIIEIINAJ b=
HBIMHU PEJIYKIUSIMEA (DYHIAMEHTAJIBHBIX yPABHEHUIT TEOPHH OAMHOI000pasnit
B IICEBIOEBKJINIOBBIX IPOCTPAHCTBAX U JIFOOOE HEIIOCKOe (DPOOEHIYCOBO MHO-
roobpasme MOXKEeT OBITH JIOKAJIHLHO DPEAJM30BAHO KAK HEKOTOPOE CIIEIHAJIBHOE
oIMHOroo0pasre ¢ MOTEeHIINAJIOM HOpMaJjeil B IICEBIOEBKJIMIOBOM IIPOCTPAH-
CTBe.

WccnenoBanne BBITOJIHEHO HA MEXaHUKO-MaTeMaTuIeCKOM daxyibrere Moc-
KOBCKOT'O rOCyJIapcTBeHHOTO YHUBepcuTeTa uM. M.B. JlIomoHocoBa 3a cueT rpan-
ta Poccwmitckoro nayunoro donma Ne 20-11-20214.
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Mockogckuit rocynapcrsennbiit yauBepcuTeT uM. M.B. Jlomonocosa,
MeXaHUKO-MaTeMaTndeckuii dpakyibrer, Poccus. Email: mokhov@mi-ras.ru

PEHOPMAJIN30OBAHHOE PEIITEHNE AJI4d YPABHEHNA C
CUHI'VJIAPHBIM ITIOTEHIIMAJIOM HA KOMITAKTHOM
PUIMAHOBOM MHOI'OOBPA3UN

MYKMHMHOB @.X.!, BVJI'AKOBA I'.T.2

Jloka3bIBaeTcs CyIIECTBOBAHNE PEHOPMAJIN30BAHHOTO PEIICHUs SJIIUIITIIC-
CKOM 3aJ1a4i Ha KOMIIAKTHOM PUMaHOBOM MHOroobpasum M ¢ kpaem. Ciaboe
peleHne moo0HOM 3a1a49u ¢ CUHTYJISIPHBIM TIOTEHITUAIOM B CJIiydae O0JacTi B
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R™ paccmarpusasock B R™ [1]. Tam ke oTMe9asioch, 9TO TaKue 3aa49H HPeJl-
CTaBJISIIOT OIPEJIeJIEHHBIN (bu3mdeckuii uHTHpec. PaccMoTpuM 3a1a1y

—divy(a(z,u,du)) + Au+ Ku=f, ulom =0; f& Li(M). (1)

Jluneitnbrit oneparop Ku : H;(,)(M) — (H;(,)(M))* KOMIIQKTEH,

Au = —divy(FVg4u), roe BekTopHOoe mojie F'V g u B JIOKAJIBHON CHCTEME KO-
OPMHAT BBIYUCIISIETCS TT0 (POPMYJIe Fi’“ g u,; . OyHKIIH Fik (z) upunamexar
L1 10c(M), m mpu mobom z € M snementsr FF(x) 3amaor HeoTpHIAaTETHHO
onpeeneHny0 Marpuiy. Myasrunmkarop p € D'(M) MoxeT CiryKuTh npu-
MepoM orreparopa K, ecii OH HMOJYHHSAETCS OIEHKE

(e, ) = (. 0) < Cll @llpeyall Yllpeyr, Ve, 00 € DIM).
BekTopnoe nosie a mpu 1 € R yI0BIETBOPSIET yCIOBHAM OIPAHUIEHHOCTH C
g<p(x)
la(x,r,y)|} (@) < C(G(x) + |r|? + |y|P®)), monoronnoctn mpu y # z
(a(z,7r,y) — a(z,r,2),y — z) > 0, KOIPIUTUBHOCTH
(a(z,r,y),y) > 28|y[P® — G(z), tne G(x) € Li(M), y, 2z € T*M, x € M.
[Ipocrpanctso By, (M) — nonosuenne D(M) mo Hopme

[ullpey.a = lullpya + v/ (Au, u).
TMonoxum Ty (r) = max(—k, min(r, k)).

Onpenenenue 1. Vzmepumast GyHKINA U HA3BIBACTCS PEHOPMAJIIM30BAHHBIM
pemenueM 3aa4n Jupuxiie (1), eciin oHa yIOBII€TBOPsieT COOTHOIIECHUSIM: [IPU

Beex k > 0 Ty (u) € By.y(M);

lim / (a(z, u, du), du)dv = 0;
k—o0
Mk<[u|<k41

upu Beex & € Lipy(R), v € D(M) BBIIOIHEHO PABEHCTBO
/(a(%ua du), d(v(u)))dv + (Au + Ku,v€(u)) = (f,v§(w)). (2)

M

Ilycrs cymecTByior Takoe uncio A > 1, uro

(Au+ Ku,u) + do / |Vgu|§(“’)dy >0, u € Byy(M), (3)
M

opu ||u||p(,)71 Z A

Teopema 1. ITycmw evinoanenv, yeaosus wa a, Fy, K u (3). Toeda cywecmsyem
peropmasusosarnoe pewenue 3adawu (1).
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Teopema 2. ITycmo svinoanenvt yeaosus wa a, F. Iyemos a = a(z,y), ycrosue
Koapuumuernocmu evmoaneno ¢ G =0 u yeaosue (3) ¢ A = 0. Tozda pewenue
sadavwu Jupuzae (1) eduncmeenro.

Crcok aurepaTrypbl

[1] Vildanova V. F. and Mukminov F. Kh. “Perturbations of Nonlinear
Elliptic Operators by Potentials in the Space of Multiplicators”, Journal of
Mathematical sciences 257, No. 5. 569-578 (2021)

' MHCTUTYT MaTeMaTHKN C BBIYACINTEIbHBIM nenTpoM YPUIT PAH,
Vbumckuit rocyapCcTBEHHBIN ABUAIIMOHHBIN TEXHUYECKUN YHUBEPCUTET,
Poccusi. Email: mfkh@rambler.ru

2y(bI/IMCKI/II7'I rOCYZIapCTBEHHBIIT aBUAIIMOHHBII TEXHUIECKAN yHUBEPCHUTET,
Poccusi. Email: bulgakova.guzel@mail.ru

OB OJJTHOBPEMEHHOW TPUAHI'VJISPU3AIIUN MATPUIL
YCTONMYNBOCTU CUCTEM
OYHKIINMOHAJIbBHO-/IN®PEPEHIINMAJIbBHBIX YPABHEHUUN

MVJIFOKOB M.B.

Paccvorpum cemeiictBo cuctem guddepeHnunaabHbIX YpaBHEHHIH

o(t) + Zn:Akx(t —re(t) =0, t=0,
=1 (1)

z(§) =9(&), [~w;0],
B CJIe/lyIoluX 00O3HAYEHMSIX W IPeJIIoJOKeHuAX: Ay — BellecTBeHHbIe 2 X 2-
Mmarpunpl, Gysrimu 1y : [0;4+00) — [0;wg] u3MepuMbL, w = maxy wk, P —
CyMMupyeMast BeKTOp-(pyHKITHSI.
B manHbBIX 1Ipenonokenusax pemenue 3aaa4au Ko ais j1060i cucrems (1)

WV

CYIIECTBYET U €JIMHCTBEHHO B IPOCTPAHCTBE A0COTIOTHO HEIPEPBIBHBIX BEKTOP-
byHKIMIA.

IMon  pasromepnols IKCNOHEHUUGALHOT —YCMOTHUBOCMBIO CUCTEMBI  OY-
JieM TIOHUMATBH CJIEYIOIIYI0 OIEHKY MAaTPHUIlbl Komm [JaHHOW CHCTEeMBI:
dM, o > 0: ||C(t, s)” < Me %) mput > s.

ToBopsiT, 9TO MATPUIIBI 00HOBPEMEHHO MPUAHLYAAPUIYEMDL, €CITH CYTITECTBY-
eT HeBBIPOXK IeHHOE TTpeobpazoBanue basuca 1, B KOTOPOM 00e MaTPHUIIBI TTPUHH-
MAaOT BEPXHIOI TPEYronbHyto opmy. UzsectHo [1, 2], uro marpuier Ay, ... A,
OJIHOBPDEMEHHO TPHUAHTYJISIPU3YEMBI B TOM U TOJIBKO TOM CJIy4ae, eCJIH:

Vk,m=1,n: det(Ap A, — ApnAg) = 0. (2)
283



(m)

ITycrs BbImonHeHo (2). O603HAYNM Yepe3 @, = COOCTBEHHOE YHCIIO MATPHUILBI
T~1AT, pacnonoxentoe B m-oit crpoke. Bee coGeTBeHHBIE UmMCIa HEOTPHIIA-
TeJIbHBI U BEeIIeCTBEHHBI eCJId U TOJIbKO eCJIH

Vk = ].,7: detAk 2 0n SpAk 2 2\/ detAk. (3)

Paccemorpum jse 3agaau Komm (m = 1,2):

n

k=1 (4)
ym(g) =1, ¢ [_W;O]a

O6o3HaunM 4epe3 [, TOYKY NEPBOIO MUHUMYyMa PeIeHust ¥, (caydait
Iy, = 0O He HCKIIIOYAETCs).

Teopema 1. ITycmv swnosnenv. yeaosua (2) uw (3). Jas mozo wmobos kagtc-
das cucmema cemeticnea (1) 6viaa PaBHOMEPHO IKCMOHEHUUAALHO YCTROTHU-
601, HEobxoduMo U docmamourno, wmobo. das 06020 m = 1,2 pewerue 3ada-
wu (4) ydosaemeopsio o0nomy u3 06Yx Yycaoul:

o 5w/3 <lpy < 00,
o Ly <5w/3 U Ym(ly) > —1.

HokazaTenbcTBo. B yciaoBusix Teopemsr mociie mpeobpa3oBaHus bas3uca
BTOpOE ypaBHeHue cucreMbl cemeiicrsa (1) cosnanaer ¢ (4) upu m = 2. Heob-
XOJIIMO€ W JIOCTATOYHOE YCJOBHE YCTONIUBOCTU CEMEHCTBA TAKUX CKAJISIPHBIX
ypasHeHuil nosydero B [3]. Ilepsoe ypaBHeHHe CONEPKUT Kak X1, TaK U Ta.
Oj1HaKo, eciIy IepeHecTH T2 B IPABYIO YacTh, TO HCIONIB3Yst dopmyiry Komm
HETPY/IHO MOKA3aTh, YTO U3 IKCIOHEHIIUAIBHON ONeHKN To U (yurnun Komm
JIJTsI TIEPBOTO CKAJISIPHOTO YPAaBHEHUsT BBLITEKAET SKCIOHEHIMAIHHAS OTIEHKA 1.

Crucok aureparypsbl

[1] Florentino C. A. A. Simultaneous similarity and triangularization of sets of 2 by
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ckue Hayku. 2013. Ne5(18). C.2617-2619.

[3] Maaveuna B. B., 9ydunos K. M. YcroitansocTs pernennit auddepennuaababIx
YDaBHEHMII ¢ HECKOJIbKUMY IIepEeMeHHbIMU 3amnasabiBanusamu. 11 // 13B. By30B.
Marem. 2013. Ne 7. C. 3-15.

TlepMckmit rocymapcTBEHHBIN HAITHOHAIBHBIN HCCIEI0BATETHCKII
yuusepcuteT, Poccus. [lepMckuit HAIIMOHAIBHBIN WCCJIEI0BATETHCKUIM
nojiuTexHudecknii yausepcurer, Poccusi. Email: mulykoff@gmail.com
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KBA3SUKJIACCUYECKUWUE ACUMIITOTUKW OJI<
HEJIOKAJIbHBIX YPABHEHUN

HA3ANKUHCKUN B.E.

B noknane paccMaTpuBaiOTCS JIBE CUTYAITUH:
1. Pa3znocTHbIe ypaBHEHUs] Ha MHOTOMEPHOM peIrieTke ¢ MaJjbIM IaroMm h.
IIpocreitium TpuMEpPOM MOXKET CJIY?KHUTh YPaBHEHHE

{cos (mi) — weos (ma‘iﬂu(x,t) =0, (a,t)€hZxhz, (1)

w € (0,1), Bo3HUKAIOMIEe TpY U3ydeHnn 3aaa4u Koy 11 BOJTHOBOTO ypaBHe-
HUsI Ha GECKOHEYHOM OJIHOPOJTHOM JIEPEBE CO CIIENUAJbHBIMU YCIOBASAME (THUIIA
yenosuit Kupxroda) B sepimnax [1, 2|, a Taxxe (npu w = 1/4/2) B 3a1a4e o
marmkax Pefinmana [3, 4].

2. JTudpepennuaibabe ypaBHEHUs] ¢ MaJIbIM apaMeTPOM TIPH MPOU3BOI-
HBIX ¢ KOa(dUIUenTaMn, BKIIOYAIOMAMHA JefCTERE TUCKPETHON IPYTITBI CIBH-
rOB. 3/16Ch B KAIECTBE MOJIEILHOTO TIPUMEPA MOYKHO PACCMOTPETH HEJIOKATBHOE
ypasrenue IlIpennnrepa

2 52
S - L v+ [ K d,
rje sapo uMmeer crenuanbubii Bug K(z,y) = a(d(z —y— 1)+ d(x —y+ 1)) c
BelecTBeHHbIM KoadbdurmentoM a = a(x).

B 060onx cirydasix IperbaBIasSeTcss KOHCTPYKITHST KBA3UKJIACCHIECKNX ACUMII-
TOTUYECKUX DEIeHWi, OCHOBAHHAs HA KAHOHMYECKOM omeparope Macio-
Ba (cMm. [5, 6, 7]), a B ciydae 2 —Tak:Ke Ha HIEAX M METOAAX TEOPUH HEJIO-
KaJIbHBIX (mceB o) auddepeHIpalbHbIX onepaTopos (CM., HanpuMmep, [8]).

Pesynbrarsr nosyuenst coBmectro ¢ B. JI. Yepubimesbim u A. B. IlseTkoBoii
(. 1) m A. 1O. CaBunb (1. 2).

Uccienopanus B. E. Hazaiikuuckoro u A. FO. Casuna nojep:xanbsl PODU,
rpaut 21-51-12006 HHO _a.
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Wucruryr nupobiem mexanuku uMm. A.FO. Nnumuackoro PAH, Mocksa, Poccust.
Email: nazaikinskii@yandex.ru

OBPATHBIE 3ATAYN OJI1 HEKOTOPBIX YPABHEHUI
COBOJIEBCKOT'O THUITA

HAMCAPAEBA T'.B.

Bynem ucciemoBarh pa3pemmnMoCcTb JIMHERHBIX O0PATHBIX 3aad s Tud-
depeHnraIbHBIX YPABHEHHIT COOOJIEBCKOTO THUIIA

Auy + Bu = f(z,t) + q(z)h(z,1), (1)

Aug + Bu = f(x,1) + q(x)h(z, 1), 2)

rue omneparop B umeer sun Bv = a%i(bij (7)vg,) + bo(x)v, (31€CH M JAsee 1O
HOBTOPATONTAMCST MHIEKCAM BEJETCA CyMMHUPOBAHUE B TIpeesax or 1 7o n).

OCOBEHHOCTBIO N3y IAEMBIX 33718 STBJISIETCST TO, ITO UCKOMAs TIPABAS TaCTh B
HUX OIPEJIEJISETCH HEN3BECTHBIM MHOYKUTEIEM, 3ABUCAIIUM JIUIIb OT TIPOCTPAH-
CTBEHHBIX TIEPEMEHHBIX. [IpH 3TOM yCJIOBHe Hepeolpe/ie/ieHus, 00yCIOBIeHHOe
HaJIMTIIEeM HEM3BECTHOTO KO3 (DbUIMEHTa, UMeeT BH/T

u(z,T) =0, x € Q. (3)

Panee 1moy1o6ubIe 3a/1a4u JJIs ypaBHEHHI COCTABHOIO THUIA U3YYaJHUCh JJIsI
HEKOTOPBIX YaCTHBIX ciIydaeB. MeTo mcciaenoBanus B paboTe 3aK/II0YAETCS B
repexojie OT OOpATHOM 3a7a9M K HOBOI y»Ke MpsMOi 3ajade s ypaBHEHUit
cocrasHoro tuma (cM. [1]).

B nannoit pabore 11 m3y4daeMbIX 33/1a4 JIOKA3bIBAIOTCH TEOPEMBI CYIIECTBO-
BaHUS U €JUHCTBEHHOCTHU PEryJIsdpHBIX DEelIeHn.
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Bocrouno-Cubupcknit rocy/1apCTBEHHBII yHHBEPCUTET TEXHOJIOTHI U
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0 «<KBAHTOBAHUMN» OHOMN N3 TAMUJIETOHOBBIX
CUCTEM KNUMVYPBI

ITABJIEHKO B.A.

B Hacrosiiiee Bpemsi cOBepeMeHHBIE yYeHble MHTEPECYIOTCsl HeJIMHENHBIMU
o6bikHOBeHHbIME JiuddepennuanbabivMu ypasaerusyu (OJLY), momyckaromue
IpUMeHeHne MeToja u30MoHoApoMHuOl medopmanuu (MIIM). Ha cerogus us-
BECTEH KOHEYHBIN CIIUCOK COBMECTHBIX MAp raMIIbTOHOBBIX cuctem OJ1Y

(qj>;k = (Hsk);)j’ (pj);k = _(Hsk);j (k = 1,2) (] = 1’2) (1)

¢ ramuabronnanamu Hy, (s1, S2,q1, q2, D1, D2), KAXKJI0€ M3 KOTOPBIX €CTh YCIOBHE
coBMecTHOCTH JBYX JuHeHHbIX cucreM OJLY Buma

Vl, = LoV, @)

sk

V, = AV, 3)
Ije KBaJparTHble MaTpunsl L, u A 0IuHAKOBOH Pa3sMEPHOCTH DAIMOHAJIBHEI
o nepementoii 7. Coorsercrytomue pernerns OJILY, sBIAOMUXCST yCJIOBAEM
COBMECTHOCTH TAaKWX Tap, HA3BIBAIOTCS M30MOHOApPOMHBIMEU. K umciay Takmx
M30MOHO/IDOMHBIX COBMECTHBIX DENIEHUl TaMUJIbTOHOBBIX CHCTEM C JBYMsI CTe-
[IEeHsIMU CBODOMIBI OTHOCATCS M PEIIeHNs] NEPAPXUH TaMUIBTOHOBBIX BBIPOXKIe-
Huil cucrembl ['apHbe, BhINMCaHHON B M3BecTHOH crathbe X. Kumypsr [1].

IIpencrostmuit JoKaa1 Oy/IeT TOCBSIIEH TTOCTPOSHUIO COBMECTHBIX PEITeHmit
JBYX aHAJIOTOB BpeMeHHbIX ypasHenwmit [[Ipenunarepa, onpeeaseMbiX TaMUIIb-
TOHHAHAMUI Hf’jz (s1, 82,41, 42,1, p2)(k = 1,2) rammabTonoBoit cucrembr H3 12
u3 crarbu [1]. danubie ananoru ypasuenuii [IIpeaunrepa npeacraBisgior co-
6oit JuHEeTHbIe IBOJIIOIMOHHBIE YDABHEHUS C BPEMEHAMH S U So, KaXKJ0€ U3
KOTODBIX 3aBUCHUT OT JIBYX IIPOCTPAHCTBEHHBIX ITI€PEMEHHBIX.

ITocTpoeHHbIe peleHns] sIBJISTFOTCST SIBHBIMU B TEDMHUHAX PEIeHUil JTMHETHON
cucrembl O/1Y, koTopast Beimmcana B crarbe Hakamypsl, KaBakamu n Cakkast
[2].

Crejtlyer OTMETUTH, YTO HEKOTOPBIE DEIEeHUs] COOTBETCBYIOIINX AHAJIOTOB
BpemenHbIX ypasHenuil Illpenunrepa, onpenenseMblX JPYIUMU TaMHUJIBTOHU-
aHaMU yKe IToCTpoeHbl. HekoTopslie n3 Hux aBropoM coemecTHO ¢ CysreiiMmano-
BoiM B.U.
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CUHI'VJIIPHOCTU KBA3UJINHENHBIX OAY BTOPOI'O
IIOPSIZTKA

I[TABJIOBA H.T'.!, PEMU30B A.O.2

Pacemorpum muddepeniuanbaoe ypaBHEHHE BTOPOTO HOPSIIKA

d
Ala,y) 5 = M(@,y.p). p=dy/dr, M

rue A(z,y), M(z,y,p) — rnagkue dbysknuu, npudeM M — aHajuTHYecKas
o p. OcobbIMU TOYKAME ITOTO yPAaBHEHWsI HA3BIBAIOTCS TAKWe TOYKHU (,y)-
ILIOCKOCTH, B KOTOPBIX A obpalaercs B HYyJb, B CJIydae OOIINEro IOJIOXKEHUsI
oHu 00pa3yioT KpuByio [ Ha mIockocTu. PaccMOTpuM HAYAIBHYIO 33849y JIJIs
ypasuenus (1) ¢ ycmoBuem y(xg) = yo.

Eciu Touka qo = (x0,yo) Heocobasi, TO I KazKJO0Ir0 Py ITa 3a/a4a MMeeT
€JIMHCTBEHHOE PeIlleHre, YIOBIETBOPSIIOLIee YCIOBUIO P(Zg) = Pg, KOTOPOE OlIpe-
JIEJICHO U SBJISIeTCs [VIaJKUM Ha HEKOTOPOM MHTEpBaJie BEIIECTBEHHON IPsAMOii,
COJIEPIKAIIEM TOUYKY X, IPUYEM HE CYIIECTBYET PEIIeHUil, He UMEIOIUX Ipe-
nesia lim p(z) upu & — 9. Curyanus craHoBUTCS GoJiee CJIOKHOI, eCJiu TOYKa
go — ocobasi. Hampumep, MOTYT OBITH OCUUAAUPYIOULUE PEWEHUA, BXOIAIINE B
qo 6e3 orpe/iesIeHHOTO HAapaBJIeHs KacareabHoit. [lociaennee o3Hagaer orcyT-
cTBre (KOHEYHOro Wi GEeCKOHeYHOro) mpezerna limp(z) npu © — g, npuiem
p(z) B caMoii TOUKe Xy MOXKET CyIIeCTBOBATDH UJIM HE CYIIECTBOBATH.

Ipumep 1. Ypasuenue xtdp/dx = 223p — (202 + 1)y umeer cemeiicTBo perre-
Huit, 3aganbx dhopmyioi y(z) = z2(acosx ™! + Bsinz ™) ¢ mpousBoILHBIME
nocrosiaabiMu v, 3 pu « # 0, u y(0) = 0. Bee oupezenennsim Takum o6pa-
3oM GyHKINN auddepeHImpyeMbl BO BCEX TOYKAX BEIECTBEHHON MPSMOii, HO
WX [MPOU3BOJHBIE NMEIOT B HYJI€ PA3PBIB BTOPOTO POJia, 38 UCKJIIOYEHUEM JIUIIh
TOXKJIECTBEHHO HYJIEBOTO PEICHUS.

Teopema 1. ITycmo qo € T u M(qo,p) Z 0. Tozda ypasnenue (1) ne umeem
OCUUNNUPYIOUUL peutenuti, 6TOOAUUT 6 qq.
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Hanee mbr Gyzem paccmarpusath ypasHenue (1), B koropom M — mHOrO-
9IEH TpeTheil cTernenu mo p ¢ KodpUImeHTaMu, IIaJIKO 3aBUCSIIIUMA OT T, Y,
KOTOpBIE He 0DpaIalTCs B HYJIb OJHOBPEMEHHO HU B OJHOI TOYKe KpuBoi [
ITIo Teopeme 1, Takoe ypaBHeHUWE He WMEET OCIMJLIMPYIONINX PEINEHUl, 1 Ja-
Jiee pedb MOHJET O «KJIACCUIECKUX» PEIIEHUSX, BXOAANINX B OCOOYIO TOUKY C
OIIpeJIeJIEeHHBIM HAIIPABJIEHUEM KacaTeJIbHOM.

Teopema 2. Pewenus ypasuerus (1) moeym erodumv 6 mouky qo € I' auvwo
8 HANPABAEHUAT, COOMBEMCMEYIOUUL BEWECNBEHHBIM KOPHAM KYOUECKO20
mrozousena M(qo,p), m.e. 0coGvLM MOUKAM BEKMOPHOLO NOAA

A(0y + pdy) + MO,,. (2)

ITycrb qo € T' u M(qo,ps«) = 0. Ynciio u 110BejieHNe PEIEHUH, BXOJANNX B
TOYKY (o C HAIIPABJIIEHUEM D, OIPEJIEIISIeTCS] OTHOIIEHINEM BEJIMTIIH

>\1 = (A”I‘ +pAy)(QO7p*)a )\2 = Mp(QOap*)v

KOTODBIE sIBJIAIOTCS IVIaJIKUMU WHBAPUAHTAMU POCTKA 110Jist (2) B 0c060ii TOUKe
(qo, p+)- Ilpenmomnoxum, 910 Ay 2 # 0, 1 mosmoxuM A = Ay : A\;. Torga umeer
MECTO CJIeIyIONUA pe3yJIbTaT:

Teopema 3. Ecau A < 0, mo ypasHernue umeem odno pewenue, nporodauiee
yepes mouky go ¢ KACAMeAbHUM HANPABAEHUEM Dy. Ecau A > 0, mo ypasnenue
UMEEM BECKOHEUHOE YUCAO PEWEHUT, BTOOAWUL 6 Gy C KACAMEADHDIM HANPAG-
aenuem py. Cywecmasyrom A0KANHBIE KOOPOUHAMbL C HAUAAOM 6 4y, 68 KOMOPHLT
Kpusas ocobwur mouex I' cosnadaem ¢ ocvio x = 0 u 6ce amu peweHus umerom
00HY U3 08YT B03MONCHVIL POPM.!

y = F(z,clz]?), ecau A ¢N,
y=F(z,z*c+eln|z]), e€{0,1}, ecau XEN,
2de F' — 2nadkasn dynryus 08yx nepemennvlr, ¢ = const.

Pabora Bemosinena npu nogaepkke POOU, rpant 20-01-00610.

'Poccniicknit yauBepcuTeT Apy:KObI Hapoaos, Poccua. MacTuTyT mpobieM
yupasienust uMm. B.A. Tpanesankosa PAH, Poccus.
Email: pavlova-ntg@pfur.ru

2MockoBckmit (bU3MKO-TeXHUIeCKnii HHCTUTYT, Poccnst.
Email: alexey-remizov@yandex.ru

NCCJIEJOBAHUNE 3AJAYU OIITUMAJIBHOT O
YIIPABJIEHA OJId OAHOM MOAEJIN
COBOJIEBCKOTI'O TUITA

ITIEPEBO3YNKOBA K.B.!, MAHAKOBA H.A.2
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1
[e]
Paccmorpum dyHKImonaIbHBE IpocTpamcTBa $ =W,y (), B = L,(Q),

H = Lo(92). TosoxkumM npocrpascTso H* = W{l(Q), B* = L,(2). Paccmor-
pUM 3aJiady ONTHMAJILHOTO YIIPABJICHUST

T T
J(z,u) :%/Hm—zd”%dt—l—(1—%)/||u||q%*dt—>inf, xe(0,1) (1)
0 0

pemerusivu 3aa4u [1loyonrepa—CumopoBa—/lupuxiie

(NI + A)(2(s,0) — 0(s)) =0, 5 € O, 2)
x(s,t) =0, (s,t) € 0N x R, (3)

JUIsl yPABHEHUs] B 9ACTHBIX [TPOM3BOJIHBIX
gt(/\]I+A)x+an—|—B|x|p72x=u, D> 2, (4)

rae dyuknusa ¢ = x(s,t) cocrognue cucremsl; «, 3, A € R — mapamerpsl cucre-
Mbl, CBOOOJHDIH wieH u = u(s,t) OTBeYaeT BHEIIHEMY BO3ICHCTBUIO.

IMocrpoum MHOXKeCTBO (Ha3bIBaeMoe B ajbHeiineM (ha30BbIM MHOI00Opa3u-
eM)

9, ecmm X # A,
Mm=< {zeH:ad [z,ons ds= [(Blz[P~%z + u)p ds},
i=1Q Q

ecim A = \g

U c/ejlaeM JIOIyIIeHne:

(I — Q)u ne zapucur ot t € (0,T), (5)
e
I, must A # Ag,
Q:{ I— > (- ok), mas A= Ag.
A=A
PaccvoTpum

9, ecom \ # Ag;

coim L = { {z €9 : {z, o) =0}, ecm A = Ay

Teopema 1. [1] Ecau npu A € R svnoaneno ycaosue (5) u «, f € R, npuuem
af <0, un>2, 2<p§2—|—$ uau n = 2. Toeda
(i) mmoocecmeo M asasemes npocmuim baraxosvim Cl-mrozo06pasuem, mo-
deaupyemovim noonpocmparcmeom $H';
(ii) cywecmeyem T(xg) u eQuHCMBEHHAA KEAZUCTNAUUOHAPHAA NOAYMPAEKMO-
pua x € CH0,T(x0); M) ypasrenua (4), nporodawasn uepes mouky o.
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Beenem npocrpancrso ynpasienuii 4 = L,(0,T;98*) u Boibepem Hemycroe,
3aMKHYTO€, BBIIIYKJI0€e MHOXKeCTBO Uyq. IlycTh

X={x € Ly(0,T;9): % € Ly(0,T;coim L)}.

O6o3uaunm depe3 A muoxkectBo nap {z,u} C X X ,q, yJAOBIETBOPAIOIIIX
samaue (1) — (4).

Teopema 2. [2] Ecau npu A € (—00, A1 eunoaneno ycaosue (5), napamems-
po o € Ry, B € R_ un>2,2§p§2—|—ﬁ usu n = 2. Toeda das
mobozo T > 0 cywecmeyem eOUHCMEEHNAA KGASUCTNAUUOHAPHAA NONYMPAEK-
mopusa x € C1((0,T); M) ypasnernusa (4), nporodawas “epes moury x.

Teopema 3. [2] ITycmv A € R, napamempu. o € R, f € R, npuuem aff < 0,
un > 2 2<p<2+ n4_2 uau n = 2 u ewnoaneno ycaosue (5). Tozda
npu aw0bwr To € H, T € Ry maxuzx, wmo mmoocecmeo A # O cywecmeyem

pewenue 3a0a%y onMuMasvhozo ynpasaenus (1) — (4).

Hccenedosarnue svimonreno npu gurarcosot noddepocke PODPH v eanbun-
cKotll 0baacmu 8 pamrar HayuwHozo npoexma N 20-41-740023.
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KBABNKJIIACCUYECKAA ACUMIITOTUKA CITEKTPA
ATOMA BOIJOPOIA B DJIEKTPOMATHUTHOM IIOJIE
BBJIN3U I'PAHUII CITEKTPAJIBHBIX KJIACTEPOB

ITEPECKOKOB A.B.

PaccmoTpuM HeperaTUBUCTCKHI TaMUJIBTOHHAH aTOMa BOJIOPO/a B OJTHOPO/I-
HOM 3JIEKTPOMATHUTHOM TIOJIE

H = Hy + M3 + cejxq —‘rEQW, (1)
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rie

- .0 .0
Ho = —A — ||, M?a:wzafxl—mlaima

W = (22 + 23)/4.
Brech wepes & = (11,72, T3) 0603HAYEHDI IEKAPTOBBI KOOPAMHATHI B R, A —
oneparop Jlamraca, MarHuTHOE II0JI€ HAIIPABJIEHO BJIOJIb OCU I3, & JJIEKTPHIe-
CKO€ TI0JIe BJIOJIb ocu x1. duciio e; > 0 — HAIPSKEHHOCTH IJIEKTPUIECKOIO
moJist, € > 0 — MaJIblif TapaMeTp.

Saada 06 aToMe BOJIOPOJIA B SJIEKTPOMATHUTHOM IOJIE [IPEJICTABIISET O0JIb-
ol pusnaeckuii u MareMaTudeckuit narepec. OCOOGEHHOCTHIO JTAHHON 3391
SIBJISIETCS HAJIMYINE B TAMUJILTOHUAHE OJJTHOBPEMEHHO U JIEKTPUIECKOTO, M Mar-
HUTHOTO TI0JIei, KOTOPbIe OPTONOHAJIBHBL JIPYT JAPYTY. DTO MPUBOIUT K 0OPa30-
BAHUIO PE30HAHCHBIX CIIEKTPAJIbHBIX KJIACTEPOB OKOJIO COOCTBEHHBIX 3HAYEHUN
HEBO3MYIIIEHHOI'0 aToMa BOJoposa [1].

Anrebpandeckuil MeTOM IOCTPOEHNUST ACUMIITOTUKY CIEKTPa U COOCTBEHHBIX
dbyukuumit aroma Bogopoza 6L peioxken B padore [2]. Oguako sT0oT METO, He
[IPUMEHUM J[JIsi COCTOSHAN CUCTEMBI, KOTOPbIE OTBEYAIOT I'PAHUIAM CIIEKTPAJIb-
HBIX KJIacTepoB. B pabote [3| 6b11 NpeiozkeH MeTOJL TIOCTPOCHUST ACUMITTOTHKH
CIIEKTPA OKOJIO I'PAHMUIL KJIACTEPOB, OCHOBAHHBIN HA HOBOM WHTErPaJIbHOM IIPEJI-
CTaBJIEHUU JJIsi aCHMIITOTHYIECKUAX COOCTBEeHHBIX (pyHKIHiT. C ero moMoImpio 10-
Ka3aHo [4], 9To BOIM3M BEPXHUX TPAHMUIL CIEKTPAJIBHBIX KJIACTEPOB MMEETCs
cepus cODCTBEHHBIX 3HaUeHUil oneparopa (1) co ciemyormeil acCUMITOTHKO

1
& = ey +emy/9n2e? + 1 — e?n'e?(4n? + 9n|m| — 6m?)—

—18e%n"e3(n — [ml)(k +1/2) + O(c*n") + O(*n'°), @)

rme € — 40, k=0,1,2,..., uncma n € N, m € Z yI0BJIETBOPSIIOT YCJIOBUSIM
l<n<eV 5, 1 K \m\ < n. 31ech €1 MPUHAMAET IIPOU3BOJIbHBIE TOJIOMKU-
resibHbIe 3HadeHud. Coydail MaJsbIx 3HaYeHuil e; paccMoTper B [5].

Dopmyna (2) onmcwiBaer paciienienne crnekrpa (r.e. abdexr 3eemana—
IIIrapka) st aroMa BOIOPOJA B OPTOIOHAJIBHBIX JIEKTPUYECKOM U MALHUT-
HOM 110J1s1X. [I0CKOIBKY B ramMuiibToHuaH (1) BXOAUT mapamerp €1, TO BO3HUKA-
eT OJIHOTIapaMEeTPUIECKOoe CeMeiCTBO ypaBHeHmi [0itHa, K KOTOPBIM CBOIUTCS
YCPE[IHEHHAsT 3aJlada B HEIPUBOJIUMOM IIpejicTaBieHnn ajredpsr KapaceBa—
HoBukoBoit Fyyant ¢ KBAIPATHIHEIMYE KOMMYTAIIMOHHBIME COOTHOIIEHUSMH |1,
2]. Acumirroruka penienuii ypasaenuii [oitHa cTpoUTCs ¢ HOMOIIBIO KOMILIEKC-
noro metosia BKB u meTosma coryiacoBanms aCHMITOTUIECKUX PA3JIOKEHUIA.

PesynbraThl moJIydeHbl B paMKaX BBIMOJHEHHUS MOCYJIAPCTBEHHOTO 33 IaHUS
Muno6puayku Poccun (mpoekt FSWE-2020-0022).
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NCYUNCJIEHUE KOHEYHBIX PASHOCTE B BAHAXOBBIX
AJITEBPAX

I[TEPOB A.1.1!, KOCTPYB U./.2
OCHOBHBIM HCTOYHMKOM II0 TEOPHM KOHEYHBIX PA3HOCTEH IS HAC SIBJISeT-
cst [1]. Iycrs B kommuiekcHasi Ganaxosa asrebpa [2], [3], G C B — orkpsiToe
muOkecTBO U f(x) : G — B — Hekoropas dyukius (oneparop, 0ToOpazKeHue).
IycTh n — IPOU3BOJIbHOE HATYPAJILHOE YHUCIIO U Z1,Z2, . . . , Zy, — [IPOM3BOJIbHAS
crucTemMa y3J0B, Jexaras B G.
Cunraem anrebpy B kommyratusHoii [4]. Pasdesernnot pasrocmovio nopadka

n — 1 ¢gynxyuu f(X), oTBEUAIONIEH CUCTEME Y3JI0B Z1,%2, . - - , Zy, HA3DIBACTCS
BbIpaskenue (ciaesa — 06o3HadIeHNne) n
A" (%) (21,79, 70) = > f(25) [[ (25 —20) 7" (1)
=1 ki

IIpeanonaraem, 9TO BBIIOJHEHO YCJIOBHAE Pa3eJIEHHOCTU: CYIIECTBYIOT 00paT-
uote (z; —zg) ' upn j #k, 1 <j,k<n.
B obmiem ciryaae mostaraem

An—lf(x)(zl,z27...,zn) :Zf(zj)cjk- (2)
j=1

IIpenmonaraemM, 4To cucrema y3JIOB Zi,Z2,. .. JIEKUT 6 00UWEM MOA0ICE-

Huy, ecau Marpuna Bannepmonna V(zi,2zs,...,2y), toe V = (V,i) HMeeT
' (1 < j,k < n), nueer obparnyio C = (cjk), tme (cj) u3
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B(1<jk<n).CV=E, VC=E, e E — equanunas marpuna s B"*"
(E = diag(1,1,...,1), C = V- (zy,2o,..., z,)). UssectHo, uto: /s obpamu-
mocmu mampuysr Bandepmonda V(z1, Za, . .., Z,) neobxodumo, wmobv, 6viio
BUINOAHEHO Ycaosue pasdesernocmu (z; — zr) P npuj # k1< jk<nu
docmamouro, 4mobv, 6vLA0 GHBINOAHEHO YCAOBUE CNEKMPAALHOT PA30eACHHOCTIU
S(z;)NS(zr) =0 npuj#k, 1 <jk<n.

ITycmv mampuya Bandepmonda V(z1,2a, . .., Z,) 06pamuma U Mampuya
V21,29, ...,2,) 3anucana 6 sude C = (cji), 2de (cji) € B npul < j k <n.
Tozda 6ce anemenmor nociednezo cmorbuya 0b6pammoti mampuys, C obpamumos
Cik, 1 < j <n (em. dopmyay (2)).

Tlocnieiee orHOCUTCS K (PYHKITMOHAJILHOMY UCUUCTIeHnio. PaccMoTpuM KOH-
TYPHBIA MHTErpaJl

5 F) (A" +ai A"+ +a, A +ay,) dA. (3)
do
3aecy f(A) : G — C (xycouno) anamnrndeckas Gynknus, G C C — orkpbiToe
MHOXKECTBO, B KPYIVIBIX CKOOKAX — PE30JIbBEHTA N-I'0 MOPAIKa Iy (A) : R — B,
00 — KpUBOJIMHEHBII KOHTYD, jiexkaruil B GNR u oxsarsiBatomuii cuekrp S (S
u R — CIleKTp ¥ pe30JIbBEHTHOE MHOYKECTBO CKAJISPHOTO XapaKTEPUCTUIECKOTO
mHOrowieHa agA\"” + ...+ a, : C — B).

O6o3naunM B(G) oTKpbITOE MHOMXKECTBO TeX X 3 B crekrp S(X) KOTOPBIX

sgexutr B G. Ilomoxum

/ FOV O —x)tdr (x € BG)).

3aece 0o nexur B G N R( 1 OKPY’KaeT CIeKTp S(X) /eMeHTa X.

PaccmorpuM ypasrenue ag\” + a; A"t + ... 4+ a,_1 A + a, = 0 KopHH Ko-
TOPOTO Z1,Z3, ..., Zpn Jexkar B obmeM nosnoxennn u C = (cjz) = V7(zq,
Zo, .. Z).
Teopema 1. IIpu cOEAGHHOIT 6VUE NPEONONOHCEHUAL UMENT, MECTNO CAedY-
rowue gﬁopmyl/m

FO) (@A +a A"+ +a, A +a,)dh =

n
Z (z;)cjx = A" L f(x)(21,22, . .., Zn). (4)

j=1
HCC.HG,HOB&HI/IH HepBOFO U3 aBTOPOB BbIIIOJTHEHO IIpU (bI/IHa.HCOBOI/I IIoAIeP2KKe

POOI, rpant 19-01-00732.

271'@
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PACITPEAEJIEHUE CITEKTPA OIIEPATOPA
IIITYPMA-JINYBUJLJISI C JEJIBTA-B3ANUMOJENCTBUEM

I[TEYEHIIOB A.C.

B L?[0,+00) paccMaTpuM onepatop H MOPOXKIaeMBblii BHIPAsKeHIEM

d2
lop = T + q(z) + ad(x — b). (1)
u kpaesbiM yciosueM Hupuxsie y(0) = 0, rme 0 — genabra QyHKIUS

Hupaka,a > 0,b > 0 u BemiecrBennasi dbyHkius (norennuan) ¢(z) IBaXKIbL
HenpepbiBHO- (G dhepernupyema nipu x > 0, mpuvem ¢'(z) > 0, ¢ (x) > 0 upn
z > 0. IIpu onpenenennn oneparopa Irypma - JInyBuiuis ¢ moTeHI@aaMu-
pacupejieJieHusaMEu OyJieM cJeoBaTh noaxonay, passuromy A.M.Capuykom u
A A IllkanukoseiM B paborax [2,3]. Heosmymienusiii oneparop Hg, coorBeT-
crByIomuii 3nadennio a = 0, 06s1aaeT JUCKPETHBIM CeKTPoM [1]

{M)nZo, A > A, n=0,1,2., A} = 400, n — +oc.

no

B cuiy Bospacranust dbyakunu g(z) ypashenue g(z) = A npu A > ¢(0) ume-
eT eJMHCTBeHHOe pertenne x(\), HA3bIBAEMOE TOYKOH MOBOPOTA, M Ta TOYKA
nosopota npocrag, T.e. ¢’ (x(\)) # 0. JJokazaHbl TeOpeMbi:

Teopema 1. Cobcmsennvie 3nauerus A, onepamopa H ydosaemeoparom nepa-
B8EHCMBAM

A< Ao <AL, AL <N <AL n=1,2,3, ..,

Teopema 2. Ecau q(x) = cx¥,k > 1,¢ > 0, mo cobcmeennvie anavernua Ay,
onepamopa H umerom acumnmomury npu n — +0o

2k k 2k 2.2 _i1acosB(b 1
/\n:om’ﬁ£c2 (1 3 + (g)ga : zkg( ) + o~z )>7

E+2)n  7w(k+2) n iz n iz
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20e

1

ch%F(%—i—%) e (Ga)w ke 1 T
Ly Sy b) — Ao — et bat— T,
o= (i) 0= o aia ]

I'-Tamma -pynryus taepa.

Ipumep 1. ([5]). Ecau g(z) = x, T0 crpaBeyinBa aCHMITOTHKA

asinz{b(gwn :

3
A = (37m)3<1— %"- 2(3;)%) } +O<nlg)>,n—>+oo.

2

3ameuanue 1. B pabore [5] pereH BOIPOC O PACHOIIOKEHUH NEPBOTO C.3.A1
B 3aBHCHMOCTHU OT I[IapaMeTpoB a, b u jjisi OTpUIaTe bHBIX a. B dacTHOCTH,
HafIeHbl YCJIOBUS , IIPU KOTOPBIX A SIBJISIETCsl OTPHUIATEIHHBIM U JIAHA €0
OIIeHKa CHU3Y.

Ipumep 2. ([6]). Ecau g(x) = IQ*Q, 10 A2 =2n—1,n = 1,2, ... u cipaBe yUBa
ACHMIITOTHKA,

1

2]

3]
(4]

]

(6]

4

s 2 /
vn n
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JIOKAJIbHA A TUHAMUKA YPABHEHUS KAHA —
XUJIJIAPIIA

IIJIBIINEBCKAZ# C.II.

PaccmarpuBaercs: ypaBHEHHe, KOTOPOe sIBJseTCs Moudukanueit (paciumpe-
HUEM) MIUPOKO m3BecTHON Mojenu Kana—Xumapaa,

U = (—QUgy — u + bu? + u?) 4y, (1)
Ug(0,8) =0, uz(1,t) =0, Upea(0,8) =0, Uzee(1,t) =0.

Taxoro Bufia KpaeBble 3aJIa91 U3y9dasnch B [1].
Jns u3ydeHnsl pelreHuH U3 MajoOf OKPECTHOCTH COCTOSHHUS DABHOBECUS
uo(t,x) = ¢ B (1) npoussesieM 3aMeHy u = ¢ + v U epeiiieM K KpaeBoil 3a/1a4e

Uy = (_avwm - BU + ’7“2 + Ug)zwa
V(0,8) =0, v(1,8) =0, VUgee(0,8) =0, vga(1,t) =0, @)
1
B =1~ 2bc— 3c?, v =b+ 3¢, M(v) = [v(x)dz = 0.
0
IIpu ycnoBun
3c3 + 2bcy — 1+ 12a =0, (3)

JIJTsT HEKOTOPOTO ¢( B 3a7ade 06 yCTOWIMBOCTH KpaeBoil 3amaun (2) BOSHUKAET
KPUATUYIECKUN cirydail.

PaccmaTpuBaeTcst BOIPOC O JIOKAJIBHOI JMHAMUKE Kpaesoil 3aja4un (2) upu
YCJIOBUU ¢ = ¢g + €C1, TIE ¢ ABJsieTcs KopHeM ypasHenus (3), ¢; # 0 — Kak-To
GbUKCHPOBAHO, & € — MAJIBII MOJOXKUATENBHBIH mapamerp, 0 < ¢ < 1.

Bsenem B paccMmoTpenne cTaHIAPTHBIN JJIS METOLA HOPMAJIBHBIX (OPM Pl

v(t, x,e) = e'/26(7) cos(mx) + eva (T, ) + ¥ 2vs(r,2) + ..., T=ct. (4)

Ioxcrasum (4) B (2) u 6ynem cobuparb KO3(hOUIUEHTHI DU OJUHAKOBBIX
cremensix €. Ha Tpernem mare, cobupas kosddurmentsr npu €%/2, momyamm
ypasuenue Jyist v3 (7, x). 13 ycioBus ero pa3pemmMocT B YKa3aHHOM KJacce
byHKIWMI TOJyIaeM PABEHCTBO

£ =0+ ot (5)
e 6 = 21%(b+ 3c2)c1, o= —Zﬂ'z — % (6a)7 L.

Teopema 1. Ilpu ycaosusx § # 0, o # 0 u npu 6cex JocmMamouHo Maivix
€ nosedenue pewerud (2) us nexomopot docmamowno Maaol u He3a8ucAuet
0M € OKPECTHOCTNU HYALBO20 COCMOANUSA PABHOBECUS ONPEIEAACNCA YpasHe-
nuem (5).
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OIIEHKA CHU3Y HAUBOJIBIIEI'O 3HAYEHN 1
MUHNMYMOB MOAVYJIA HA OKPY2XKHOCTHAX
AHAJINMTNYECKOUN ®YHKIINN

ITOIIOB A.1O.
Hansr uncia R > 0, g € (0, 1). PacemarpuBatorest GyHKIME U3 TPOCTPAHCTB

HY(R:), Ry > R. O6o3nauum

m(fv T) - P
OrnpesiesiuM BeJIMIUHY
M(f; [¢R, R]) = max{m(f,r)|¢R <r < R}.

CraBurcs ciemnytormas 3agada. CKoJib OOJBIUM JOJKHO OBITH 9HCJIO
Ry > R, 9T00BI TOUHAS HUXKHSS IPAHb

inf {M(f:[aR, R)) | fllr, | f € H'(Ry), £(0) =1}

OKAa3aJ1aCh MOJIOXKUATEJIbHOM?! JIpyruMu cjioBaMu, HACKOJBKO Ry TO/IKHO OBITH
Oouibirie R, 9T0OBI rapaHTUPOBATH CIIPABE/JIMBOCTH HEPABEHCTBA

M(f;lqR, R]) >

27

. _ . L ip
in /), 1l = Jim g 1 (e)lds.

- Vf € H'(R,) upu yciosuu f(0) =1, (1)
||fHR1

B KOTOPOM ¢ — abCOJIIOTHAs nocTosiHHas (mm dbyHKIms napaMerpa q)?
Teopema 1. ITyems g € [1/3,1), alq) = (14+3¢)/(1—q), R1 = a(q)R. Tozda

swvinoanaemca coomnowenue (1), 6 xomopom ¢ = 3/64. B wacmmnocmu, eeproi
pasencmea a(1/3) =3, a(1/2) =5, a(2/3) =9.

O6cymuM BOIIPoC 0 TOYHOCTH CPOPMYJIMPOBAHHOIO pe3yJibrara. He 3aBbiiie-
Ho Jin 3HaueHne Ry = a(q)R B B Teopeme 17 Bepra nm orenka (1), ecsin B3sITh,
uwanpumep, R = (a(q) — 1)R? Asropy 310 He u3BecTHO, HO B3aTh Ry = b(q)R,
rie b(q) = a(q) — 1 — (1 — q)/4, yxKe Henb3s.

Teopema 2. Jlas mobvix R >0 u g € [1/3,1) cywecmsyem makas nocaedo-
BAMEABHOCTND UEADLT PYNKUUL Gr, 4MO GHINONHAIOMCA COOMMHOULEHUS

gn(0)=1 VneN, lim (M(f;[¢R, R]) max |g.(2)]) =0. (2)
SR, |21 <b(a) R



Bamerum, 4910 ||g||R, < |I?<a§ |g(2)], mosTOMY paBEHCTBO HyJIO Ipejesa B
EIasl

(2) cuibHee onpoBeprkennst Hepasencrsa (1) mpu Ry = b(q)R.

Paccmorpennas 3a1a4da [1i1st IPOCTPAHCTB AHAJUTAYECKUX B KpyTe (DyHKITHIA,
10 MHEHUIO aBTOpa, siBJisieTcst HoBoi. Ho B Teopuu 1esibix (pyHKINN TEMATHKA,
CBsI3aHHAS C OIEHKOW CHU3Y MUHUMYMa MOJLYJIsI 11eJ10i (DYHKINH Ha HEKOTOPOH
YXOJISIIENl B OECKOHETHOCTD IIOCIEI0BATEILHOCTH OKPYKHOCTE!, Pa3BUBACTCH
yxe 6ouiee cra Jsier. ObmmpHas 6ubnauorpadus umeercs B [1]. B aroii remaruke
OBLIIO TPUHSATO OIEHUBATH CHU3Y MUHUMYM MOJYJIst (DYHKIIUU HA OKPY2KHOCTHU
(Ha KOTOPOI TO BO3MOYKHO) Yepe3 HEKOTOPYIO CTelleHb MAKCHUMYyMa MOIYJIs
(MYHKIMM HA TOH K€ OKPYKHOCTH.

Xoaiiman [2] npuses npumep nestoit byHkimu F' 6€CKOHEUHOTO HOPSIJIKA, JJIst
KOTOPO# CIIPABEJIMBO MPEIETbHOE COOTHOIIEHNE

. Inm(F,r) B
Tlg{.lo mM(E 1) —oo, tne M(F, r) = ‘ril‘z%}§|F(z)|

B zamade oneHKum MUHUMYMa MOJIYJS Yepe3 OTPUIATENHHYIO CTEIEHb MaK-
CUMyMa MOJLYJIisl Ha OOJIBIIIEN OKPYKHOCTH CUTyaIus nHas. Ha ocHOBaHUM Teo-
peMbl 1 T0Ka3bIBAETCs

Teopema 3. /laa mnpoussorvrot ueaoti ¢gymxuyuu f Z 0 cywecmeyem
MaKas G03PACMAIOULGA NOCACIOBATNEALHOCTG  NOAOACUTNEALHOT YUCEA T,

lim 7, = 400, wmo sunosHAIOMCA HEPABEHCTBA
n—oo

Tnr1 < 3r, + ]., m(f, 7’7,) > m Vn € N,

2de ¢ — MOAOIHCUMEABHAA NOCTNOANNAA, ONPEIEAAEMAA SHAYEHUEM TMEPBO20
HEHYNEB020 KOIPPUUUEHMA METN0POBCKo20 pasdaodcerus [ 6 mouke 0.

Pa6ora Beimosinena npu nojepkke PO®U, rpant 20-01-00584.
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XAPAKTEPUCTNYECKAA 3AJAYA C HEJIOKAJIbHBIM
YCJIOBNEM OJIdd YPABHEHUW S YETBEPTOI'O ITOPAJKA

IMIYJIBKMHA JI.C.
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B coobmiennn paccMaTpuBaeTcsa HadalbHO-KpaeBas 3ajada JJis ypaBHeHMsI
Ut — (g )y — (bUget)r + cu = f(z,t) (1)

B obuactu Q1 = (0,1) x (0,T) u uzy4aercsi BOIPOC O CYIIECTBOBAHUU PEIICHUS,
YJIOBJIETBOPSIIOIIETO yCIOBUSIM

u(z,0) = @), w(z,0) =), (2)

l
we(0,8) = v(t),  u(l,t) + / K(2)u(z, t)dz = 0. 3)
0

VYpasuenue (1) BOBHUKAET IIPU UCCIEIOBAHUN [IPOJIOJLHBIX KoJeOaHuil crepK-
Hs1, ¥ U3 dusnueckux coobpaxkenuit b # 0 Bcriogy B obsactu. [losromy (1) mbr
MOXKEM 3aIMCaTh B BUJE YPABHEHUs C JTOMUHUPYIOIIEH CMEIaHHO ITPON3BOJI-
HOI

Ugatt + (Auz)m + (But)t +Cu = F(l‘,t), (4)

r7ie HOBbIE KO3(MMUIMEHTHI BBIPAXKAIOTCS IePe3 CTAPDIE C TOMOIIBIO SJIEMEHTAD-
HBIX COOTHONIEHUI, U /I UCCIIeJOBAaHUA Pa3pPelINMOCTH 1I0CTaBJICHHON 3318491
MBI [IPUXOJIAM K IBYM 3ajadaM ['ypca, 3amucas (4) ciemyomnmm o6pa3oM

i T t

2 T
% uxt+/AuwdT+/Butd§+//Cudfdt = F(x,t). (5)
0 0

0 0

BBG,HH HOBYIO HEU3BECTHYIO (byHKL[I/HO7 OpUXouM K JABYM 3a/la9aM: KJIaCCHU-
geckoit 3agaue I'ypea (G1) u mesnokasnbuoit 3anade (G2) mjis HArPYZKEHHOTO
YPaBHEHUSI.
3agaua G1.
vyt = F(x,1),

x

Av(r)dr = g(t), v(z,0) = /(z) + / Bi(€)de = hz).

0

v(0,t) = V'(t) +

o

3agaua G2.

x

t t x
um+/Aurd7+/Butd§+//Cudfdt:U(z,t),
0 00

0

!
u(z,0) = p(x), u(l,t)+ /K(m)u(m, t)dz = 0.
0
3

00



Pemmenue 3ajaun G1 MOXKHO BBINTUCATH B SIBHOM BHJIE, 8 UCCJIEIOBAHUE 3a1a~
qn G2 Tpebyer HEKOTOPBIX YCUJIMI B CBSA3U C TEM, 9TO OJHO U3 YCJIOBHIl HEJIO-
KaJIbHOE, & ypaBHeHne HarpyzkerHHoe. OCHOBHOe BHUMAaHUE B JOKJIAJE U OyIeT
yaesteno 3amade G2. Pe3ysbrarsl uccsie10Banmii MpUBen K Y TBEPKICHITIO

Teopema 1. Ecau A, B,C,F € C(Qr), K € C1[0,1], v € C1[0,T],

0, € CHO,11 N C?%(0,1) u 66NOANAIOMCA YCAOBUA COAACOEANUA
1

v(0) = ¢'(0),2/(0) = ¢'(0), p(0)+ [ K(z)p(x)dz =0, mo cywecmsyem edun-
0

cmeennoe pewenue 3adavu (1) — (3), Komopoe nowumaemes Kax GyHEGUA

u e CQ(QT) N Cl(QT)7 Ugztt € C(QT)

M . UCCJIEIOBAHUN TTOCTABJIEHHON YU TPUHAMAJ AKTUBH
Bamenvarue 1. B ucciaenosa OCTaBJICHHOI 3a/a an a oe
yuactue A.B. I'mies.

Camapckuit yausepcurer, Poccusi. Email: louise@samdiff.ru

OIINCAHUE JINTHEMHOI'O Y®®EKTA IIEPPOHA
I[IPU HAPAMETPUYECKNX BO3MYIIIEHUAX
JIMHEMHON NN®PEPEHIIMAJIBHON CUCTEMBI
C HEOTPAHMYEHHBIMU KO ®®PUIIMEHTAMN

PABYEEB A.B.

Js 3aganaoro n € N obozHaunm uepe3 M, Kiaacc JUHEHHBIX auddepen-
TUAJBbHBIX CUCTEM

t=Alt)x, xzeR", teRy=][0,+0), (1)
¢ HemnpepbiBHbBIMU Kodddurmentamu. Obo3HaunM mokasaren JIsmyHoBa cu-
crembl (1) wepes A (A) < ... < A, (A4), a ux cumekrp — depes

A(A) = (M(A), ..., A\ (A4)). T.k. MBI He npemnonaraeM Ko3hOUIHEHTH pac-
CMATPUBAEMBIX CHCTEM OIPAHUYEHHBIME, UX MMOKa3aTesn JIamyHoBa sSBIISTIOTCS,
BOOGIITE TOBOPS, TOUYKAMH PACITHPEHHOM Iic10Boit mpsamoit R = RU{—o00, +00},
KOTOpas HaAeJIAeTCs IOPAJIKOBONA TOIIOJIOTUEH.

st manubIx MeTputdeckoro npocrpanctsa M u dyukmun 6: Ry — R pac-
emorpum Kiace QY [A](M) HeTpepBIBHLIX IO COBOKYITHOCTH TIEPEMEHHBIX (hyHK-
mait Q: Ry X M — R™ ™ yaoBIeTBOPAIONNX YCIOBUSIM:

1) supger, suP,enr [|Q(t, 1) [[e?F < oo;

2) st Besikux k = 1,n, pu € M, BBITIOJHAETCST HEPABEHCTBO

Me(A() + Q5 1) = Ai(A).

OTmerumM, uTo Jy1st moboit cuctembr A € M, xmace QY[A](M) me mycr,
IIOCKOJIbKY €My 3aBeIOMO IpHHAIesKuT Marpuia ¢ = 0.
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CraBuTcs 3ajia4a, MOJHOTO JECKPUIITUBHO-MHOYKECTBEHHOTO OIMCAHUS JIJIsT
KasKJIbIX N > 2 U MEeTPpUYeCKOoro mnpocrpancrBa M Kiacca

Q% (M) = { (A(A), A(A+Q)) | A€ M,, Q € Q°[A](M)}.

VkazaHuyio 3ajady MOXKHO PaccMaTpuBaTh Kak oboOmenue npumepa Ileppo-
Ha [1, § 1.4] Ha ciydail HeorpaHUYEHHBIX KO3(DMOUIEHTOB.

Bysem rosoputs |2, c. 224], uro dbyakimsa f: M — R npuHaIexuT Kiaccy
(*, Gs), ecrm ayist mo6oro r € R mpoobpas f~* ([r, —l—oo]) ayda [r, +00] aBisiercst
G s-MHOXKeCTBOM MeTpudeckoro npocrpancrsa M. B wacrrocru, kinace (*,Gy)
— IOJKJIACC BTOPOro KJjacca Bapa [2, ¢. 248|.

Pemtenne moctaBieHHON 331891 COIEPXKUAT CJIELYIOIIAST

Teopema. /Jlas xascdwr mempuueckozo npocmpancmsa M, namypasvro-
20 wucaa n = 2 u wenpepusnot pynkuuu 0: Ry — R napa (l, f), 2de
l=(,...,1ly) € (ﬁ)n wf=f1, s fn): M — (ﬁ)n, NPUHAOAENHCUT KAACCY
Q% (M) mozda u moavko mozda, £020a EHMOAHAIMNCA CACIYIOULUE YCAOGUA

l

) 1< ... <ln7

2) fi(p) < ... < fo(p) 0as arobozo p € M;
)
)

filpw) = 1; dan scex p€ M uwi=1,n;

cy (*7 G5)

3ameyanne. AHajor 3TOI TEOPEMBI JIJIsl CJIyUasi CUCTEM ¢ OTPAHUICHHBIMU
k03 UIMEHTAME yCTAHOBIIEH B padore [3].

[IpuBejieHHasT TEOpEMa MMOKA3BIBAET, ITO BCE TEOPETUIECKU BO3ZMOXKHbBIE I1a-
DBl CIIEKTPOB UCXOJHON U HapaMeTPUYECKH BO3MYIIEHHON cucreM (1P JOIIOJI-
HUTEJLHOM YCJIOBUH, YTO BCE MOKA3ATE]N BO3MYIIEHHON CHCTEMbI HE MEHBIIIE,
YeM Yy UCXOJHOMN) MOYKHO IIOJIyYUTh B KJIACCE BO3MYINEHUIl, yObIBAIOIINUX GBICT-
pee BCSIKOM SKCIIOHEHTBI. DTa CUTYallys SBJISETCs CHeluUIHON JIJIsT KJIacca
CHCTEM C HEOIPDAHWYEeHHBIME KO3 UIimeHTamMu, T.K. mokasareu JIsmyHosa cu-
CTeM C OrPAHUYEHHBIMU KO3(DDUIIMEeHTaM THBAPUAHTHBI OTHOCUTEIHHO BO3MY-
nienuii, yobBaonmx ouicrpee Jio6oii sxcnonenTs [1, § 8.1].

ABTOp BBIpazkaer 0JIAOJAPHOCTH CBOEMY HAaydYHOMY pyKoBoauTesio B.B.
BrikoBy 3a mocTaHOBKY 3a/1a4u U BHUMaHMe K pabore.
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MockoBckuii rocynapcrsenssiit yausepcuter nuMenun M.B. Jlomonocosa,
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KOPPEKTHA Y PA3PEIIINIMOCTD
" SKCIOHEHIIMAJIBHA Y YCTOMYNBOCTDb PEIIIEHUN
BOJIBTEPPOBBIX MHTET'PO-IN®PEPEHIINAJBHBIX
VYPABHEHUMN

PAYTHUAH H.A.

N3zy4gatorcs abcTpakTHBIE MHTErPO-1uddepeHInaIbHbIe YPABHEHUS, STBJISTIO-
IHeCs OIIEPATOPHBIMU MOJIEJISIMU 3aJa4d TeOPHH BA3KOoynpyroctu. B kadecTse
sIJIEP UHTEIPAJIBHBIX OIIEPATOPOB MOI'YT OBITH PACCMOTPEHBI, B Ya4CTHOCTH, CYM-
MbI YOBIBAIOIINX KCIIOHEHT WJIN CYMMbI QYHKIUI PabOTHOBA € TOJI0KUTEIbHBI-
My KO3 UIUEHTAME, UMEIOIIIE MUPOKOE TPUMEHEHNE B TEOPUHU BSI3KOYILYTO-
cru. [IpuBonTCS METOM CBEIEHUST NCXOIHONM HAYAIBHOMN 33024 JJIs MOJEIHHO-
ro nHTerpo-auddepeHnnaaIbHOr0 YpaBHEHHS C OTIePATOPHBIMU KOdhUItmeHTa-
MM B THJILOEPTOBOM IIPOCTPAHCTBE K 3aJjade Komu it quddepeHnuaibHOro
YPABHEHUS [IEPBOrO MOPSIIKA. YCTAHOBJIEHO SKCIIOHEIINATHLHOE YOBIBAHUE PeIlle-
HUU TPU W3BECTHBIX IPEIIOJIOKEHUSX JJIsd sI€p MHTErPAJbHBIX OIEPATOPOB.
Ha ocnoBe mosry4eHHBIX PE3yIbTATOB yCTAHOBJIEHA KOPPEKTHAS PA3PEITUMOCTH
UCXOMIHOI HAYAJIBLHON 33/1a4u JJIs BOJIbTEPPOBA MHTErPO-IuddepeHInaaIbHOro
YPABHEHHUSI ¢ COOTBETCBYIOIIMMU OlleHKamu perterust (cm. [1]-[3]).

Pabora Beimonnena npu nogmaepxkke PODIU, rpant 20-01-00288.
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muddepennmansubix ypasaenuit. M.: MAKC Ilpecc, 2016.

Mockosckuii rocymapcrennsiit yauBepcurer nmenu M.B.JIomonocoBa,
MocxkosBckuit Ientp dbyumamenTaabHOM 1 TpUKIa HON MaTemMaTukn, Poccus.
Email: nadezhda.rautian@math.msu.ru
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CB43b TOYEK BU®YPKAIIMW MUHNMAKCHOTO
KYCOYHO-TJIAZIKOTO PEINTEHU A YPABHEHUN A
TAMMJIBTOHA-AKOBN C PASMEPHOCTBIO
CHUHIVJIAPHOT'O MHO>KECTBA

POJIH A.C.

B pabore paccmorpena kpaesast 3amada Komn s ypaBHeHust
Tamunbrona- fIkoou

Dyp(t,x) + H(t,Dyp(t,x)), ¢(T,x)=0c(x), t€[0;T], xze€R". (1)

D,p(t,z) = <§z(t7x), aa—;’;(t, x),... g—fn(t, m)) .

Bamaua (1) paccMaTpUBaeTCs UPU CIIEIAYIONUX [IPEIIOIOKEHUIX

Al) dynakuus H(t,s) HenpepbBHA 1O ¢ IPU KaXKIO0M (DUKCUPOBAHHOM § U
BBITIOJIHEHO yeqopue jmmmmna |H (¢, s1) — H(t, s2)| < Ll|s1 — saf|, D2 H(t,s)
SIBJISIETCsI HEIPEPBIBHON (DYHKITMEH 110 BCeM ITePEMEHHBIM;

A2) bynxmus o(z) € C? u cTporo BHITyKIIA.

IIpu Boinosnenwuii yesosuit Al), A2) caenyroree opejeiienne 06001IIEHHOTO
MUHHUMAKCHOTO PEIIeHNUsI CYIIECTBYET U €INHCTBEHHO, 1 SKBUBAJIEHTHO BI3KOCT-
HOMY PEIIEHUIO.

Omnpegenenne 1. [1] Oynxmus ¢ : [0; T) X R" — R Ha3bIBaeTCS MIHIMAKCHBIM
perrerneM 3aa9u (1), ecn Jisi HEro BBIIOJHAETCS

cesyromee ycaosme: s moboit Toukn (€,0(€)) € R u sexropa Do(€)
cymiecTByeT uncio 1' > ty u smnmuiesas OyHKIAs

(x(+),2(+)) : [0; T] = R™ x R rakue, aro z(t,z) = @(t, z(t)) muas Beex t € [to; T,
U CIIPABEJINBO

2t x(t)) = (&(t), Do(§)) — H(t, Do(§)),

npu nouru Beex t € [to; Y.

Kak mpaBuio MUHIMAKCHOE PEIeHre He sIBJISI€TCS BCIOLY HEIPEPLIBHO aud-
depennupyembim. Jl1s 3TOr0 BBeIEM CIIEAYIONINE OLPEIETIEHIS.

Onpegnenenne 2. MHOXKeCTBOM CHHTYISPHOCTHU () /1J1s 0GOBIICHHOTO PeleHust
©(+) zamaun (1) siBastercst MHOXKecTBO Touek (t,x) € [0;7] X R™, B KOTOPBIX

byuarnEs ¢ #He TuddepeHImpyeMa.

Onpenenenue 3. Toukoii Gudypraiyu ({1, 1) HA3BIBAETCA TOYKA, JJisi KOTO-
poii BbIIOJIHEHO cieayiomee yeaosue (t1,z1) € @ \ @, rue () ecrb 3aMblKanue
MHOXKeCTBa ().

Eciu pemnenne 3anaan (1) siBasieTcst KyCOUHO-TIAJIKIM, TO COPABEINBA CJIe-
JyIOIasl TeopeMa.
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Teopema 1. Ecau evnoanenv, ycaosus Al), A2), mo das mozo, wmo-

(k]

6v. mouka Gugypkavuu (ty,r1) € M, , 2de pasmepnocmv MH02006pa3UA

[

Mi[k] pasra n + 1 — k, neobxrodumo u docmamouro, “4mobv, pare MGMPULDL

D2 W(ty,s1) = D%,0%(s1) — fg D2 H(7,s1)dr 6w pasenn —k, k€ 1,... n.

Baecs 0*(s) = sup (5,€) ~ o(6).

Pabora Boimonena npu dunamcosoit mogmepxkke PO,
npoekT Ne 20-01-00362.

(1]

2]

3l
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Rodin, Aleksei S. ON THE STRUCTURE OF THE SINGULAR
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Mathematical Journal. 2016. Vol 2, No 1. P. 58-68.

Rodin, A.S. Bifurcation points of the generalized solution of the Hamilton-
Jacobi-Bellman equation / Aleksei S. Rodin, Lyubov.G. Shagalova // IFAC-
PapersOnLine. 2018. Vol. 51, Issue 32. P. 866-870.

MM VpO PAH, Yp®V, Exkarepuntypr, Poccus.
Email: alexey.rodin.ekb@gmail.com

O BAJJAYAX VYIIPABJIEHUA B
NHTEI'PO-JUO®PEPEHITMAJIBHBIX CUCTEMAX C

ITIOMOIIIBIO TPAHNYHBIX 1N PACIIPEJEJIEHHBIX CUJI

POMAHOB U.B.!, IITAMAEB A.C.?

B pabore paccmarpuBaeTcs 3aada yIpaBIsgeMOCTH C TOMOIIBIO TPAHUIHO-
IO U PACIIPEIEJIEHHOTO YIIPABJIEHUsT OTHOMEPHBIX KOJI€0ATEIbHBIX CHCTEM C WH-
TerpajbHBIM mociaeseiictBrueM. C HMOMOIIBIO T.H. «IIPEHSITCTBUAN K yIpaBiisie-

MOCTH» JOKA3aHO OTCYTCTBHE IIOJIHOW YIIPABJISIEMOCTH B 3aJ@4aX IPaHHIHO-
ro yIpaBJjIeHUs U OTCYTCTBUE TIOJIHON YIIPABJISIEMOCTH JIjIsl HEKOTOPOTO KJIacca
3aJ1a9 pacupelesieHHOro yrupasienus. VcciemoBana mpobsieMa yCTONINBOCTH
CBOWCTBA TIOJTHON YIPABJISIEMOCTH TI0 OTHOIIEHUIO K BapHUAaIUsM sijipa CBEpT-
KU, OIpeaesaonero 3pMeKT MoCIeefiCTBIA. YCTAHABINBAECTCH CBA3b CO CIIEK-
TPaJIbHBIMK CBONCTBaMU PaCcCMATPUBAEMbBIX KPAEBBIX 3a1ad.

Pabora npoBosumiiack npu dpunancoBoil nosjaepxkke Poccuiickoro nayJHoro
donga, mpoexkt Ne 21-11-00151.
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! HanuoHa/IbHBIH HCCIeI0BATEIbCKII YHIBEpCUTET «BhICIIas MKo/a
skoHOMUKH», Poccusi. Email: romm1@list.ru

2MoCKOBCKHIt TOCyIapCTBenHbI yausepenTeT mM. M.B. Jlomonocosa,
WNucruryr npobirem mexanuku um. A.FO. Unumuckoro PAH, Poccus.
Email: sham@rambler.ru

CUCTEMBI BAKOHOB COXPAHEHU A KAK PE3VYJIBTAT
HAJINMYNA KPUTNYECKNUX TOYEK ®YHKIIVIOHAJIOB

PBIKOB IO.T.

CoBpeMeHHasI TeOpUsi CUCTEM 3aKOHOB COXPAHEHUs IPeCTaBJIseT U3 cebst
OOIUPHYIO 00JIACTb MCCJIEIOBAHUN, ¢ TEKYIIUM COCTOSTHUEM JI€JI MOXKHO O3Ha-
KOMUTBCs, Hanpumep, 1o kaure [1]. Oauako, HecMOTpst Ha GOJIBIIOE KOJIMIECTBO
pPe3yJIbTATOB, IEJIOCTHON TEOPUH B CIIydae CHCTeM Tak u He Obu1o moctpoero. C
9TOI TOYKM 3PEHUsI IPECTABIIAET HHTEPEC ITOUCK AJIbTEPHATUBHBIX IOXO0/IOB K
paccMOTpeHuIo 0OOOIEHHBIX PeleHul cCcTeM 3aKOHOB coxpaHeHusi. B moxiate
Gy/1leT PEe3IMUPOBAH OJIMH M3 TAKUX IIOJX0JI0B, CM. paboTy [2] u comepKaruecst
B Hel CCLLIKU.

IIycrs (t,z) € [[; = [0,T] x R, U(t,z) = (u1,...,uy), u OyHKIUK
F = (f1...,[n) 4BIdIOTCS JOCTATOYHO IVIAJIKUMU BeKTOD (DYyHKIHMAMU II€pe-
MeHHBIX (U1, ...,U). PaceMorpum 3amady Komm mjisi omHOMEDPHO# cHCTEMBI
3aKOHOB COXPaHEHUSI

o 9
U+ -F(U), U(0.2) = Ug(a). 1)

Permenns 3amaqn (1) moHnMaroTcest B 0606IIEHHOM cMbIcse (KPaTKo: 0.D.).
Beenem Bmecro dbyukiun U(t, ) dyarnuona

J:x(r) € C*([0,T],R) = R",

3= JT" L({.U)dr:L({.U) = U (r.x(r) (() ~Fo U (rx(r) .

Teopema 1. ITycmo U(t, z) aeoicum 6 Kaacce KYcouHo HENPEPbIEHO-
duppepenyupyemurr GyHryul, U NYCMLb CYWECMEYEM MPAEKMOPUS,

r = x*(t) € C*([0,T],R) makan, wmo I = 0 na neti. Tozda 6 mouxazr X*,
2de U(t, x) asasemes 2aadkol, svinoanaomes ypasrwenus (1) 6 xaaccuueckom
cmubicae, 6 6 moukar nepecevenus X* ¢ aunuamu paspusa Pynryuu U(t, x)
svinoanaomes coommowenusn Penxuna-Tozonuo. Boaee mozo, §2J edoav x*
codeporcum moavko waenv, sasucausue om (6x)°.

B stom cmbicse cucrema (1) Moxer ObITH 3aMeHeHa (DYHKIMOHAIOM BUJIA
(2), y KOTOPOro KazKjasi TOUKa ABJISIeTCH KPUTUIECKOI.
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MoxHo mokazaTh, uTo B ycioBusx Teopembl 1 dyukmus (U = 9V /0x)
My (t,z) = %—Y +F (%—X) HEeIIpEepPhIBHA Ha pa3pbiBax U, 60jee TOro, He 3aBUCHUT

oT .

Teopema 2. Paccmompum dynxyuwo V(t,z) € WH([1;) = B u navanv-
noe yeaosue Vo(z) € WHe(R), V{(z) = Ug(x). Obosnauum wepes V noo-
muooicecmeo B, maxoe wmo V(+0,x) = Vo(z). Taxowce na npocmparncmee B
PACCMOMPUM PYHKUUOHAA

L(V)= ess sup ; Var (875 + fi <8x>) ; 3)

20e V = (v1,...,0,), a Var obosnauaem 8apuayuio 6uipasicerus no nepemet-
xr

noti x. Ilyemov pynrxuyus V peaausyem murnumym m = 0 dynwkyuonara L wa
muooicecmee V. Tozda dynryus U = OV /Ox 6ydem o.p. 3adawu (1).

Hamnpuwmep, s cucrem tumna Keiidbure-Kpansepa m # 0, u bopmyuposka
Teopembr 2 MOXKET CIIyKUTb B KadeCTBE aJbTEPHATUBHOIO OIPEJIE/IEHUs I10-
HATHSA 0.p., KOTOpOe He TpebyeT mpuBJedeHus neabra-Qyukiuii. yaxmmonast
(3) MOKHO paccMaTPUBATL U Kak (DYHKIUIO OMMOKY P 00yIeHrU HeAPOHHOI
CETHU JIJIsI CUCTEMbI 32KOHOB COXPaHEHUS.

JlaHHBIN 11O1X0/I, BOOOIIE TOBOPsI, MOYKET OBITH IIEPEHECEH U Ha MHOIOMEP-
HBII crydail. B caydae 1ByMepHOI crucTeMbl ypaBHEHUI, NUCXO/Isi U3 0000IIeH st
(2) na ocuose coorBercrByIomeii quddepennuaabHol GOPMbBI, MOI'YT ObITH I10-
JIyYeHBI aHAJIOrU (3) 10 PA3JIMIHBIM [IPOCTPAHCTBEHHBIM [IepeMeHHBIM. Borpoc
JOCTATOYHOCTA HAOOPA MOTOOHBIX aHAJIOTOB JJjist TOTO, 9T00b U gB/IsIach 0.p.
sagaan (1), ocTaeTcss OTKPBITHIM.

Pa6otra Bemosinena npu noguepxkke PH®, rpant 19-71-30004.

Crucok aureparyphbl

[1] Liu Tai-Ping. Shock waves. Providence, Rhode Island: American Mathematical
Society, 2021.

[2] Pouxos IO. I. Bapuanmonnas HOCTAHOBKA 33141 IOUCKA OOOBIEHHBIX PeleHuii
JJIsI KBa3WJIMHEHHBIX I'MIIEPOOINYECKIX CHCTEM 3aKOHOB coxpaHeHust. Marema-
Tuaeckue 3ameTku, 2021, . 110, Boim. 6, ¢.945-948.

WucturyT npukiaagaoit marematuku uMm. M.B. Kennpima, Poccust.
Email: yu-rykov@yandex.ru

OB YKCIIOHEHIIMAJIBHOM YCTOMYNBOCTU CUCTEM
JINHEMHBIX ABTOHOMHBIX JITN®PEPEHIINMAJIBHBIX
YPABHEHUN C IIOCJIEAEVICTBUIEM

CABATYJ/IMHA T.JI.
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N3zy4vaercss cucreMa JUHEHHBIX aBTOHOMHBIX (DYHKIIMOHAJIBHO-TUMdDEpeH-
panbHbIX ypasHeruit (@LY) ¢ orpaHnueHHBIM TI0CIIeIeiCTBIEM:

h
&(t) + Ax(t) +/0 dR(s)z(t — s) = "
1

= Bzx(t) +/0 dQ(s)x(t —s) + f(t), teR,,

e h, 7 € Ry, A, B € R"*" R: [0,h] — R"*™ marpuiia B HeoTpuaTe bHAS,
A n R nnaronasbable, dbyskmus Q: [0, 7] — R™*™ ne y6niBaer, R(0), Q(0) —
HyJIEBBIE MATPHIILI, HHTErPAJIbl HOHUMAIOTCH B cMblcye Pumana — CTuirbeca,
KOMITOHEHTHI BeKTOp-byHKIH f: Ry — R™ jIOKAIBbHO CyMMUPYEMBI.

Caenys [1, c. 9-10], HazoBeM permennem ypasHeHust (1) JOKaIBEHO aBCOTIOTHO
HENPEPBIBHYIO BEeKTOP-DYHKIWMIO, yaoBjaerBopstomyo (1) mourun ecroay. pu
OTPUIATEIHLHBIX 3HAMEHUAX apryMeHTa, He Hapyllasd OOMIHOCTH, T II0Jaraem
PaBHOI HYJIIO.

IMpemaraercs caeayomast CXeMa UCCIEOBAHIS yCTORIHBOCTH cucTeMbr (1).
ITocTporM «CHCTEMY CpABHEHUS»

h
x(t) + Ax(t) + /o dR(s)z(t—s) =0, teR,. (2)

CYIIECTBEHHOU OCODEHHOCTHIO KOTOPO#, IMOMUMO IKCIIOHEHIMAJIBHON yCTOWIH-
BOCTH, SIBJISIETCSI TIOJIOXKUTEJIBHOCTD €€ (DYHIAMEHTAJIBHON MaTPHUIBI. DTO 103~
BoJisteT HajiTu st BbyHIAMEHTAIBHONW MATPUIBI CUCTEMBI (2) TOHKHE JIBYCTO-
POHHUE OIEHKH [2], UCIHOJB3ysi KOTOPBIE YIAeTCsl MCCIe0BATh YCTORINBOCTD
ucxoHoi cucremsr (1).

Fie ogna BaxkHast 3a7a4a, KOTOpasi PEIIaeTcs B PaMKaX JAHHON paboThl —
addeKkTUBHAS OIEHKA CKOPOCTH CTPEMJIeHUsI pernterns: K Hy . Onupasch Ha
MEeTOJ[bIl TEOPUU MOHOTOHHBIX OIIEPATOPOB, Y/IAJIOCh IOJYyYHUTh TOYHBIE OIIEH-
K1 Ko puimeHTa n mokasaresiss B SKCIIOHEHITNAIBHON OIeHKe st (PyHIaMeH-
TaJbHOM MaTpHUIlBl BeroMoraresibHoN cucteMbl OJ1Y, 13 KOTOPBIX CAEAYIOT aHa-
JIOTUYHBIE OIEHKU JJIst JIIOOOrO PEIeHUs] NCXOTHONU CHUCTEMBI.

Pabora BoImosiHeHa B paMKax roc3afanns MUHUCTEPCTBA HAYKHA U BBICIIIETO
obpazoBanust Poccuiickoit Peneparuu (3amanne FSNM-2020-0028).

Crucok aureparyphbl

[1] Asbeaes H.B., Maxcumos B.Il., Paxmamysiuna JI.®P. Beenenue B Teoputo
byHKIImoHAIBHO-Tud pepeHnnanbabix ypapHeruit. Hayka, M., 1991.

[2] Sabatulina T. On sufficient conditions of exponential stability for systems
of linear autonomous differential equations with aftereffect // Functional
Differential Equations. Volume 28, No. 1-2, 2021, pp. 73-83.
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IlepMmckuit HAITMOHAJIBHBIN UCCJIEI0BATEIbCKAN HOJUTEXHUIECKU
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ITEPBAYA TPAHNYHAA 3AJAYA 1JI4d BOJIHOBOTO
YPABHEHUIA

CABUTOB K.B.
Jljis1 TByMEpHOTO BOJIHOBOTO ypPaBHEHUS
L”U,Eutt *a2(umm+uyy) +bu=0 (1)

B napasieienuunege Q@ = {(z,y,t)|(z,y) € D, 0 < t < T}, 3mecw
D={(z,9)|]0 <z <p 0<y<q} a p gquT — 3a1aHHBIE NOJIOKUTETD-
Hble JIefiCTBUTE/IbHBIE YHCIa, U b — Jr000e 3ajaHHOe JTeHCTBUTEILHOE UHUCIIO,
[IOCTABUM IEPBYIO IPAHUIHYIO 3a1a4y.

Bagaua dupuxie. Hatimu gynrwyuio u(x,y,t), ydosaemeopsaowyro caedy-
TOWUM YCAOBUAM:

u(z,y,t) € CHQ) N C*(Q); (2)

Lu(z,y,t) =0, (x,y,t) € Q; (3)

u(x,y, t)‘z:() = u(xvyvt)hg:p = u(xvy’t)‘y:() = U(Z‘,y,t)’y:q =05 (4)
w(z,y,t)|,_y = 7(2,v), w@,y,t)|,_p =b(x,9), (x,9) €D, (5)

2de T(x,y) u Y(x,y) — 3adanmvie docmamouro eaadkue Pynryuu, ydos.aemeo-
PANOULUE YCAOBUAM COZAACOBAHUA C 2DAHUNHBMU YCaosusmu (4).

Kak usBecrHo, uTo 3a7a4a Jupuxie st ypaBHEHUIl rUepOboImIecKoro Th-
na nocrasieHa HekoppekTHo. Cobosie C.J1. [1] mokazas, uro ucciieoBaHne Bo-
[IPOCOB HEYCTOHIUBBIX Koslebanuii (De30HAHCOB KoJ1ebaHuil B 2KUJIKOCTA BHY TPU
TOHKOCTEHHBIX 0AKOB PAKeT ¢ COOCTBEHHBIMU KOJIEOAHUSIMU) TECHO CBA3AHO C
zagaqeii Jlupuxiie /1T BOJIHOBOrO ypaBHeHHUs. JlocTaTOYHO MOJHBIN 0030p pa-
00T, TIOCBAIIEHHBIX U3YYeHUIO 3a1a9u JJupuxJie s runepOo/InIecKux ypaBHe-
Huit npuseser B Monorpadun ramuuka B.1. ([2], c. 89-95) u paGore aBTopa
[3]. Eciin 3amaua upuxie syisi OJHOMEDHOTO BOJHOBOIO YPAaBHEHHs B IIps-
MOYTOJIbHOM 06JIACTH M3ydeHa JIOCTATOYHO TOJHO, TO 9Ta 3aJa4a JIJIsi MHOTO-
MEPHOTO BOJIHOBOTO YPaBHEHUs] HEJIOCTATOTHO mccyrenosana. erues P. [4], [5]
BIEPBBIe UCCIen0BaI 3anady Jupuxie mis ypasaernus (1) mpu b =0, a =1 ¢
HEHYJIeBOI IPaBoil 9acThIO U OJHOPOJHBIMU MPAHUIHBIMU YCJIOBASIME B MAPaJI-
JieJlenuresie, T/ie YCTAHOBJIEHbI KPUTEPUil eJIMHCTBEHHOCTH U CYyIIEeCTBOBAHUE
perrenust 3aj1a4u B npoctpanctse Cobosesa Wy (€2) mpu ompeieleHHbIX yCI0-
BUSIX HA IPABYIO YaCTh, CBI3aHHBIX CXOIMMOCTBIO YUCIOBBIX psjioB. [Ipu aToMm
BOSHUKAIOIIME MaJble 3HAMEeHATeJ M He u3ydeHbl. B padore Bypckoro B.II. [6]
YCTaHOBJIEH KPUTEPUii eJMHCTBEHHOCTH pelleHus 3aa4un Jlupuxiie st BOJIHO-
BOI'O ypaBHEHUsI B IIape.
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B sanHOl paGoTe B KJacce peryJsipHBIX pereHnii ypasaenus (1), T.e. yuo-
BJIETBOpsIONUX ycjaoBusM (2) u (3), yCTaHOBJEH KPUTEPHl €IUHCTBEHHOCTH
perrenns 3ajadn (2)—(5) 1 caMo pelleHre IOCTPOEHO B sIBHOM BHJIE KaK CYyMMa
pana Pyprwe. IIpn obocHOBaHUU CXOIUMOCTH Psifia BIIEPBbIE BO3HUKJIA ITPOOIIE-
Ma MAaJIbIX 3HAMEHATeJell OT JBYX HATYPAJbHBIX apryMEeHTOB. B c¢Bs3u ¢ dem
YCTQHOBJICHBI OIEHKY 00 OTJIEJIEHHOCTH OT HYJIsI MAJIbIX 3HAMEHATeseil, Ha OC-
HOBAHME KOTOPBIX JIOKAa3aHa CXOJMMOCTh psijia B Kiacce bynkmuit C2(Q) npu
HEKOTOPBIX yCJIOBUAX OTHOCUTEIbHO (byukuuit 7(x,y) u ¥ (x,y), a Takxke m0JIy-
YEHBI OIEHKN 00 YCTOWINBOCTH PEIEHNs 110 OTHOIIEHUIO TPAHUYHBIX YCIOBUIA.

Pabora Bemosnena npu nognepxke POOU, rpant 17-41-020516.

Crucok aureparypbl
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WucruryT crparerndeckux ucciegopannii Pecriybnuku Bamkoprocram,
Camapckuil rocyapCTBeHHBIN TEXHUIECKH yHUBEepcuTeT, Poccust.
Email: sabitov_ fmf@mail.ru

HEJIOKAJIBHBIE SJIJINIITUYECKNE KPAEBBIE 3AJTAYN
1 CIIEKTPHI C*-AJITEBP 3AJTAY COIIPA>XKEHU A

CABUH A.1O.

WcciteoBaHni0 HEJIOKAJIBHBIX JUIMNITHYECKUX KPAEBbIX 3aJ1ad IOCBSIIEHO
GosbIoe Yucao0 nybsmkarmit (M., Hamp., paborsl [1, 2, 3] u nuTHpoBaHHYIO
B HUX JIATEpaTypy). Bo MHOTUX cilydasX HEJOKAJILHOCTb PEAJU3yeTcs B BUJE
OIIEPATOPOB CIBUTA, OTBEYAIONINX HEKOTOPBIM quddeomopdusmam. Ilpu sTom,
B IPUIOXKEHUAX TaCTO BO3HUKAIOT 3aJ1a4H, OTBedaomue auddeomopdusmam,
HE COXPAHSAIONIM 00JIaCTh, B KOTOPO#l PACCMATPUBAETCSI HEJIOKAJIbHAS 3a/1a4a.
Hamra pabora mocssiineHa MCCIeI0OBAHUIO TAKUX 3329 Ha MHOTOOODa3HsIX.
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PaccmaTpuBaeTcss KoHewHO-TIOpOKieHHas1 rpymnma [T quddeomopduzmon
rtagkoro muoroobpasust W 6e3 kpast. Ilpejmonaraercst JONOTHUTEIHHO, ITO
3aJIaHO KOMITAKTHOE moaMHoroobpasue M C W KoOpazMepHOCTH HYJIb C KPaeM
XCcw.

Heitictue rpynnsr ' va W uHAynupyer nmpeicraBjieHHe B IIPOCTPAHCTBAX
dynkuuit oneparopamu casura (Tyu)(z) = u(y~'x), v € I'. Mbl paccmarpusa-
eM KJIACC HeJIOKAJIbHBIX KPAaeBbIX 3a/a4 Ha M, BKJIIOYAIONIMIA 33,1491 BUIA:

>D,Tyu=f mnaM,

L ~ (1)
> B, Tyu=g mnHalX.

S

3aech u — HensBecTHas dbyHKIW HA M ; & — ee npojgoskenue Hysem Ha W\ M;
f — sanannaa dbynkuua va M; g — ussectHad gynknud xa kpae X; D., B,
— nuddepeHIuaibHbie orepaTopbl Ha M, IpUYeM TOJBKO KOHEYHOE UX YUCJIO
OTJIMYHO OT HYJISI.

Jlajtee 1pe/iiosiaraeM, UTO BBIIOJIHEHO CJIE/IyIOINee YCIOBUE PEryJIsipHOCTH:
IS JTIOOBIX 9J1eMeHTOB 7, € I’ ¢Ba3HbIe KOMIIOHEHTBI II0MHOr000pasuil X
u v/ X 1ubo He mepecekaloTcs, MO0 COBIANAIOT. B 3TOM cilydae 00beluHeHue
06pa30oB Kpas Mo/ JefiCTBUEM 3JIEMEHTOB I'PyHubl ', obo3uataemoe X o, sIBJIs-
ercsi He OoJiee YeM CUETHBIM JU3bIOHKTHBIM OObEIMHEHUEM IIOJIMHOI000pa3uit
KOopa3MmepHocTH ojuH B W.

OcHoBHOIT pe3ysnbrar paboThl — peajm3anus 3aga4d (1) Kak orpaHude-
HBIX OIIepaTopoB B mnpocrpancTBax CoboJieBa M yCTAHOBJIEHUE YCJIOBUI SJITUIT-
THYHOCTH, ObecrednBaronux (GpearosbMoBy paspemnMocTb. Cxema moJryde-
HUsI PE3yJIbTATOB: CHavaJIa 3aa4a (1) CBOIUTCS K OepaTopy HyJIeBOrO MODs-
Ka; 3aTeM IIOJIyYeHHbBI ormepaTop BKJaabiBaeTcs B C*-airedpy, 0603HAYAEMY IO
U(W, X ), mOpOKIEHHyIO oepaTopaMu casura 1., u ncesmonuddepenyais-
HBIMU OllepaTopaMu Ha W ¢ yCJIOBUSME CONPsI?KEHUsT B CMbICJIE [4] Ha 110MHOrO-
obpazun X . ; HAKOHEI, IPUMEHSTIOTCsT MeTO/IbI Teopun C*-ajrebp, 9To0bI ycTa-
HOBHUTB yCJI0BUsI (DPErOIbMOBOCTU. B KatdecTBe OCHOBHOT'O BCIIOMOTaTEILHOIO
pe3ysbTaTa ONUCaH CHeKTP u ToroJsiorus Jxxekobcona Ha HeM it C*-anreOpbl
W(W, Xo0).

Pesynbrarer nosyuensr B coBmectrHoit pabore ¢ B.E. Hazalikunckum u 3.
IIIpos. WccaemoBamme BLITOIHEHO TpU (UHAHCOBON momaepkke PODOU u
Hewmenxoro nay4uno-nccsen0BaTebCKOro COODOIECTBA B PAMKAaX HAYIHOI'O IIPO-
ekra Ne21-51-12006.
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OIOEHKHN CKOPOCTHN PABHOCXOAVMMOCTUA
CIIEKTPAJIbBHBIX PA3JIOXKEHUM JIsI OJTHOMEPHOMN
CUCTEMBbI INPAKA

CABYYK A.M.!, CAIOBHNUYASA U.B.2

PaCCIVIanI/IBaeTCH CcucreMa BHIa

(p(y) = By' + Py,

oo (5 0) om0 2) - ()

B IIPOCTPAHCTBE

rie

LQ[Oa ’/T] D LQ[Oa ’/T] >Yy.

Qyukuun pj, j = 1,2, 3,4, upeamonaraiorcs cyMmMupyeMbiMu Ha orpeske [0, 7]
n KoMiiekcHo3HadHbIMU. Oneparop £ = Lpy uMeeT 00J1aCThb OIIpe e IeH ST

D(Lpy) ={y € AC[0,7] : {(y) € H,U(y) = 0},
rje
Ul U2 y1(0) U1z U4 yl(”))
U =Cy(0 D =
) = Cy(0) + Dy(m) = (10 wi2) (W) 4 (e ) (i),
opudeM CTPOKUA MaTPHUIIbI
U= (07 D):(Un U2 U113 U14)
U21 U2 U3 U4

JuHeiHO HezaBucnMel. O603HAYNM depe3 J;; OmpeJiesuTe b, COCTABICHHBIN 13
i-ro u j-to crosbiia maTpursl . Kpaesoe ycimosue, onpenenennoe dpopmoit U,
HasbIBaeTCs pezyanprom (o Bupkrody), ecin

Jig - J23 75 0.
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Omueparop Iupaka, MOPOXKJIEHHBIH DeryJsipHbIM KpaeBbiM yciosueM U (T.e.
oneparop Lpy ¢ obraacrsio onpenenenus D(Lp ), OymeM Ha3bIBATL peeyaip-
HOLM.

Xopomo uzsecrno (cM. [1]), 9T0 Takoill olEpaTOp UMEET YHCTO JUCKPET-
HBIH CIEKTD { Ay, }nez, PACTIONIOXKEHHBIH B TOPU30HTAIBHOI Tosoce. O6o3HATNM
yepe3 {yn }nez cuCTEMY COOCTBEHHBIX W NMPUCOEJIMHEHHBIX (DYHKIHH, a depes3
{Wy, }nez — GuoproronansHyto cucreMy. CreKTpasjbHBIM pasiokeHneM QyHK-
mun f 1o cucreme {y,} 6y/eM Has3bIBATH IIpeJE] CyMM

Sm(f; P) = Z (f7 Wn)yn-

[n|<m

IIpocrpancTso Becosa Bf w0 B € (0,1), onpenesnm Kak npocrpancTso Lq[0, 7]
yHKIHIA, 115 KOTOPBIX

| 1t~ @)l < cn.

0

Teopema 1. ITycmv f € Ly [0,7], P1,Py € BfOO[O,w] 0AA HEKOMOPO20
6 € (0,1). Tozda

£l

. _ . <
IS8 P) = S8 Pl < O gt

(1)

20e C = C(Py, P»,U).

Crucok Jaureparyphbl
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CIIEKTPAJIBHBIE CBOVMICTBA JIBYXTOYEYHBIX
KPAEBBIX 3AJTAY OJId TVNOPEPEHITMAJIBHOT'O
OIIEPATOPA C KYCOYHO-IIOCTOAHHBIM I'NTABHBIM
KO®PUITMEHTOM

CAJBIBEKOB M.A.
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B jrokutajie paccMaTpuBaIOTCS CHEKTPaJIbHBIE CBOWCTBA OIEPATOpa, 3a/IaH-
HOTO (D PEPEHITNAIBHBIM BbIPAYKEHUEM € KYCOYHO-ITOCTOSTHHBIM TJIABHBIM KO-
apdurmeHTOM

—k2y"(z), mpu 0 < = < w0,
Ly= =y (z), (1)
—k3y"(x), npu zo < x <,

C €CTECTBEHHBLIMHU YCJIOBUSMHE COIIPSIZKEHIS
y(zo — 0) = y(xo +0), k1Y (zo — 0) = koy/(x0 + 0). (2)

O6s1acTh OIpejieieHnsT OIePaTOPa 33/IaeTCs JIBYXTOUYEYHBIMU KPAEBBIMH YCJIO-
BUSIMH OOIIIErO BUIA

{ Ui (y) = any’ (0) + a2y’ (1) + a13y (0) + aay (1) = 0, 3)
Us (y) = agly’ (0) + a22y/ (l) + a23y (O) + ag4y (l) =0.

31ecs xp — crporo BHyTpeHsis Touka uHTepBasa (0,1); koaddunuenrsr ki u
ko ypaBnenus (1) — neiicTBuTesbHble unciaa; KOG OUIUEHTH {a;;} KpaeBbIX
yCa0BHit (3) — KOMILIEKCHBIE IHCJIA.

Basaun TaKoro TUIA BO3HUKAIOT, HAIIPUMED, IPU PENIeHuH METOJOM pPas-
JleJIeHUsT [IePeMEeHHBIX JBYX(ha3HbIX 3aJa4 TEeILUIONPOBOIHOCTU (€ KYCOUHO-
HOCTOSHHBIM K0dddurmenToM reruonpoBojatocTr). Kak 6b110 11poieMoncTpu-
posano B [1], ycioBusi coracoBanusi (2) eCTeCTBEHHBIM 00pPA30M BO3HUKAIOT
P MOJIETUPOBAHUK TAKOTO TPOIECCA TEMIOMPOBOIHOCTH.

B kaccmyeckoM HEIPEpBIBHOM cirydae ki = kg IOJHBIE CIIEKTPAJbHbBIE Xa-
pakrepucturn 3aga4du (1)-(3) Opwim npusegensl B [2]. Hameit menbio sBis-
eTcsl IIOCTPOeHNe CIeKTpasbHO Teopun 3ajaun (1)-(3) B paspblBHOM cirydae
k1 # ko.

B moksaze GymayT JaHbI ONpeIeieHrs] HEBBIPOKIEHHBIX KPAEBBIX YCJIOBUIA,
PeryJIsSIpHBIX KPAeBbIX YCJIOBUi, yCUJIEHHO PEryJsPHBIX KPaeBBIX ycaoBuid. B
TEPMUHAX MUHOPOB MATPHILI KOI(DMOUIMEHTOB KPaeBbIxX ycaoBuii (3) mano omu-
CaHMe BCEeX KJIACCOB KPAEBBIX yCIOBUI M UCCIIETOBAHBI CIIEKTPAILHBIE CBOMCTBA
3a/1a4: HAJUINE COOCTBEHHBIX 3HAYEHNUI, sIBHbIE UM ACAMIITOTAYECKHE (DOPMY-
JIbI COOCTBEHHBIX 3HAYEHUH, BOIPOCHI KPATHOCTU COOCTBEHHBIX 3HAYEHUIT, OIU-
CaHme KOPHEBBIX MOJIIPOCTPAHCTB, CBONCTBA MOTHOTHI 1 6e3yCI0BHON 6a3MCHO-
CTHU CUCTEMBI COOCTBEHHBIX W IIPUCOEIUHEHHBIX (DyHKITAIA.

Pabora BbImosiHena mpu moep:kKe rpanTta MunmCTEpCTBa 00pa30BaHUSA U
nayku Pecriybimku Kazaxcran, rpant AP08855352.
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CJIVYAMHBIE TAMNJIBTOHOBHI IIOTOKU 1
IMPEAEJIBHBIE ITOJIVI'PVYIIIIBI

CAKBAEB B.ZK.

Hcemeaytores cirydaiiHble TaMAIBTOHOBEI TOTOK! B HAJIEJIEHHOM CUMILIEKTH-
YECKOI CTPYKTYpOH BemeCcTBEHHOM CenapabebHOM I'MIbOePTOBOM HMPOCTPAH-
CTBe.

Omnpeiesienbl KOHEYHO-a I IMTUBHBIC Mephl Ha THILOEPTOBOM HMPOCTPAHCTBE,
MHBApUAHTHBIE OTHOCUTEJIHLHO (Pa30BBIX IOTOKOB HEKOTOPOTO KJIACCA TaMUJIb-
TOHOBBIX CHCTEM. BBEJICHHbIE MHBADUAHTHBIE MEPHI MPUMEHSIOTCS K aHAJIA3Y
CXOIMMOCTH KOMITO3UIIAI HE3ABUCUMBIX CJIyYAHBIX TAMAJIBTOHOBBIX IIOTOKOB.
TTosy4ensl yCaoBuUs, JOCTATOUHBIE ISt CXOAMMOCTH KOMIIO3UIIUIA 10 BEPOSATHO-
CTH K YCPEJIHEHHOMY IMaMUJIBTOHOBY IOTOKY.

VeTaHOBJIEHBI YCJIOBUS CXOAMMOCTH IO PACIPEIe/IeHHI0 KOMIIOZUIUHA CIIy-
YaiiHBIX TaMUJIBTOHOBBLIX IIOTOKOB K MapKOBCKOMY CJIyYaiiHOMY ITPOIECCY, Ma-
TeMATHIECKUE OKMJIAHUS (PyHKIMOHATIOB OT KOTOPOTO 00Pa3yioT MOJIyTPYIITY
CKATHUI B IPOCTPAHCTBE KB IPATUIHO HHTETPUPYEMbIX 110 HHBAPUAHTHON Mepe
dynkuumii. Mcerenosana HEPEPHIBHOCTD MOy IEHHON HOJTYTPYIIIBI U CAMOCO-
IPSKEHHOCTD ee TeHepartopa (eM. [1]).

VcenenoBanbl JIUHEHHbIE TaMUIBTOHOBLI CUCTEMBI, JOIYCKAIONIAE OCODCHHO-
CTH THIIA HEOIPAHUYICHHOI'O BO3PACTAHMS 32 KOHEYHOE BpeMs HOPMbI 3HAYCHUS
pemenns. IIpeaoxken METO IPOIOJIZKEHIS PEIEHNs] ypaBHeHUH [ aMuIbToHA,
JIOIYCKAIONMHAE OCOOEHHOCTH, ITOCPEJCTBOM (Da30BOr0 IOTOKA B PACHIMPEHHOM
$a30BOM TPOCTPAHCTBE.

Crucok aureparypsbl
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ABTOMO/IEJIbHBIE PEIIIEH S CUCTEMBI YPABHEHUN
MIJI-ITIOTPAHNYHOTI'O CJIOd MOJAN®UITUPOBAHHOMN
BA3KOW CPEIBI
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CAMOXUNH B.H.

CucremMa ypaBHEHMII CTALMOHAPHOI'O IIOIPAHUYHOIO CJIO 3JIEKTPOIIPOBOIHOM
HesmHeitno Baskoi cpeapl O. A. JlagpkeHCKOR nMmeeT B

v((1+ k(u))*)ul,);, — uul, — vul, + B*(U —u) = =UU,,u}, + v, =0 (1)

u paccmarpupaercs B obnactu D = {0 < z < X,0 < y < 00} ¢ IpaHUIHBIMU
yCJI0BUAMUA
u(0,y) = uo(y), u(z,0) = 0,v(x,0) = vo(z), u(z,y) = Ulz),y — +o0, (2)
rie U(x), p(z), B(z), E(x) cBa3ansl ypaBHEHHEM
UU., = —pl, — BE — B*U.

JJ1s1 IPOCTOTBI MJIOTHOCTD p U MIPOBOJIUMOCTD 0 CIMTAIOTCS PABHBIMU €JIUHUIIE,
k > 0 - Majgas NoJOXKUTEIBHAS MOCTOSTHHA.

JaHnas peosornaecKas MOJIeb CILIONIHON Cpebl ObLTa Ipeyiozkena B [1].
B orcyrerBum marauTHOrO mosid, T.e. ipu B(z) = 0, cucrema ypaBHEHUI BHIA
(1) u ee aBTOMOJE/IBHBIE PENICHUs PACCMATPHBAINCE B [2] 1 [3].

Bysem uckarh Takue pemenus cucrembl (1), KoMmoneaTa u(z,y) KOTOPBIX
JIOILyCKAeT IIPe/ICTaB/IeHIe

u(z,y) = U(z) f;(n, A(z)),

rue 7 = y/0(x), dyakuun A(z) u 0(x) OUPEHENAIOTCS UCXOAHBIMU JAHHBIMU
381441 U [IPU BCeX 3HAUEHUSAX A Jyist f (1), A) BBIOJHAIOTCS IPAHIYHBIE YCIOBHUSI

F(0,)) =0, f'(n,\) = Lupun — +oc.
Tlonarast
5(x)(8(x)U(x))" = LvA(z) = 6* (@)U’ (x), fo = [(0,\) = —vo(2)d()/v,

OPUXOAUM K BBIBOLY, 4ro yHKIwms f(n, A(z)) npu moboMm x moixkHa ObITH
perrerreM OOBIKHOBEHHOTO AudHepeHnnaaIbHOT0 YPaBHEHUS

(L +3KU "0 + fF+ M1 = (f)?) + v B*6* (1~ f') =0
C TPAHUYIHBIMA yCJIOBUAMU

£(0) = fo, f(0) =0, f'(n) — Lupun — +oo.

D710 ypaBHeHHUE sBJseTca 0000IeHneM wu3BecTHOro ypapHenus DojakHepa-
CkaH. ABTOMOIE/IbHBIE PellleHus] CUCTeMbl ypaBHeHuit (1) cyliecTByioT, K 1pu-
mepy, upu U(z) = const, nupu U(x) = Az u OIPUMEHSIIOTCS JJIsl U3yYeHUsT Kade-
CTBEHHOI'O TI0BEJIEHUsI PEIIEHNI CUCTEMBI ITIOIPAHUYIHOIO CJIOSE B ODIIEM CJIydae,
cM. [3].

316



Crucok aureparypbl

[1] Jadvwrcencrkan O. A. Maremarndeckue BOIPOCHI JUHAMUKH BSI3KOH HeCXKUMa-
emoit xxuakoctu. M.: Hayka. @uzmariaut. 1970.

[2] Osetinux O. A., Camozun B. H. Martemarudeckne MeTOIbI B TEOPUH IOIDa-
upanoro ciaosg. M.: Hayka. @uzmariur. 1997.

[8] Camozxun B. H., @adeesa I. M., Yewkun I. A. Acumuroruka pereHuii ypas-
HEHUI TOrPAHUYHOIO CJI0si 0O0OIIEHHO HBIOTOHOBCKOM CPEJIbI IIPY BHEIIHEM Te-
geHnn, 6u3KkoM K cummerpuaroMy / /TIpoGremsr MmaTemMaTnaeckoro anam3a. 1.

59. 2011. C. 123-128.
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TOITIOJIOTNYECKUE IN3JIEKTPUKN
CEPI'EEB A.T.

Teopust TOIOIOTUYECKUX IUIJIEKTPUKOB — OJIMH U3 MWHTEPECHEUINX U aK-
THUBHO PA3BUBAIOIINXCs PAa3esioB PU3NKU TBEPIOTO Tesa. [maIeKTpuKu 9Toro
THUIIA XAPAKTEPUIYIOTCA HAJMYUEM SHEPreTUYeCKON IeJiM, YCTOHYMBON K Ma-
JBIM JedopMaIusaM, YTO IO3BOJISIET KCIIOIB30BATH TOIOJIOIHYECKHE METOJIbI
JUIst uX u3ydeHusi. KFo4eByr PoJib IIPU 9TOM UIPAET aHAJM3 IPYII CUMMET-
puii 37X 0OBEKTOB, HA KOTOPOM OCHOBaHA UX KJIACCU(DUKAIINS, TPEJIOKEHHAST
KuraeBbiM.

I'maBHOEe BHUMAHVE MBI yJI€I€M TOIOJOTMIECKAM JUIJIEKTPUKAM, MHBAPU-
AHTHBIM OTHOCUTE/ILHO obpareHus: BpeMenu. JIss Hux nmeer mecto ek,
Ha3bIBAEMbIl BbIpOKIeHnEM Kpamepca, nHade roBoOpsi, JIBYKPaTHOE BBIPOXK Iie-
HUe CcOOCTBEHHBIX (DYHKIMII cHCTeMbl. Bjarojgapsi 3Tomy, Ijisi JBYMEDHBIX U
TPEXMEPHBIX JUIJIEKTPUKOB YIAETCs MOCTPOUTH TOIMOJIOIMTYECKIEe MHBAPUAHTHI,
OTIPEeIeJIEHHBIE 110 MO0 2.

Maremarudeckuii nactutyt umenn B.A.Crekniosa PAH, Mockga.
Email: sergeev@mi-ras.ru

MACCUBHBIE 1 IIOYTU MACCUBHBIE CBOMCTBA
VCTONYMBOCTU U HEVCTONYNBOCTU

CEPI'EEB U.H.
st 3aamH0i oOkpecTHOCTH Hyas G C R™ paccMoTpum cucremy
i=f(tz), z€CG, [f(t0)=0, teRy=]I0,+00), (1)

rae f, fi € C(Ry x G). Yepes S, u S5 0603HAIMM MHOKECTBA BCEX HEMPOIIOJI-
JKaeMbIX HEHYJIeBBIX perieHnil x cucremsbl (1) U, COOTBETCTBEHHO, YIOBJIETBO-
psomux HadaabHoMy yesosuio 0 < |z(0)] < 6.
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Onpeznenenne 1. (cm. [1]) Byaem rosopurs, uro cucrema (1) obragaer nep-
POHOBCKOU WU, COOTBETCTBEHHO, 8EpTHENPEIebHOT:
1) yemotivusocmuio, ecan ajis Jioboro € > 0 cymecrByer Takoe ¢ > 0, 4ro
Joboe pemrenne T € Sy yIOBIETBOPSET TPEOOBAHUIO
lim |z(t)| <e wm, coorBercrsenno,  lim |z(t)] < e (2)
t——+00 t—+o00
(npe oaraomeMy, 9To peleHne T olpeJiesieHo Ha Beedt moryocn RT);

2) noanot (M 2406a4vH0T) HEYCNOTHUBOCMBIO, €CTH CYIIECTBYET TaKoe
e > 0, uro g mekoroporo § > 0 moboe pemenue © € Sy (wm x € S,) He
yI0BJIETBOpsieT TpebGoBanuio (2);

3) acumnmomuyeckoli (M 2406a46H0T) Yemotuusocmyro, ecan upu € = 0
JyIst HeKoToporo 0 > 0 sroboe pemenne @ € Sy (mmm & € S,) yJIOBIETBOpSIET
TpeboBanuio (2).
st onpesiesieHnst TeX XKe AANYHOSCKUT CBOUCTB cucreMbl (1) Hy»KHO:

4) B mn. 1, 2 wim B 11. 3 Bropoe TpeboBanue (2) 3aMEHATH TPeOOBAHUEM
sup Jo ()] < ¢ (3)
teRt

WM, COOTBETCTBEHHO, JTOOABUTH K HEMY JISIILYHOBCKYIO YCTOWYIHBOCTD.

Onpepenienne 2. Bee cpoiictsa cucrembl (1) u3 onpenenenust 1 — maccus-
Mol DU UX ONMCAHMU cpa3y Ha Bce pemrenus x € S, rae S = Ss, S, (wim
S = S.\'Ss [2]), naknazgpiBaercs yciosue (2), (3) mwium ero orpunanue. Um
COOTBETCTBYIOT NOYMU MACCUSHBIE AHAJIOTH: NOYMU YCMOoUMUBOCMb, NOYWMU
noanas (noumu 2406a4vHasi) HeYCmouuusocms U NOYMU GCUMNMOMUYECKAA
(nowmu 2n06a4vHa%) YCMOTMUBOCTN® — B WX OIIUCAHUU TO YK€ TPeOOBaHNE Ha-
KJIQJIBIBAETCSL JIUINb Ha [OYTH BCE PEIIeHUs, T.e. 33 MCKJIOYEHUEM TeX, YTO B
HAYUHAIOTCA B HEKOTOPOM MHOMCECTEE Gbipodicderus HyneBoil mepbl JlebGera
7 TIepBoi KaTeropuu bBapa.

Teopema 1. Ecau cucmema (1) asnynoscku nowmu yemotuuea, mo u AANY-
HOBCKU YCMOTUNUBA.

Teopema 2. Ecau cucmema (1) AANYHOBCKU NOYMU GCUMNMOMUNECKY UAU
NOYMU 24000410 Ycmotuusa, Mo U AANYHOGCKY Yycmotuusa.

Teopema 3. Ecau dasa kaxux-aubo 08YT MACCUBHBIT CEOTCME UMEEM MECTNO
UMNAUKAUUSL, TO OHA UMEETM, MECTNO U OAL UT NOUMU MACCUBHBLT GHAN0208, G
ECAU KAKUE-AUOO 064 MACCUBHBLT CEOTUCMEA HECOBMECTIHDL, MO HECOBMECTIHbL
U UL NOYMU MACCUBHBLE GHANOU.

Teopema 4. Ilpu n = 2 cywecmsyem a8MOHOMHAA AUHETHAA OUAZOHAALHAA
cucmema (1), ne obaadarowas Hu AANYHOBCKOT, HU NEPPOHOBCKOT, HU GEPTHE-
npedeavroti noAHOT HEYCMOYUBOCMbI0, HO AANYHOBCKU, NEPPOHOBCKY U BEPI-
HENPEIEABHO NOYWMAU 2A000A6HO HEYCTNOTUHUBAA.
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Teopema 5. IIpu n = 2 cywecmeyem asmonomnas cucmema (1), ne obaa-
da0wWas HU NEPPOHOBCKOT, HU BEPTHENPEIEALHOT, YCMOUYUBOCMBIO, HO NEPPO-
HOBCKU U BEPTHENPEIEALHO MOWMU 2A00AABHO YCTOTHUBGA.

Teopema 6. IIpu n = 2 cywecmsyem asmonommuas cucmema (1), ne obaada-
0WaAA AANYHOBCKOT GCUMNMOMUNECKOT YCMotuusocmyvio, Ho AANYHOBCKU NO-
YU 2400046HO YCMOTHUBAA.
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JOCTATOYHBIE YCJIOBU A CYIIIECTBOBAHNA
PEINTEHN A HEJIMHEVHOTI'O ITAPABOJIMYECKOTI'O
ANOPEPEHIINMAJIbHO-PASHOCTHOTI'O YPABHEHUN I

COJIOHYXA O.B.

IIycts 0 < T < 00, @ C R™ — orpanmyenHas o0jacTh ¢ Ipanuneit 0Q
kiacca C, Qp := Q x (0,T). Paccmorpum ypasuerne

Opu(zx,t) — Z 0;Ai(z,t, Ru, VRu) + Ap(x,t, Ru, VRu) = f(x,t),
1<i<n

rae x € Q,t € (0,7, ¢ KpaeBbIM U HAYAJBHBIM YCJIOBUAMU
u(z,t)=0 (zeR"\Q,te(0,1)), u(z,0) = p(z) (x € Q).

Bmecs 2 <p< oo, 1/p+1/g=1, f € Ly0,T; Wq’l(Q)), » € La(Q), pasuocr-
ublit orreparop R 3aman dopmysioit

Ru(x,t) = Z apu(x + h,t), u(z,t) =0 upux € R" \ Q,
heM
roe ap, € R, M C R" — koHe4HOE MHOXKECTBO BEKTOPOB C COM3MEPUMBIMU
roopanaaTamMu. QyHKIME BelmecTBeHHO3HATHBI. JleiicTBre pasHOCTHOrO Ofe-
paropa omupejenserca mMarpuniamu Ry mopsiaka N(s), OJHO3HAYHO BBIYHCIIS-
eMbIMHU UCXOJs u3 Buga R u @, cM. mozxpobree [1, 2|. Onpenennm omeparop
A Ly(0,T; W, (Q)) = Lg(0,T; Wq_l(le)g) o dopmyire



(Au,v)y = > [ Ai(x,t,u, Vu) dv(t, ) de dt

0<i<n Qr
s moGoro v € Ly(0,T;WHQ)) = {u € Ly(0,T;WHQ)) + ul-,t)|zcog
=0mns .B.t € (0,7)}, 3aech u anxke dou = u. O6O3HATIM

W = {u € L,(0,T; W (Q)) : dpu € Ly(0,T; W, 1 (Q))}-
Heorpanuuennniii oneparop 0; umeer obyactsb oupenesnenust D(9y) = W.

Teopema 1. Ilyemv Rs — meswipooicdenn, nycms makoice A; — dynxuuu
muna Kapameodopu, ydosaemsopsarougue cACOYIOUUM YCAOGUAM:
1) yeaosue unmezpupyemocmu: 3c1 > 0 u go € Ly(Qr) marue, wmo

|A;(z,t,8)| < go(z,t) + 1 Z |§i|p_1 (i=0,1,...,n);

0<i<n

2) yeaosue sanunmunmocmu: das ecex s u amobvix ¢, n € RNV () (n+1)

Y Y (AtiGn) — A b)) (R (Co— ), > 0

1<m<N(s) 1<i<n

npu C 7é m, (mO = "m0, Cm = (Cmoa lev ey Cmn)a (Z = (Cliv ey CN(s),i)T;'
3) yeaosue xospyumusnocmu: Vs Ip' < p, ca > 0 u cz,cqy > 0 marue, wmo

1<m<N(s) 0<i<n
> Y Y milPmes Y [Cmol” —ca
1<m<N(s) 1<i<n 1<m<N(s)
Toz0a onepamoproe YpasHeHUE
Oru+ ARu = f, Um0 =

umeem pewenue u € W, npuvem Ics, cg, c7,cg > 0 maxue, wmo

p q 2
Falz 0 avpian < Sz 0mwir @) T ollélia@:

[T B i) < el ot i + sl

BameruM, 4To yciaoBus 1)—3) rapaHTUPYIOT JEMUHEIPEPLIBOCTD, [ICEBIOMO-
HOTOHHOCTBH U KOSPIUTUBHOCTDH orreparopa AR.
Pabora Bemoninena npu nojepxkke Munobpuaykn Poccun B pamkax rocy-
JIAPCTBEHHOTO 3a/anust: coranerne Ne 075-03-2020-223/3 (FSSF-2020-0018).
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JINHEMHASI IIAPABOJINYECKASI 3AJAYA C
HEJIOKAJIBHBIMMU 11O BPEMEHU JAHHBIMNA

CTAPOBOWTOB B.H.

ITycte A u B — caMOCOUpsi2KEHHBIE IIOJIOKUTEJIbHbIe (AKKDETHBHbIE) Olle-
PATOPBI B KOMILIEKCHOM I'ujib0epToBoM mpoctpanctse H. Omeparop A moxer
ObITH HEOIPAHUYEHHBIM, U ero obacTh onpeenenus D(A), KOHEUHO ¥XKe, ILIOT-
Ha B H, 9T0 HeobXommMo Ij1s ero camoconpszkernoctr. Oneparop B apisgerca
orpanndennubiM 1 D(B) = H.

Ilycts ¢ — BemecTBeHHas ImepeMeHnHas, KOTOPYIO MbI OyZeM Ha3bIBATH Bpe-
MeHeM U KoTopasi u3MeHnsieTcst Ha orpeske [0, T], T' < co. Paccmorpena 3amaua
06 onpenesnennn dyukimu u : [0, 7] — H, yaosneropsitomieit B H cieyromum
yPaBHEHUSIM:

du T
G A= w0+ [ 20 Butds =g, (1)
0
rae dyakuuu f 2 [0,7] — H uv:[0,T] — R, a takxke g € H upeanosaraiorcs
3a/JaHHBIMH.
Omneparop A nopoxaer B H CHIbHO HEIPEPHIBHYIO TIOJIYTPYIIILY OIIEPATOPOB
e~ Ecmu Mb1 BBesiem obosnauenne 1 = u(0), To

u(t) = e 4+ /t e A= f(s)ds npu te0,T]. (2)
0

YuuTeiBas 3T0 NpejacTaBienue, 3agady (1) MOXKHO TepenncaTh B BUJE CJIEJTy-
IOIEr0 ypaBHEHUS:

n+Sn=F, (3)

rae Sn = fOT y(t)Be Atpdt u F = g — fOT ~(t) Bfot e~ At=9) f(s5) ds dt. Ecou
v € LY(0,T), To S sBNsieTca orpanmdennbM onepatopoM B H. Ecom gomommm-
trewro f € LY(0,T; H), To F € H. TakuM 06pa3oM, TIpH BBLITIOJTHEHUH 3THX
YCJIOBUI MBI MOXKEM PacCMaTpuBaTh (3) Kak ypaBHeHHe B IpocTpaHcTBe H, a
dyuxims v : [0,T] — H, onpezesnenHast paBeHCTBOM (2), Gy/leT HEIIPEPHIBHOIL.
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Ecyin mbr morpebyem ot dyHKIWiT v 1 f 6OJIbIIEH 118 IKOCTH, TO MOy IUM JTud-
depernupyemoctsb GyHKIUM U U IKBUBAJEHTHOCTH 3aja4 (1) u (3). B cBasu ¢
9TUM Ha30BeM 0606wernvim peweruem 3adawu (1) HenpepblBHYIO (DYHKIMIO
u : [0,T] — H, mua koropoii cupasemiuso peicrasienue (2), rue n € H
SABJISIETCS PellieHneM ypasaerust (3).

VYpasHaerue (3) ofHOZHAYHO pa3permmMmo Jisi mpousBosbHoro F € H Torma
U TOJIBKO TOTJA, KOTJa —1 sIBJIsSIeTCsl peryJisipHbIM 3HAJYeHHeM oleparopa .S.
1o 3aBemomo Oyuer tak, ecau ||S|| < 1. Tlocnemnee ycaoBue mpemoiaraer
HAJIMYNE HEKOTOPOTO OTPAHUYEHUS Ha BeJIUIWHY T’ TIpU 3aJIaHHbIX v U B, 9410
IIPUBOJIUT TOJILKO K JIOKAJIBHOM OJTHO3HAYHON Pa3peNMMOCTH 3a/[a9U. 3aMETUM,
9TO YCJOBHAE MAJIOCTH BCTPEUYAETCS IIPAKTUIECKH BO BCEX pabOTax MO JAHHON
remaruke, kpome pador U. B. Tuxonosa (1998, 2003).

B nanHoit pabore mccseqoBaH BOIPOC OJTHO3HAYHON PA3PEITUMOCTH 33391
6e3 Hasoxkenus Ha 1', B u vy ycyioBusi MajgocTu. VcaepnbIBaomuii OTBET Ha, [0-
CTaBJIEHHBIH BOIIPOC B CJIydae, KOrja B sBJIsieTCst TOXKIeCTBEHHBIM OITEPATOPOM,
nosyded B paborax 1. B. Tuxonosa (1998, 2003): HeTpuBHAJIBLHBIX PEIIEHH OJI-
HOpOJIHOTO ypaBHeHus (3) ¢ B = I He CyIecTByeT, ecJii HU OJHO U3 pelleHnii
A XapaKTepUCTUIECKOrO ypPaBHEHUS

T
1—|—/ y(t)e M dt =0
0

HE MPUHAJJIEXKUT TOUYEIHOMY CIIEKTPY oreparopa A. DTo ycjaoBue, B 9aCTHO-
CTH, BBIMOJIHEHO, eciu A — cuMMeTpudecKkuil oneparop, a (PYHKIUs Y HEOTPH-
narejabHa. B 9TOM ciiydae cOOCTBEHHBIE YHCIIa olepaTopa A SBJSIOTCS Belle-
CTBEHHBIMH, & XapaKTEPUCTUYECKOEe YPABHEHUE HE UMeeT BEIIeCTBEHHbBIX pellle-
HUM.

OCHOBHBIM pE3YJILTATOM IAHHON PabOTHI SIBJISETCs JIOKA3aTE/IbCTBO CJIELY-
IOLIEr0 YTBEPXKICHUSL:

Teopema 1. ITycmv A u B — camoconpacrceHHble NOAOHCUMEALHDIE ONEPATNO-
pvL 8 2uavbepmosom npocmpancmee H, npuuem onepamop B aeasemcs oepa-
nunennom. Ecau y — neompuyamenvrasn dymxuua us LH(0,T), mo das npo-
useonvroir f € LY(0,T;H) u g € H 3adaua (1) umeem eduncmeennoe 0606-
WEHHOE PEeUWEHUE.

WNucturyr rugpomqunamukun CO PAH, Hosocubupck, Poccusi.
Email: starovoitov@hydro.nsc.ru

HEKJIACCUYECKUM BAPUAIIMOHHBIN IIOAXO0OJd K
PEIIIEHUIO OBPATHBIX 3AJIAY JMHAMUKNI

CYBBOTHWHA H.H.!, KPYIIEHHUKOB E.A.2
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PaccmaTpuBaeTcst obpaTHast 3aja1ua TEOPUU YIIPABICHUAS — 3a/1a9a, JUHAMU-
4eCKOU PEKOHCTPYKIIUU YIIPABJIEHUN JIjIsl CUCTEM B/

&(t) = G(t,x(t))u(t) + f(t, =(t)), )
z€R", weUCR™, m>n, tel0,T], (1)
rue x(-) — BekTop (Pa30BBIX II€PEMEHHbIX, u(+) — BekTOp yupasienuii, a U —
KOMIIaKT. JomycTHMBIC yIIpaBaeHds — U3MepuMble (DYHKITHH.

Tpebyercss BOCCTAHOBUTH HEM3BECTHOE YIPABJICHUE, MIOPOXKIAIONIEe HADIIIO-
JaeMyto tpaekroputo x*(+) : [0,7] — R™ cucremsl (1), HasbiBaeMyto 6a30BOit.
PeKoHCTPYKIUS TPOM3BOAMTCA Ha OCHOBAHHU HETOYHBIX 3aMEPOB 6a30BOit Tpa-
extopun. Dtu 3amepst {y2, k= 0,..., N} umeior norpermocts § > 0 u mocTy-
mazor ¢ marom h® > 0.

Ba1aua PEKOHCTPYKIH YIIPABJICHUIT HEKOPPEKTHA, TAK KaK OJHA U Ta 7Ke Oa-
30Basg TPACKTOPHS MOKET MOPOKIaThCs pasHbIME ynpasienusMu. Cpeayu Beex
TaKUX yIpaBJIeHUI eJUHCTBEHHLIM 00pa30oM BBIIEJAETCS HOPMAaJbHOE YIIpaB-
genue [1], KoTOpoe U sIBJIZETCS UCKOMBIM B CJIeJyIOlIeil KOpPeKTHOl 3aja4de
JUHAMUYECKON PEKOHCTPYKINM yIIPABJICHUINA:

Jna mapamerpos § € (6] m h® € (0, hg], M COOTBETCBYIONIMX MM 3aMEpPOB
{y2} mocTpouTh TaKme M3MepUMBbIe, PABHOMEDHO 110 TIapAMeTPaM OrPAHUYeH-
uple ynpassienus v’ (-) : [0, 7] — R™, 4T0 Npu CTPEMJICHIH K HYJTIO TAPAMETPOB
8 u h® 91U yIpaBieHns CXOIATCs C1abo CO 3Be3I0if K HOPMAJTLHOMY YIIpaBJIe-
mmio u*(+) B mpoctpancTse LY, a Tpaekropun cuctembt (1), HOPOXKICHHbIE STUME
YIIPABJIEHUSAMHE, CXOJIATCS PABHOMEPHO K 6a30B0ii TpaekTonn *(-).

PeKOHCTPYKIUSA JOJKHA TPOU3BOAUTLCA B PEAJbHOM BPEMEHH II0 Mepe II0-
CTYILJICHHS HOBBIX TOYEK 3aMEpOB.

B paborax [1, 2] nmpemioxken 1 060CHOBaH TIOJXOJ K PEIEHNIO 33141 TNHA~
MHUYECKOIl PEKOHCTPYKIIUY YIIPaBJIeHM, OUPAIOIIUiics Ha HeOOXOAUMbIE yCJIO-
BHsl ONTHMAJILHOCTU BO BCIOMOTATEJbHBIX BAPHAIIMOHHBIX 3aJa9aX ¢ (PyHKIH-
OHAJIOM BHJIA

b 2B — D12 a2llulb)2
oty = | [HEOLOP L PWOR) g

tr—1

rje o — MaJblii peryaspusupytomuii (no Tuxonosy [3]) napamerp. @yHKImst
y? (t) stBIsIeTCS TUTA/KOM MHTEpPTIONATIel IMCKPETHBIX 3aMepoB {y) }.

OCOGEHHOCTBIO 3TOr0 TOAXOLA ABJILAETCA MCIOJb30BAHHE HEBBIIYKJIOrO
dyukuponasa (2). OrimdueM oT TPAIUIUOHHBIX IIOIXO00B, C UCIIOIb30BAHUEM
BBIIYKJIBIX (PYHKIIMOHAJIOB, SIBJIAETCS TO, UTO JIJIs IOCTPOEHUs allllpOKCAMAITHI
PEIIeHns] UCIIOIb3YIOTCs CTAIMOHAPHBIE TOUYKHA (2), YIOBIETBOPSIIONIAE JIUIIb
HEOOXOAMMBIM yCJIOBUSIM ONTUMAJIBHOCTH.
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Tlokazano, 9TO aNIIPOKCUMAITUN PEIIEeHMUSsI, IOy I€HHbIE C UCIIOJIb30BAHUEM
TUX TOYEK, YCTONIMBBI 110 OTHOIIEHUIO K MTOT'PEITHOCTSM 3aMepoB. [Iig cpaBHe-
HUst 9OEKTUBHOCTHA PA3HBIX TOIXOI0B IPUBEIEHBI WIIIOCTPATABHBIE ITPUME-
PBI peleHns 3aJa9d PEKOHCTPYKIINN YIIPABIEHNH ¢ TOMONIHIO BAPUAIIMOHHBIX
[IOJIXOJIOB, UCIOJIB3YIOMUX (DYHKITHOHAJBI C BBIIYKJIBIM U BBIIIYKJIO-BOTHY THIM
JIArPAHKUAHOM.

Pa6ota Bbrnosaena npu nojaep:kke PODU (npoekr 20-01-00362).
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MOJAEJIN OCKOJIKOBA B MATHUTOTNAPOIVNHAMUWUKE
CYKAYEBA T.T.
Cucrema ypapaennit OCKOJIKOBa

K
1
(1 =3V, =vV30— (v-V)v+ Zﬂlv% - ;Vp — 20 x v+
=1

1 1

o (V xb) x b+ f, (1)
Voo=0, V-b=0, b =0V2+Vx(vxb)+f2
%:v+alwl, aqeR_, B eRy, =1, K,

MOZEJIMPYET IOTOK HECXKUMAEMOIi BA3KOyIpyToi xkuakoctr Kenbsuna—®Poiirra
Henysiesoro mopsiaka K [1] B marmurHoM mosie 3emiun. 31eCh  BEKTOD-
byskmun v = (vi(z,t),...,vp(z,t)) uw b = (b1(z,t),...,b(x,t)) xapak-
TEPU3YIOT CKOPOCTh >KUJIKOCTH W MAarHUTHYI WHIYKIIUIO COOTBETCTBEHHO,
p = p(x,t) — nasnenue, » — koabdumenT yupyroctu, v — Koddduiment
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BA3KOCTH, Q - yriioBasi CKOPOCTbD, 0 — MarHuTHad BA3KOCTH, (4 — MarHuT-

Has IPOHMIAEMOCTb, p — IIOTHOCTh, HmapaMeTrpel (3, | = 1, K — ompe-
JIeJISTIOT BpeMs peTapianuy (3anasipibanus) gasienns. CBoOOHBIC HIIEHbI
L= (fl.. . fh, 1 = fi=,t), f? = f*(x,t) orBevator BHermHEMY BO3IEH-

CTBUIO Ha KUJKOCTb.
PaccMoTpyM nepByro Ha9aJbHO-KPAaeByIo 3a/1ady Jist cucreMbl (1)

v(x,0) = vo(z), b(x,0)=0bo(x), wi(z,0)=wp(z) xze€D, @)

v(z,t) =0, bz,t)=0, wz,t)=0 (z,t)€ 0D xR4.
Buaeco [ =1, K; D CR"™ n=2,3, orpanndennas 06;1acTb ¢ rpamuteit 0D
kiracca C°°.

BameTuM, 9TO 3aJaYM TAKOrO THUIIA BO3HUKAIOT, HAIIPUMEP, B reOpU3NKE
[2]. Panee BBIDOXK IEHHBIE ABTOHOMHBIE MOJIET MATHATOTUIPOIMHAMUKY U3y Ta-
schk B paborax [3] — [5]. B HeaBTOHOMHOM cirydae UCCIIeI0BaHNE OBLIIO HAIATO
B [6] u nmpomoxeno B [7].

Bagaqa (1), (2) uccrenyercss B paMKaxX TE€OPUH IOJIYJIMHEHHBIX ypaBHEHMUI
cobosresckoro Tuma. OCHOBHBIM HHCTPYMEHTOM UCCJIETOBAHNS CJIy KUT TIOHSITHE
OTHOCHTEJIBHO P—CEKTOPHAJIBLHOIO ONEPATOPa U IIOPOZKIEHHON UM Pa3pernraio-
el BBIPOXKJIEHHON MosTyrpymmsl oneparopos [8], [9]. Jokasana Teopema cy-
[IECTBOBAHUSI €IUHCTBEHHOIO PEIIEHUS YKA3AHHON 3a/1a41, ABJIAIOIEr0oCsd KBa-
BUCTAIMOHAPHON TIOJIyTPACKTOPUEH U IIOJIyYEHO OIMCAHUE €€ PACHIMPEHHOrO
dazoBoro npocrpancrsa. [losyuennas Teopema 0000IIAET COOTBETCTBYIOIINE
pesynbrarsl [6].
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NHTEIrPUPYEMOCTB OJHOI'O YPABHEHUA ABEJIA
BTOPOTI'O POJA C ITIOJIMHOMMAJIbHBIMNI
KO PNIINMEHTAMMN, CBA3AHHOTI'O C
ACUMIITOTUKAMU CUMMETPUNHBIX PEIIIEHUIA
YPABHEHUNA KOPTEBEI'A-JIE BPU3A

CVJIEIMAHOB B.11.!, IIABJIVKOB A.M.2

Jokmnan ocuoBan Ha pe3yiabrarax craTbu [1].
Beimucamno obiee pernterne ypaBHenusi AGeJist BTOpOTO pojia

(486 R* —17T1R?*+5+9Rz) 2 = 972R* — 162R* + (1458 R® —225R) 2 + 2722, (1)

BO3HUKAIOIIETO [IPU OCTPOEHUU aCUMIITOTUK P OOJIBIINX 3HAYEHUSIX BpeMe-
HU COBMECTHBIX pelieHuii ypapHenuii Kopresera — ne Bpusa u crammonapsoi
YACTH €r0 BBICIIEH HEABTOHOMHON cuMMeTpuH. (DTa CUMMETPUsI OIIPEIEeIIsIeTCs
JInHEHOM KOMOMHAIMEH TIePBOii BBICITIEHl KOMMY TUPYIOIIEH CHMMETPUN yPaBHEe-
uust Kopresera — ne Bpusa u ero kiaccudeckoit cummerpuu Fanuses.) Januoe
obrmee pemtenne (1) 3aBUCHT OT IPOM3BONILHOTO apaMeTpa. [1o Teopeme o HesIB-
HOI (DYHKIMK OHO JIOKAJIBHO OIIPEJIEJISIETCS U3 YPaBHEHUsI, SBHO BBIITUCAHHOI'O
B TEPMUHAX T'UIepreoMeTpudeckux (MyHKImit. JacTHBINA caydail 9Toro obiero
PpeIleHns 33/1aeT AaBTOMO/IEIbHBIE PEIleHnsI YPABHEHUN Y n3eMa, HaflJeHHbIE Pa-
uee I'. B. IToremunbiv B 1988 1.. (B uzBectbix paborax A. B. I'ypesuua u JI. I1.
IIuraesckoro Hauasma 70-X TO0B OBLIO YCTAHOBJIEHO, YTO ITU PEIIEHUS yDPaB-
HEHUil Yn3eMa B [JIABHOM IOPsiJIKe OIUCHIBAIOT BOSHUKHOBEHIE HE3ATYXAMOMIUX
OCIUJUIMPYIONIUX BOJIH B MIMPOKOM DsLJIe 3aJa9 ¢ MAJIO Jucrepcueii. )
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DTOT PE3yJIbTAT MOATBEPKIAET IMIIMPUAIECKOE IIPABUIIO, COTTIACHO KOTOPOMY
[IpY ONMCAHUK ACUMIITOTHK PEIIeHNI NHETPUPYEMBIX YPABHEHUI MOT'YT BO3HHU-
KaTh JINIIb ONSsITh-TAKU WHTErPUPyEMble ypaBHEHUs. BoinBuraercs obmast ru-
[I0Te3a O TOM, UTO WHTErpupyeMble OOBIKHOBEHHBIE MuddePEeHITnATBHBIE YPaB-
HEHUS, TIOJI0OHBIE PACCMATPUBAEMOMY B CTAThE, JTOJKHBI BO3HUKATH U [IPHU OIIH-
CAHUM aCHUMIITOTHK IIpU OOJIBININAX BPEMEHaX JIPYIUX CUMMETPUNHBIX PelreHuit
9BOJIIOIUOHHBIX yPABHEHMIA, JMOIYCKAIOIINX [TPUMEHEHNE MEeTO/Ia O0PATHON 3a-
JIa9u pacCesiHUsI.
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3ATYXAIOIINE BO3MYIIEHUS BU®YPKAIININ
IIEHTP-CEJIJIO

CYJITAHOB O.A.

PaccmaTpuBaeTcst HeaBTOHOMHAsT cucTeMa JIBYX JuddepeHnnaabHbIX ypaB-

HEHU
dx dy

- = - - 2 —

rue F(z,y,t), G(z,y,t), w(xr) — raagkue QyHKIUU, ONPEEIEHHbIE Jisi BCEX
(z,y) € R?ut >0, A € R. lIpeanonaraercs, aro F(z,y,t) — 0u G(x,y,t) — 0
npu t — 00 1 JM06bIX (BUKCUPOBAHHBIX 3HaYeHUsIX (x,y), a w(x) > 0 mis Beex
x € R. B aToMm cityuae B ipejieibHOIT cucTeMe nMeeT MecTo OudypKalys eHTP-
CEJIUTO: TIPU BapHAIMU MTAPAMETPa A HEMOJBUKHBIE TOUYKHM TUIA IEHTP U CEJJI0
CAMBAIOTCS W UCIE3AI0T. B paboTe MCCIeMyeTcss BINSHAE 3aTyXaIoNX BO3MY-
wenuit F(z,y,t) u G(z,y,t) Ha riobasbHoe 1oBejieHue pemenuii. B yacruocTu,
OIUCHIBAIOTCS YCJIOBUS, IPU KOTOPBIX FAPAHTUPYETCs COXpaHeHue oudypKramm
B BO3MYIIEHHOI HeaBTOHOMHON cucreMe. Korma 6udypkarysi HapymIaeTcsi, B
KPUTHYECKOM CJIy4dae TOSIBJISIETCS Tapa PENIeHnit, CTPEMSIIIUXCS K BBIPOXKICH-
HOMY PABHOBECHIO TIPEAEILHON cucTeMbl. [I0OKA3BIBAETCS, 9TO B 3aBUCUMOCTH OT
CTPYKTYPBI U IIaPAMETPOB BO3MYINEHUH, OJHO U3 3TUX PENIeHUil MOKeT OBbIThH
YCTOWYUBBIM, META-yCTOWIUBBIM UJIM HEYCTONUMBBIM, IIPU 3TOM JIPYTOE pellie-
HUe BCerjia sIBJISETCs] HEYCTONIMBBIM.

Pabora Beimonena npu nogmep:kke PH®, rpant 20-11-19995.
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O BA3KUX PEINTEHNAX AHN3OTPOITHBIX
ITAPABOJIMYECKNX YPABHEHUII

TEPCEHOB A.C.

B nokumaze Gymer paccMOTpeHa IepBasi KpaeBasl 3a/[ada JiJIs aHU30TPOIIHOIO
1apaboJInIeCcKOro ypaBHEHUS
n

Uy — Z(‘uxl

=1

Pi(t)72umi)xi = g(t,x,u,VU) B QT; (]')

rue §) — orpanudentas obsacTh. YpasHeHus Buja (1) npuHajyexar K Kiac-
Cy YpaBHEHUH, 9aCTO HA3bIBAEMBIX YPABHEHUSIMU C HECTAHJIAPTHBIMU YCJIOBUSI-
mu pocta. OHEM UCIONB3YIOTCS TPU MOJIETUPOBAHNN TEUYE€HUI HEHBIOTOHOBCKHUX
JKUJIKOCTe, KaK JUJIATAHTHBIX, TaK U IICEBJIOIJIACTUYHBIX, [P OIHCAHUU Te-
YeHUil KUIKOCTU B TIOPUCTHIX cpeflax. Kak W3BECTHO, JJIsi UCCJIEIOBAHIS ITUX
YPABHEHUl IMUPOKO HUCIOJIB3YIOTCS METOMIBI BAPUAIMOHHOIO UCUUCICHUS, WC-
TOJI30BAHNE KOTOPBIX BCTPEYAET CEPhE3HBIE TPYAHOCTH B CJIydae, KOIrjia mpa-
Basl 9aCTh 3aBUCUT OT rpajueHTa. K KIACCHYIeCKUM MeTOIaM HUCCJIeOBAHUS
9THX YPaBHEHUI MOXKHO TaK»Ke OTHECTH WM Pa3JIUYHBbIE AIPOKCUMAIUOHHBIE
METO/IBI.

Kak uzBecTHO, 11 pelreHnii aHU30TPONHBIX MapabOJNIeCKUX ypaBHEHUN
Borpoc 0 Cl-peryisspHocTs 110 IPOCTPAHCTBEHHBIM EPEMEHHBIM Ha CErO/HSII-
HUll 1eHb sABJseTc OTKPLIThIM. B padore V. Bogelein, F. Duzaar, P. Marcellini
(2013) nuist ypasuenust (1), B caydae g = 0 u TOCTOSTHHBIX TTOKa3aTeseil aHu-
30TPOITHOCTH, ObLIA JIOKA3aHA JIUIIIUIIEBOCTH 10 ITPOCTPAHCTBEHHBIM II€PEMEH-
HBIM CODOJIEBCKUX PEIEHU [IpU yCJIOBUT

2 <minp; < maxp; < minp; + ——.
i i i n+2

DTO MaKCHMaJbHAs PEryJsipHOCTh PENIeHUil aHU30TPOIHBIX yPABHEHUH, 13-
BeCcTHas Ha CETOMHANIHUN JIeHb.

Harmeit mesibio ObLI0 HAWTH YCIOBHUS, FapaHTUPYIOIIUE CYIIECTBOBAHUE U
€IMHCTBEHHOCTh DEIIeHNH YKA3aHHOW TJIaJKOCTH il ypabHeHuil Buma (1) B
cJIydae, KOrJla IIoKa3aTe/ Il aHU30TPOIIHOCTH 3aBUCAT OT BDEMEHU, a g HeJInHei-
Ha IO I'PaJHUEHTY.
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JLy1st oJTyYeHusI peleHnsi BBICOKOM IJIaIKOCTH Mbl MCITOJIb30BAJIN AIIIPOKCH-
MAIUIO pertenus ypasuenus (1) moc/ie[0BaTeIbHOCTHIO KJIACCAIECKUX PEIIeHH
peryJisipu30BaHHBIX ypaBHEHUN. 3a1ada MpeIeIbHOrO IMepexoa B Kjiacce cobo-
JIEBCKUX PEITEeHN OCTOXKHSIIACH HAJUINEM HEJTNHEHHOTO TPAINEHTHOTO WICHA.
Ota npobsieMa ObLIa pelreHa ¢ MOMOIIBI0 TeOPUH BaA3KUX 110 JIMOHCY perenuit.

B BbIyKaBIX 0071aCTSIX OBLIN JTOKA3aHbBI CYIECTBOBAHUE W €IUHCTBEHHOCTD
HEIPEPBIBHBIX 110 JIMIIIUIy [0 NMPOCTAHCTBEHHBIM IEPEMEHHBIM BSI3KUX pe-
IeHU NepBO KpaeBOl 3aJauu JJist (1) 6e3 orpaHnYeHNsT OEPHINTEHHOBCKOTO
TUIA Ha HEJIUHEHHOCTHh I'PAIUEHTY. B HEBLITYKJIBIX 00/JACTAX, YIOBICTBOPSIO-
IMAX YCJAOBUIO BHEIHEH cephbl, OBLIN MOy YeHbI AHAJOTUIHBIE PE3YIbTATHI, HO
TOJILKO B CJIydae, KOTJIa ¢ [0 TPAJINEHTy YI0BJIETBOPSIET yCcIoBHuio bepHinTeitna,
a TMoKa3aTe/lu aHU30TPOITHOCTH CBsI3aHBI COOTHOIEHUEM

maxp;(t) < 2minp;(t), ¢e€0,T].
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JNOPEPEHIINAJIBHBIE YPABHEHUA N
AJITEBPANYECKUWE KPVBHBIE

THUMOIINH M.HU.

B kuure [1] ynomuHaercs reoMeTpuuecKuii Moixo/] K MOJEIHMPOBAHUIO C 110-
mompio muddepenimanbabix ypasaenuil. [Ipu takom nogxoze, muddepenny-
AJIbHbIE yDABHEHWsl, BBIOMPAEMBIE JJIs OIMCAHUs MOJIEHN, SBJIAIOTCS HanboJee
3JIEMEHTAPHBIMA YDABHEHUAMHA ¢ TpeOyeMbIM HoBesenueM. llpeacrasienne o6
YDABHEHUSIX W MOBEJICHUN KPHBBIX TPETHErO MOPSAIKA MOKHO MOJLYIATH HA OC-
HOBAHNM TEOPEMbI NPUBEJIEHHON B paborax [2],[3].

Teopema 1. Kaotcdas kpusas mpemvezo nopadka ¢ nomowpto apdurnmozo npe-
06pa306aHUA NPUBOIUMCA K 00HOT U3 CACOYIOWUT KAHOHUYECKULT POPM.:

L (z+a)(z®>+y*—1)+by+c=0, 9. (z+a)(y>—1)+by+c=0,
2. (x4a)(@®+y*+1)+by+c=0, 10. (z4a)(y*+1) +by+c =0,
3. (x4 a)(@® +y?) + by +c=0, 11. (x+a)y> + by +c =0,

4. (z+a)(@®—y? = 1)+by+c=0, 12. (x+a) (2?2 —1)+by+c=0,
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5. (x+a)(z?—y?+1)+by+c=0, 18. (z+a)(@®*+1)+by+c =0,
6. (z+a)(x? —y?) + by +c =0, 14. (z +a)x® + by + c =0,

7. (x+a)(z? —2y) + by + ¢ =0, 15. y? = 23 + bx + ¢,

8. (x+a)(y? —2z) + by +c=0, 2de a,b,c- KoncmarmoL.

Hekoropsie npumMeps! $ha30BbIX HOPTPETOB MOCTPOEHHBIX HA OCHOBAHUY KPHU-
BBIX TPETHETO TOPSIIKA [IPUBEJIEHBI B cTaThe [4].

Hapsiy ¢ reomerpudeckuM moaxo oM ajaredbpanieckue KpuBbIe IPeCTaBIIs-
0T UHTEPEC U [PU PACCMOTPEHUN 33 IaHHBIX Tu(dEPEeHITNATHLHBIX YPABHEHUI.
Ilycts mana cucrema auddepeHInaabHbIX yPaBHEHTH

dy dx
— =Q(z,y — = P(x,y). 1
Y _Quy), G =Py (1)
IpunsiTo cunTaTh [5] BecbMa MOJI€3HBIM Ipeodpa3oBarh cucreMy (1) K raMuiib-
TOHOBOM popme
dy OH de OH @)
dt ox’ dt Oy’
OueBnHo, UTO 3ama4a npuBeneHus cucrembl (1) K Buxy (2) SKBUBaJIeHTHA
3aJ1ade HAXOXKJIEHUsI MHTErPUPYIOIIEro MHOXKHUTEJIs (D pepeHInaibHOrO ypaB-
HEHUS

Q(z,y)dzx — P(z,y)dy = 0.
B nperaraemom sokasie, Ha npumMepe ypasuenus Ban-gep-Iloms
dx dy
=Y 5=
dt dt
MIPUBO/IUTCS AJITOPUTM TIPE/ICTABICHUST TAMUJIBTOHNHA C TOMOIIBIO (hOPMYJIBI

Tefl.HOpa. ﬂeMOHCTpI/IpyeTCH BO3MOXKHOCTBb OITMCaHUA IIEPUOJINYIECKOI'O pellle-
HUA C IIOMOIIBIO HafI,ILeHHOI‘O I10JIA aJII‘e6paI/I‘{eCKI/IX KPUBDBIX.

P+ -Di+r=0 <& (1—2%)y—=x
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O MVJIBTUIIJINKATOPAX PA/10B ®YPBE-XAAPA
TJIEVXAHOBA H.T.!, BAIIINPOBA A.H.2

X, Y - npocrpancTsa GyHKIWMA, OnpeIeeHHbIX Ha oTpeske [0, 1], Takux, 9To
X < Ly. Iycrs {¢k} - moanasi oproHopMuposanHasi cucreMa. I[Tycrs dbyHKImm
f € X coorsercryer ee psn @Pypoe 1o gannoit cucreme {py}

fed aren,
k=1

e ay, - kKoaddburnmenter Pypre byukuun f o cucreme { ¢y }. Byaem ropoputs,

YTO MOCJIEIOBATENHHOCTh KOMIITIEKCHBIX arces A = {\; } sIBJIsIeTCsT MyJIbTHUILIN-

karopoM @Pypbe u3 mpocrpancTBa X B IPOCTPAHCTBO Y, eciu jjisg PyHKIUU
o0

f € X ¢ pamom @ypre > apyr Haiizercsa dbynkuus fy € Y, pang @ypoe

k=1
o0
KOTODOIi COBIIAJIAET € PsiZIoM Y, Apap@r u omeparop Af = fy siBisiercst orpa-
k=1

HU4YeHHbIM onepaTopoM u3 X B Y. Muoxkectso m(X — Y) Bcex onpesener-
HBIX TAKUM 00Pa30M MYJIBTUILINKATOPOB SBJISIETCS JIMHEHHBIM ITPOCTPAHCTBOM
¢ HOpMOi [|Al|lm(x -y = [Allx-y-

B mammoit pabore OymayT paccMOTpPEHbI MYJIbTHILIAKATOPEI psamoB Oypbe mo
cucreme Xaapa.

Cucrema Xaapa - 910 cucrema (QyHKIuit Y = {Xi(x)}gozgkap x € [0,1],
0

B Koropoit x1(z) = 1, a dysxuus Xi(m), rne k = 0,1,..., 7 = 1,2,...,2F
OIIPEJE/IACTCH TAK:
k 2j—2 25 —1
22, okt <7< orri
- o 2j—1 27
Xi(r) = — 2%, ok+1 <z < ok+1

j=13J
0. o# (Ygix)

MmuoxkectBo uHziekcoB (k, j), ONpeselsionmx cucreMy Xaapa, 0yjaeM 0603Ha-
qaTb gepes (.
Psanom ®@ypoe-Xaapa dyuakuuu f(x) € L]0, 1] aBusierca psn Buja

>O> al (@),

k=0 j=1
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rje afc(f) =(f, )dc) - koaddunuentsr Pypoe-Xaapa GpyHknun f.
B paGore [2] mokazano criemyiomee yrBepzeHue: myctb 1 < p < g < 0o,
1 <r s < o0, gy Toro, 9To0BI

. 1 1
Mz, o2 = sup_ IN2EG),
(k,j)EQ
HEOOXO/IMMO U JIOCTATOYHO, YTOOBI 1 < .

Takum 0O6pa30oM, OCTABAJICS OTKPBITHIM BOIPOC OMUCAHUS KJIACCA MYJIbTHU-
winkaropos psinoB Pypee-Xaapa m (Ly,» — Lg ) mpu r > s. B gamnoit pabore
MBI HCCJIeyeM KJIacC MYJIbTUILINKATOpOB psanoB Oypre-Xaapa B OGostee obrmeit
CUTYyaIH, OXBATHIBAIONIEH CIy4ail, Korjga r > s.

IIycts f usmepumast PyHKIMS, IPUHUMAIONIAs IOYTH BCIOJLY KOHEYHBIE 3HA~
YeHUS,

m(o, f) = p({z: 2z €[0,1],[f[ > o})
ee dyukus pacnpeaenenns. OyHKims
ff@)=inf{o:m(o, f) <t}, t>0

Ha3bIBAETCsI HEBO3PACTAOIIEH IIepecTaHOBKON (pyHKImu f.

ITycts 0 < p < 00, 0 < r < 0. IIpocrpancrso Jlopenna Ly, [0, 1] onpene-
JIMM KaK IIPOCTPAHCTBO U3MepuMbIX dMyHKImil f, onpenenennsix va [0, 1], st
KOTOPBIX KOHEUHBI BEJIMIUHBIL:

ecamn r < 00
1 1
1o, Tdt\ "
e, = ([ (Br0) §) <

1oy
£, =supt+ £7(6) < o0

ecjim r = o0

Torma BepHa citeayrommas TeOpeMa:

Teopema 1. Ilyemsv 1 < p < ¢q¢ < o0, 0 < rs < o0,

1200, e {2 — 2,0}, mosda
1
00 ™ T
11 ;
Mlnceyrg = (D0 (26755 s N[ ]
k=0 1<j<2k
6 cayuae, Kozda T = 400, GLPAICEHUE CNPABA  3AMENAEMCA M
sup 2k(%7%)\)\§€|
0<k<oo
1<j<2k

Pa6otra BbInosiHEeHa Tipu moepkKe MuHucrepcTBa 0Opa30BaHUsl ¥ HAYKU
Pecnybsiuku Kazaxcran, rpant AP09260223.
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O IIOJIHOTE CUCTEMBI COBCTBEHHBIX ®YHKIIUI
OITEPATOPA IITPE/IMHTEPA C KOMIIJIEKCHBIM
CTEITEHHBIM ITOTEHIIVAJIOM

TYMAHOB C.H.

PaccmarpuBaercsa oneparop
2

dx?
B Lo(Ry) ¢ rpanmunbiv yenosuem dupuxie npu ¢ € C, |arge| < m, a > 0.

Oneparop L., uMeeT KOMIAKTHBIl OOPATHBI, CIEKTD €ro JMCKPEeTHBII,
KOPHEBBIE TIOJIIPOCTPAHCTBA OJJHOMEPHBI |1].

Ipu 0 < |argc| < 7 oH He camocomnpsizKeH, 6oJ1ee TOro, 00JIAJIAeT ILIOXUMU
CIIEKTPAJILHBIMEA CBOMCTBAMHU: HOPMA PE30JbBEHTHI 3KCIHOHCHIUAIBHO PACTET
[pU YJIAJEHAN OT CIEKTPa [2]; pacTyT HOPMBI CIIEKTPAJIBHBIX IIPOEKTOPOB [3].
B aTHX ycJI0BUAX OIEPaTOp HE MOMKET OBITL IIOJOOHBIM CAMOCOIPS?KEHHOMY,
ero cobcrBerHble hyHKIMU He 06pas3yior 6asuca Pucca B La(Ry). Tem He me-
Hee, BOIIPOC TIOJIHOTHI €ro CHCTeMbl cobcTBeHHBIX dyHKImit (c.c.d.) B La(R4),
BOODIIE TOBOPST, OTKPBHIT.

Hns o > 2 3ama9a 0 nossore c.c.d. L. o BIOIHE uccaenoBana 2, 4]: cucrema
nosaa npu Beex ¢ € C: |arge| < 7.

ITpu « € (0, 2) nosHoTa HOKa3aHa Iy | arg ¢| < to(a) = 2ma/(a+2) [4]. B To
ke Bpemd, 1pu to(a) < |argc| < 7 BOIPOC IOYTH HE U3YUEH, TAK KaK sIBJISIeTCS
ropaszio 6oJiee cI0KHOM 3agadeil. COOTBETCTBYIOIIIE apryMEeHThI TPUBOIATCS
B paborax [1, 4].

Mpr mokazkem, uto cymecreyer At = At(a) > 0 (HempepbIBHO 3aBUCSIIEE
oT ) Takoe, 410 c.c.d. L o monHa upu |argc| < to(a) + At(w).

CdopmymupyeM 0OCHOBHOM pe3y/ibTaT PabOTHI.
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Jlns kommtekcHbix ancest ¢ = (e8¢, —7 < arg ( < T U BeIeCTBEHHbIX [3,
gepes (P Gyaem obozrauats rmasnyio Bersb: (P = [(|PetP 8¢,
st 6 € [to(a), m) N [to(ax), Tr), mOIOKIM

Co(0) = eiltol)=0/a " 7,(9) = (sinto(a)/ sin 6)/«,

u ompeiesuM (HyHKITAIO

Zo(0) Co(6)
p0) =% [ Ve —dm@ac—z [ =@ ach -
0 0
Zo(0) Co(6)
—w{ [ Ve —em@ac- [ orgr = an@ac),
Go(6) 0
e UTHTErpupoBaHUE BEJETCsA 110 OTPpE3KaM, a BETBU KOPHA BbI6paHa TaK, 9TO0BI
Zo(0) Co(6)
R [ V@ dc 0, R [ Ve o,
0 0

Teopema 1. [as awbozo o € (0,2) Pynryua p(0) umeem eduncmeermoil
Hoav Oy(a) enympu unmepsaaa: (to(a), ) N (to(a), mar)

Oo(a) = to(a) + At(a), At(a) > 0.

Dynryus Op(a) nenpepmena npu « € (0,2).
IIpu |argc| < 8p(a) c.c.p. onepamopa L. o noana 6 La(Ry).

Pa6ota BbimosHEHA npu mojepKKe Poceniickoro HayaHoro ¢oHma (rpast
20-11-20261).
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O CXOJIMMOCTH ATTPAKTOPOB AIIIIPOKCUMAIINI K
ATTPAKTOPAM MOJINU®UIINPOBAHHOI MOJIEJIN
KEJbBUHA-®OUT'TA

TYPBVH M.B.!, YCTIO2KAHNHOBA A.C.?2

B orpanmdennoit obmactu ) C R"(n = 2,3) c rpamumeit Jf) xnacca C3
paccMaTpUBaeTCs CUCTEMa YPaBHEHUIA:

ov n ov 0Av i OAv

— — VA i — — i A =73 1

a " H;” oz, o ”;” oz, TVP=1 (1)
dive = 0. (2)

B sroit cucreme v(x,t) — BEKTOP CKOPOCTH YACTHIBI KUJIKOCTH B TOUKE T B
MOMEHT BpeMenu t; p(x,t) — IaBJieHue XKUIKOCTA B TOYKE I B MOMEHT BPEMEHU
t; f(x,t) — BeKTOD IWIOTHOCTH BHEIMHUX CHJL; ¥ > 0, 3¢ > 0 — BI3KOCTb KUJIKOCTH
7 BPEMSI PEJIAKCAIINN, COOTBETCTBEHHO. Hem3BecTHBIMEI DYHKITHAMA SIBIISIOTCS
v HuD.

Cucrema ypasnennii (1),(2) suepsbie Gbuia moaydena B.A. TlaBiosckuM B
pa6otre [1] u Gblaa mOATBEPK/IEHA TIO3/(HEE SKCIEPUMEHTAIbHBIMEI UCCIIEI0Ba~
HUSIMUA €J1a00 KOHIIEHTPUPOBAHHBIX BOIHBIX PACTBOPOB MOJMITHICHOKCHIA, O~
JNAKPUIAMUIA U TYapOBOI CMOJIBL.

Huts cucremsr (1),(2) paccMarpuBaercst HaYaIbHO-KpaeBas 33/[ada ¢ Hauadlb-
HBIM U TPAHUYHBIM YCJIOBUSIMU

V|t=o = a; v]aq =0. (3)

B zagaue (1)—(3) napamerpsl v, >, a Tak»Ke IUIOTHOCTh BHEITHUX CUJI f canTa-
I0TCsl pa3 U HaBcerJa 3aUKCUPOBAHHBIMHU.

PaspemMocTs B €1a60M CMBIC/IE PACCMATPUBAEMON HAYAIbHO-KPAeBoil 3a-
maau (1)—(3) ma npou3BOABHOM KOHEYHOM IpoMexkyTke Bpemenu (0,7 Gbuia
ycraHoByieHa B pabore [2]. CymmecTBoBaHHe TPAEKTOPHOIO U TJIOGAJIBHOTO AT-
TPAKTOPOB Jisl TON 3a/a4n JOKa3aHo B [3]. BaxHO oTMeTHTH, UTO B TpeX-
MEPHOM CJIY4Yae TeOPEMbl €JIMHCTBEHHOCTH CJIabbix pemienuii 3amaqan (1)—(3) me
JIOKA3aHO.

Hos samaqn (1)—(3) paccmaTpuBaeTcs alllipOKCUMAIIMOHHAS 33/1a9a., JJIsd KO-
TOPOI MMeeT MeCTO TeopeMa €JMHCTBEHHOCTHU PEIICHUIl U CBOICTBO HellpepbIB-
HOI 3aBUCUMOCTH PEIIEHUH OT JaHHBIX 3a1auu. Takum 00pa3oM, JJIg ITOM all-
IPOKCUMAIMOHHOM 381491 BO3ZMOXKHO BOCIIOJIb30BATHCH PA3IUIHBIMUI IUC/ICH-
HbIMU MeTozaMu. Jajee /jis HCXOIMHON M AlIPOKCUMAIMOHHON 3389 BBOIIT-
Csl IPOCTPAHCTBA TPAGKTOPUIl M JIOKA3LIBACTCS CYIIECTBOBAHME MUHUMAJIBHO-
IO TPAEKTOPHOIO M IVIOBAJBHOrO arTpakTopoB. [locse dero ycramaBimBaeTcs,
YTO TPAEKTOPHBIE U TJI06A/IbHbBIE ATTPAKTOPDI AIIPOKCUMAIMOHHON 38,1891 CXO-
JSTCA K TPAEKTOPHBIM U TJI00aIbHBIM arTpakTopaM 3amadn (1)—(3) B cMbicie
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[TOJIyOTKJIOHEHUsI B COOTBETCTBYIOIIMX IMPOCTPAHCTBAX IPUA CTPEMJIEHUH IIapa-

MeTpa AIMPOKCUMAIUU K HYyJI0. 11o/IydeHHbIN pe3ysibTar JI0JIKEeH MO3BOJIUTH

[TOJIyIUTh YUCJICHHOE MPEICTABIECHUE 00 aTTPAKTOPAX U3yJIaeMOil MOJIEJIN.
Pabora Bemmosnena npu nogmepxkke POOU, rpant 20-01-00051.
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HEOBXOAMMBIE 1 TOCTATOYHBIE YCJIOBUA B TEOPUN
PETVJI/IAPN30BAHHBIX CJIEJOB

OA3VYJIJINH 3.10.

Paccmorpum B cemmapabesibHOM MIIBOEPTOBOM MPOCTPAHCTBE H CaMOCOIPsi-
JKEHHDIN TIOJIyOrPaHUIeHHbINH CHU3Y JUCKPETHEIH omeparop Lo. Ilyers {Ax}32
— cobCcTBeHHBIE 4Yncia omeparopa Ly, MPOHyMepOBAHHBIE B MOPsIKE BO3PAC-
TaHUd € y4eToM uX ajrebpamueckux KparHocreil (A\p < Agy1,k = 1,2..),
{fe}32, — Gasuc B H m3 OPTOHOPMUPOBAHHBIX COOCTBEHHBIX (DYHKIMIi, CO-
OTBETCTBYIOIIMX COOCTBEHHBIM wucgaM M. amee, mycts V. — cummerpude-
ckuit Lo-KOMIMakTHBIN omepaTop B H. Torma, mo XopoImo W3BECTHON Teopeme
Karo-Pemunxa, oneparop L = Ly + V 3aMKHYT B 00/1aCTH OIIPEIEJIEHUs OTIe-
paropa Lg, TOJyorpaHWdeH CHU3Yy W MMeeT JUCKPEeTHBIH crekTp. Obo3nadnm
gepe3 {pr 72, — cOOCTBEHHBIE 4YHCIIA OllepaTopa L, IPOHYyMepOBAaHHbBIE B I10-
psjIKe pocTa ¢ yderom ux kparHocreit. Ilycts Ro(—A) = (Lo + M)~ A > 0,
u Ko(\) = (Ro(—=A)V)2Rg(—)). Torma, ecm Ko(\) — siepHbiit omepaTop,
TO, BOCHOJIb30BABIINCH pedysbraramu § 1 paborsl [1], ycranaBiuBaeM, 94To npu
A >> 1 cupaBeijimBO PABEHCTBO

N+ (V fi, fr)
2 (A +A)?

M — 1) (1 + O(|Ro(=MV]))), (1)
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rie

to02 [ r(s)ds + 3 [(V S, fi)? — (e — 1))

A<t
a=3 [ T i,

0

()= D > = M) (VS fin)?

Ap<S$Am>s
Pasencrso (1) IIO3BOJIAET JJOKa3aThb CIIPpaBEJIMBOCTDL CJIEAYIOIIEro yTBEP-

JKJIEHUS.
Teopema 1. Ilycmov V — cummempuueckuti Lo-xomnaxmnoi onepamop 6

H utr Ko(A) < oo.
Toeda cywecmsyem nodnocaedosamenvrocmo {nm, }oo_ C N makas, wmo
lim Y~ (A + (Vfa, fr) — ) =0

m—o00
k=1

mozda u MmoAvko moezda, Koz2da

A =027, A — +oo.

Jlajiee pacCMOTPHUM OJIMH U3 CITOCOOOB PACCTAHOBKM CKOOOK CYMMUPOBAHUS, A
MMEHHO pacCMaTPUBAETCS PsiJl

Zak:Z Zk(f\kf,ugk))thrPkV . (2)
k=1 k=1 Li=1

Ak < Aki1, Vk — KPQTHOCTB Ap. Py — COOCTBEHHBIH TPOEKTOP, COOTBETCTBY-
IO /_\k.

Kak npaBujio Takasi pacCTaHOBKa CKOOOK BO3HUKAET IIPU UCCJIEOBAHIT BO3-
MYIIEHUH JIBYMEPHBIX MOJEJIBHBIX OEPATOPOB MATeMATHIeCKOH dbusnkn (cMm.
[2]). CupasemmBa.

Teopema 2. ITycmo pad (2) cxodumesa. Tozda das cnpasedausocmu coom-

HOWEHUA
o0
E ar =co >0
k=1

HeobxoduMo u Jocmamouro, 4mobovl

i) ~coA™% npu A — Foo.
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WcciteioBanre BBIMOJHEHO B paMKax PeAJIM3allidl IPOrPaMMBbl PA3BUTHUSI
Haywno-obpazoBarenbnoro maremarudeckoro nenrpa I[lpuBosmkckoro dee-
pasbHOro OKpyra, goim. cors. Ne 075-02-2020-1421/1 x cors. Ne 075-02-2020-
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O CIIEKTPE HECAMOCOITPA2KEHHOT O
KBASUIIEPNOJNYECKOTI'O OITEPATOPA

OEJIOTOB A.A.
Uccnemyercs onepatop Ag, neiicrsyomuit B 12(Z) mo dopmye
(Agu); = w1 + w1 + Ae 2T+,

Buech | — mesouncienHas nepemenHas, a w € (0,1), A > 0u 6 € [0,1) —
JaCTOTa, KOHCTAHTa CBsi3U U (aza — napamerpsl. [Ipn w ¢ Q on sBisiercs mpo-
CTEHIINM HEeCAMOCOIIPSZKEHHBIM KBA3UIEPUOAUIECKUM orieparopoM. B [1] s
JMOMAHTOBBIX W CIEKTP OIMUCAH KAK MHOYKECTBO W TOKA3aHO, U4TO Tpu A < 1
OH HeNpepbIBeH, a npu A > 1 ecTh I0THBIN ToUeuHbIit ciekTp. B [2] pesymnbrar
0 TeOMETPHH CIeKTpa ObLI 0600IEeH Ha BCe MPPAIMOHATIHHBIE W.
Tenepn, ¢ TOMOIIBIO METO/Ia MOHOJIDOMHU3AIINN — IIEPEHOPMUPOBOTHOTO OJIXO0-
na, upemnoxkenroro B. C. Byciaesbiv u A. A. PenoroBbiM, cM. 0630p [3], ouenb
€CTECTBEHHO ONMCAaHA TeOMeTpus CIeKTpa Ag Kak cpasdy sl BCeX HUPPAIUo-
HAJIBHBIX, TAK U JIJIsI DAIIMOHAJIBHBIX YACTOT, HA, CIIEKTPE BBIYUCJIEH TIOKA3ATEh
JIsAmyHOBA, OYEHb TOYHO ONUCAHBI YCJIOBUS, OIPE/IESIONINEe TPAHUILY MHOXKe-
CTBa 3HAYEHUI MAPAMETPOB, JIJIsT KOTOPBIX BO3HUKAET TOYEUHBIH CIEKTP.
Hoxman ocHoBan Ha pabote, BbIMOJHEHHOHN B coaBTopcTie ¢ 1. V. Bopuco-
BbM (WHCTHTYT MaTeMaTuKy ¢ BoraucauTebHbIM neaTpoM YOUIT PAH, Yda).
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OB ACUMIITOTUYECKOM IIOBEJAEHUU PEIIIEHUN
IMOJIVIMHEMHOT'O ITAPABOJIMYECKOI'O YPABHEHM S

OUNJIMMOHOBA 1.B.

Bo Bpems mokmmazia mpesosiaraeTcs pacckasaThb Pe3YJIbTATHI O IIOBEJIEHUN
TIOJIOKUTE/IbHBIX PEIIeHUl OJTYTUHERHOTO TTapabOJIMIeCKOr0 YPaBHEHUS

- ou

0
Uy = E —(aij(m,t)—) +apu?,0 < g < 1. (1)
4,j=1
OIIPEJICJICHHBIX B IMIMHApUYIecKoil obmactu ) X (0,00), tme £ C R"
orpanndena. Kosbduimentst a; j(z,t) - orpaHumdeHHble H3MepHMBIE (DYHK-
AW, YJIOBJETBOPSIONIME 110 & YCJIOBUIO PABHOMEPHON SJIIUIITHUYHOCTU
A €2 < EZ]’:I a;;&i& < Aal€]?, mocrostnubie 0 < A; < Ao He 3aBUCAT OT t.
Kosdbdunment ag = const > 0. Iloz pemnennem ypasuenus (1), yoBiaerBopsio-
. 1,1
M yenosuio Heiimana na 0€ x (0, 00), nonumaercs dynkrus us Wy . yio-
;

BJIETBODsifOIast ypasHeHuto (1) B CMbICJIe HHTErPAIbHOTO TOXKIecTBa. M3Bect-
HO, 9TO JIJIsl PEIIeHUil B CMBIC/Ie HHTErPAJIbHOTO TOXKIECTBA, BBIIOJIHEH TTPUHITALT
MaKCUMyMa U TeOpeMa O CPABHEHUU DeIeHui.

Pemenus ypasuenus Bujia (1), ¢ oTpunaTenbHoii HOCTOSHHON ag, paccMmar-
puBasmch B pabore [1].

Bo Bpewms j1okia1a OyaeT paccka3aHo, ITO aCUMIITOTHYIECKOE TIOBEJICHNE TIPH
t — 0O MOJIOKUTEILHBIX PEIIeHnil U, YIOBIeTBOPSIOMUX yeaopuio Helimana Ha
00 x (0,00), IKBUBAJEHTHO PENIEHUIO OOBIKHOBEHHOrO b hepeHIuaibLHOro
ypaBuenus & = aga?. Bosee Toro nmeer mecto

Teopema 1. Ilycms u — noaooicumenvnoe 6 0 x (0,00) pewenue ypashe-
nus (1), ydosaemeopsrowee yeaosuro Hetimana. Toeda

u(w,t) = [ag(1 = q)(t +t0)] /17 4+ O(e™),

2de 6 > 0 ne sasucum om u(x,t), a nocmosnras ty 00no3HaHO onpedessemcs
peweruem u(x,t).

IIpencraBisiercs MHTEPECHBIM, TO 9TO HA ACHMITOTHYIECKOE IMOBEICHUE De-
IMeHNs He BJIUSET 3aBUCUMOCTL KodddurmenTos ot t. [logobuas Teopema nme-
eT MeCTO, TaKKe JIJIsl yPABHEHUSsI, COJEPIKAINEro IepBble MPOU3BOIHBIE OT U.
JlaHHBIN PEe3y/IbTAT aHAJOIMYEH pPEe3yJIbTaTaM JJIsi PelIeHUil SJIIHITUIECKOIO
ypaBHeHust, paborsl [2].
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0 KOD®OUIIMEHTAX ACUMITOTUYECKUX
PA3JIOYKEHUIT COBCTBEHHBIX 3HAUYEHUIT KPAEBBIX
3AJIAY

OUJIMHOBCKUI A.B.

I[ycts Q@ C R™, n > 2, — orpanndenHas obJacTb ¢ TIaJIKON rpaxurnei I
Paccvorpum criekTpasnbabie 3a1aqu Pobena
ou
Au+ u=0, z€Q, (——i—au) =0, a€R, (1)
v zel
(v — enuaunvHbIH BekTOp BHemHel HopMaau K ') u [upuxiie
Au+du=0, z€Q, ul|ger=0. (2)

O6osmaumm Tepes At(a) meproe cobeTsennoe snauenne 3amaau Pobena (1), a
gepes A\ — mepsoe cobersennoe snadenme sagaqun Jnpuxme (2). Bymem obozma-
gath yepes ul’(x) mopmuposanmyio B Lo(£)) mepsyio cobeTBenHyI0 (bDYHKITHIO

zagaqun Jlupuxie.

Teopema 1. [1, 2, 3] Jasn nepsozo cobemsernozo snauerus 3adavu (1) enpa-
6€0AUGO ACUMNMOTMUNECKOE NPEICTNABAECHUE

Ma)=AP —agjat —aa %40 (@?), a— +o, (3)
2de )
oup ouP ov

= — ] d = | === 4
“ /F ( v > 5o r Ov Ov % )

pyrryus v € HY(Q) — pewenue xpaesoti 3adanu

P\’ ouP

Av+Afv:A<&j> dsuP, reQ, U\ajep:—a—;zer, (5)

ydosaemsopaouee Ycao8uo

/vulDd;L’ =0.
Q
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3adaua (5) umeem edurncmeennoe pewerue, ydosaemeoparowee ycaosuto (6).

Hac 6ymyT naTepecoBaTh OIEHKN KOIMPPUIMEHTOB aCUMITOTHIECKON dop-
Mysel (3).

Teopema 2. ITyemv Q C Bg,(0) ={z € R" : |2| < Ry} u

b(x) = (by(z),...,by(z)) € CHQ) — sexmoproe none. Tozda cnpasedusni
OUEHKU
2)\1D < <4 inf ma I1(Bs)a, || \D 6)
- a n 1 X D o ,
Ry — L= be Cl@Q) ij=1,..n illc@) ™M
br=v

1 (@)l = sup |f(2)].
zEQ
st obJtacTeit OnpeIe/IeHHOI TeOMETPUH MOYKHO MOy IUTh U JPYTHE OTEHKT
J7s1 KO3pDUInenTa a .

Onpenenenune 1. IlosepxmocTh I' HazbIBaeTCs CTPOro 3BE3MHONM, €CIU JIJIsT
Beex x € I BbinosHeno HepasencTso (v, x) > 0.

Teopema 3. Ecau I' — cmpozo 38e3dnan noseprrocmsv, mo umeem Mmecmo
ouenxa

2\P
. 7
“= inf (v, x) (7)
zel’
Samevanue 1. B caygae Q = Bg,(0) uz (6), (7) cremyer, 910 a1 = 21;5.

Pabora Bemosinena npu nogmaepxke PH®, rpant 20-11-20272.
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O KOJIEBAHUU CUCTEMBI TEJI, YACTUYHO
3AIIO/THEHHBIX NAEAJIBHBIMN >KNJIKOCTAMMU, I10/],
JAEVCTBUEM VIIPYTOOEMII®OUPYIONIEI'O YCTPOUCTBA

OOPAVK K.B.

Wcctenyercst cucreMa TBEPIBIX TEJ, HOCIEI0BATEBHO COEIMHEHHBIX IIPY-
JKUHAMU, [I€PBOE U ITOCJIe/IHEE TeJia IPUKPEILIEHBI IIPYKUHAME K JIBYM OIIOpaM
C 3aJIaHHBIM 3aKOHOM JBIKeHHsI. KarK10€e TesIo mpeIcTaBiaseT co00i OTKPBITHII
COCYI, 9aCTHYIHO 3AIIOJHEHHBIN UIeaIbHON OTHOPOIHON X KIAKOCTEIO. Jemmdu-
PYIOIIUE CUJIBI IIOPOXKIAIOTCA TPEHHEM TeJI O HEIIOABUKHYIO TOPU30HTAILHYIO
OII0pY.

st paccMaTpuBaeMoii 3a1a4K BBIBEAEH 3aKOH OajiaHca IIOJHON SHEPrun, Ha,
OCHOBaHUU KOTOPOI'O OCYIIECTBJISETCSI BBIOOD M'UJIbOEPTOBBIX IPOCTPAHCTB U UX
MTOJIIIPOCTPAHCTB, B KOTOPBIX €CTECTBEHHO HCCJENOBATH MOCTABICHHYIO 3aa-
qy. MerogoM OpTOroHaJLHOrO IPOEKTUPOBAHKS, U3JI0KEeHHbIM B [1], ncxommas
HaYaJIbHO-KPaeBas 3a/ata CBOAUTCA K 3amade Komm qia auddepeHuaibHo-
OIIEpPaTOPHOI0 yPaBHEHUsI IIEPBOIO IOPsIJIKA B OPTOrOHAJIBHON CyMMe I'HjIb0ep-
TOBBIX IIPOCTPAHCTB:

C% +(P+iB)z=f, z(0)=2°

re
z:=(z1522)" € H := (Gh,S(Q) ® (Cn) ® (L27F ® Cn)'

C ucrnosb3oBanueM IpUBeIEHHOMN 3anauu Komn gokasana TeopeMa o Cyle-
CTBOBAaHUM U €JMHCTBEHHOCTH DEIeHUsI NCCIIeyeMOl HaualbHO-KPaeBoil 3a,1a-
qu (cM. [2]).

B 3a1a4e 0 HOPMAJIBHBIX KOJIEGAHUAX PACCMATPHBAEMOl CUCTEMBI JIOKA3AHO,
YTO CIIEKTD MCCIIEAYyEeMON 3a7a9i CUMMETPUIEH OTHOCHUTETIBHO JEHCTBUTENb-
Hoit ocu, pacnosoxken B nosoce {0 < Re A < ac™!'} u cocrour us mzosmposan-
HBIX COOCTBEHHBIX 3HAYEHUII KOHEYHON KPATHOCTH CO CJIELYOIUM ACHMITOTH-
YECKHUM TIOBEJICHAEM:

) n 1/2
AED ﬂ'(zgo KY2(140(1))  (k — o0),
=1

rue g — yckopenue cBobojaHoro nagenus, |I';| — miomaiu cBOGOIHBIX IOBEDPX-
nocreit. Cucrema COOCTBEHHBIX W TPUCOEINHEHHBIX 3JIEMEHTOB HUCCJIEyeMON
CIIEKTPaJIbHOM 3a7a4un obpasyer 6asuc AbGesis-JIMjIcKoro co CKOOKaMu B MUJIb-
GeprosoM npocrpancTBe H mopsizika S > 1 (em. [3]).
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Kpeimvckuit denepasbablit yausepcurer um. B.J. Bepnajckoro, Poccust.
Email: forduk kv@mail.ru

O BAJAYAX CONPAYKEHNS TOHKNX BKJIIOYEHUN B
YIIPYI'UX TEJIAX C TPEILIMTHAMMN

XJIVIHEB A.M.

B noxkitaze obcyxaarorcst 3aadn paBHOBECHUS YIIPYTUX TEJ, COIEPIKAIIUX
TOHKIE BKJIIOYEHHS DA3IUIHON MPUPOABI IPH Hajgudnu orcioenuii. 1loseme-
HUe BKJIIOUEHUI OMUCHIBAETCs Ha OCHOBe Mojesteit 6anku Bepuysmu-Ditiepa u
MoJtesteit 6asiku THUMOIIIEHKO, & TaK2Ke Pa3INIHbBIX MIPEJIeTbHBIX MOEeH, ToTy-
YEHHBIX I10CJIe MIPEJIEIbHBIX IIePeX0ooB 1o (usnyueckuM mnapamerpam. Orciioe-
HHU€ BKJIIOYEHHs OT YIPYTOro TeJia O3HadaeT HaJudue TPEITUHBI MEeXKy BKJIIO-
YeHHEM ¥ OKPY2KAaIOIIAM ero yupyruMm TejoM. Ha Geperax TpemuH 3aJai0TCst
HeJIMHeHble T'DaHUYHbIC YCJIOBHs, HE JIOIyCKalOIne B3aUMHOI'O IIPOHUKAHUS
IIPOTUBOIIOJIOKHBIX Oeperos. Vccienyercss MpoKuii Kace 3a/1a9 CONPIKEeHNsT
MeXKJly TOHKHMHU BKJIIOUEHHMSIMU, B YaCTHOCTHU, HailJleHbl KpaeBble yCJIOBUA B
TouKe CThIKa. JlaHO 0OOCHOBaHME MPEJIEBHBIX TEPEXOJIOB 110 MapaMeTpPy KeCT-
KOCTH TOHKUX BKJIIOUEHUI IIPU CTPEMJIEHUU TapaMeTpa K OECKOHEIHOCTH.
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WMucruryr rugpogunavuku uMm. M.A. JlaspearbeBa CO PAH, Poccusi.
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CJIABO CUHIVJIIAPHOE BOSMVYIITEHUE
3AJAYN CTEKJIOBA

YEUYKVWHA A.T.

Pacemorpum obsacts €2 € R™, n > 3, ¢ J0CTATOYHO IMIAAKON T'PaHUIEH
09Q. Mb1 npemnosiaraeMm, 9ro 9acth rpamunst s (0Q = Ty U Ty) sexur Ha
TUIEPIIOCKOCTH T, = (), TP 9TOM OHA COCTOUT U3 TPEX YACTel e, B U e,
e a. u . 0O6pasyioT eIUHYI0 YacTh, KOTOPYIO MbI obozHauaem .. 3iech
Ns Ns

v = U — obbenunenne n — l-mepHbIx mapos, a . = |J B — 06b-
i=1 i=1

eIMHeHNe IapOBBIX cJoeB. IlosgcHuM Temepnb mocrpoenme. Ilycrs 40 — 310

o 2 2 2 _
n — l-mepnbiit map {(&1,...,&) | &+ -+ & < €°, & = 0} u nycrs
0 _ 2 2 2 2 _
BY = {(&,...,&) | e < &+ -+ & < 2%, & = 0} B pacraHyTOM
x
npocrpancree R", £ = 5 v u B — obyiacTu, MOJIyIeHHBIE EJI0YNCTEHHBIMI

capuramu MEOKecTB 7° 1w [y Ha rumepriockoet {€, = 0} ¢ MeHTpaMu B TOU-
kax & = (k1,...,kn-1,0), k1,...,kn—1 € N. OGo3HaUUM F. — FOMOTETHIHOE
cxkarue 6y u . — romorernanoe cxarue 0. [Ipu 3T70M (CM. PUCYHOK)

Ve =Y N OLQ, Bazgeﬁag a5:F2\(ﬁsU'Ya)-

Ipeamnomnaraercst, uro napamerp 0(g), OUpemessIomuii XapaKTepHOe PACCTOsI-
HHe MeXKJy y4JacTKaMu Y. u (. Ha IpaHune, crpeMuTcs K Hymmo npu € — 0.
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Taxzke 3aMEeTUM, 9TO KOJIMIECTBO YyIaCTKOB ﬁ; 1 COOTBETCTBEHHO Yy4YaCTKOB ’72

. 1
nMeer cieayromuii mopsaok: Ny = O 1)
B obmactu ) paccmarpuBaerca 3amada tuma CTEKI0Ba ¢ OBICTPO MEHSIIO-
muMcs yeaoBueM (depemyercs yesosue CreksioBa u oiHOponHoe ycjosue u-

puxJe) Buja

Auk =0 BQ, 1 ,
) € De,

glgk: 0 malyUn~, pFz)=1{ oy x € Be )

%i = \ep*(z)uf male, 1, T € ae.

Takum obpazom, koaddurment B yeaopuu CTEKIOBA SBJISIETCS OBICTPO OCIIHJI-
Jmpytomeit pyHKImell, 3aBUCANIIEl OT MaJjioro mapamMeTpa £, KOTOpas HUMEET
nopsiziok O(1) BHE MeJIKMX BKJIIOYEHUil B BHJE INAPOBBIX CJIOEB HA TDAHMIIE,
rie ona umeer nopsgok O((e6)™™). Dru prirouenus guamerpa O(£6), pac-
HOJIOZKEHBI HA PACCTOSIHUM JPYT OoT npyra nopsiaka O(4), tae § = §(e) — 0.
B ciyuae m < 2 (cabast CHHIYJISIPHOCTD) OLEHEHa CKOPOCTH CXOIUMOCTH [IPU
CTPEMJICHUN MAJIOTO MapaMeTpa K HYJIIO PEIIeHU UCXOTHON 3a1a91 K PEIIeHUIO
3312491

Auk =0 BQ,
ub =0 ma 0Q, (P=+c0),

ouk OnCyy k k. k
o+ P=57ug = Ajug  ma T'y, (2)
ulg =0 mnaly,
/%%ﬁ:@,0<%§£g~w

2

, (P < 400),

rie

Nmeer mecTo Teopema.

Teopema 1. ITycmv \§, \F aeamomes cobemeenmvimu snavenuamu zaday (2)
u (1), coomeemcmeento. Tozda

n—2 n—2
IA§ — AE| < Cy ((6? + ‘gT - P‘ —|—€27m527m), ecau P < oo,

)\f — 400 npu € — 0, ecau P = 4o0,

ede nocmoannve CL,C? ne sasucam om e.

Pa6ora Bemosinena npu nogaepxkke PH®, rpant 22-21-00292.
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OB YCJIOBUSX OCIHNJIJISAIIN PEIIIEHUN
JANOPEPEHITNMAJIBHBIX YPABHEHUU ITEPBOT'O
IMOPSAOKA C IIOCJIEAEVICTBUEM

YYIANHOB K.M.

BysieM TOBOpDHTDH, WTO BEIECTBEHHOZHAYHAA (DYHKIHUS, ONpPECICHHAT Ha
R, = [0,00), ocyusrupyem, ecjiu oHa UMEET HEOIPAHUYEHHYIO CIIpaBa 1OCJIe-
JIOBATEILHOCTD HYJIEH.

BameTum, 4To penenus JuHeiHbIX quddhepeHnaIbHbIX YPABHEHUI IEPBOro
HOPSJIKA C TIOCJIeIeHCTBAEM MOTYT OCIUJLINPOBATh. TaK, pereHns aBTOHOMHO-
ro ypasuenus ©(t) + ax(t — r) = 0 ocumupyior, ecau ar > 1/e.

PaccMOTpUM HEABTOHOMHOE ypaBHEHHE

z(t) + a(t)x(h(t)) =0, teRy,, (1)
rie a,h € C(Ry), a(t) >0, h(t) <t, t_l)igloo h(t) = +o0.

Curestyrommasi XOpOIIO U3BECTHasi TeopeMa 0000IIaeT Pe3yJIbTaThl, I0JIyYeH-
uele B cepeauae XX B. A. JI. Memukucom [1].

¢
Teopema 1 ([2]). Ecau lim [ a(s)ds > 1/e, mo sce pewenusn ypasrnenus
t~>+ooh(t)

(1) ocyuarupyrom.

O60061enne TeopeMbl 1 Ha ypaBHEHUE C HECKOJIBKUMHU 3al1a3/IbIBAHUSIMA

n

&(t) + Z ag(t)z(hi(t)) =0, teRy, (2)
k=1
rue ag(t) > 0, hi(t) <t, tiigloo hi(t) = 400, k= 1,...,n, OKa3aJI0Ch HETPUBHU-

aJIbHOH 3a/1avelt.
B paGore [3], mo-BuguMoMy, BIEpBbIE TIOKA3AHO, UTO YCIOBUE

n t

lim Z / ag(s)ds > 1/e

t—4oc0 7
A0

HE TapaHTHPYeT OCHUJLISIUU PelleHnii ypasuenus suaa (2).
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OrnpesiesiuM N ceMeificTB MHOYKECTB

Ep(t)={s>t|he(s) <t}, teR;y, ke{l,...,n}

Teopema 2 ([4]). Ecau lim Y [ ax(s)ds > 1/e, mo sce pewenus ypas-
t——+o0 k=1 Ew(t)

nernus (2) ocyuanupyrom.

Canencrue 1. IIycmv ece dynxyuu hy HenpepuleHvl U CMPo20 MOHOMOHHO
n hy (1)
sospacmarom. Ecau lim > [ ak(s)ds > 1/e, mo sece pewenus ypasre-
t—+oo k=1 t

nua (2) ocyuaaupyrom.

SamMerumM, 4TO JaXKe B ciydae 1 = 1 00J1acTh IPUMEHUMOCTH TEOPEMbBI 2
CYIIECTBEHHO IIHMpe 00JIaCTH IPUMEHUMOCTH TeopeMbl 1.
Pabora Bbimosimena npu momuepxkke MwunoOpuaykun Poccun, rocsaganue

FSNM-2020-0028.
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Cub. marem. x. 2020. T. 61, Ne 1. C. 224-233.

TlepMckmit HAIIMOHAIBHBIN WCCIEIOBATEIHLCKIN TOTUTEXHITIECKTIT
yuuBepcurer, Poccusi. Email: cyril@list.ru

O HAYAJIbBHO-KPAEBOI 3AJIAYE /1J1s1 YPABHEHWU ST
TAMUMJIBTOHA — 9KOBU C 3KCIIOHEHIINAJIBHON
3ABUCUMOCTBIO TAMUJIBTOHUAHA OT UMITVJIBCHOU
IIEPEMEHHO!

HIAT'AJIOBA JI.T'.

IIycts 3amansr momenT Bpemenu 7' > 0 u 3uHadenue x* € R. B obmactn
Gt = {(t,2)|0 < t < T, x > x*} paccMaTpuBaeTcs cje/yloliee ypaBHEHUe
Tamunbrona — Axkobu
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ot ox

r7e TaMIJIBTOHUAH UMeeT BT,
H(z,p) = f(x)e’ (2)

3aecy f(-) — HenpepwiBHO JuddepeHnupyeMast Bo3pacraomast byHKIUS, Ta-
kas, aro f(z*) > 0.

Tak>ke 3a7aHbl HeIPEPHIBHO AuddepeHnupyeMast GyHKIA
ug : R — R u cybmuddepennupyemas dyukuusa ¢ : [0,7] — R rakue, 4ro
cymecTByer JieBast ponssonHas ¢’ (0) dyHKImMN ¢ B Touke 0, U CIIPaBeIMBLI
paBeHCTBA

8u+H<x,au>: , te(0,7T), z€R, (1)

©(0) = uo(z"), ©_(0) = up(z"). 3)
TpebyeTcst nocTponTh BaskocTHOE pererne [1] u(-, -) ypasaenns (1), mempe-

PBIBHOE B 3aMbIKaHUN obacTu G+ 1 TaKoe€, 9YTO BBIIIOJTHEHbI CJIeAYIoIIne Ha-
JaJIbHOE U I'PaHUYIHOE yCJIOBUE

u(0,2) = up(z), xz€R, x>z, (4)

u(t,0) = p(t), telo,T]. (5)

JlokazaHo, 9TO HENMPEPHIBHOE BI3KOCTHOE peIlleHne Hada hbHO-KPaeBoil 3a1a-
qu (1)-(5) cymecrByer. YKazaHbl JOCTATOYHBIE YCJIOBHUS, IPU KOTOPBIX TAKOE
pellleHne eMHCTBEHHO.

Pemenne paccmarpuBaemoii 3aja4dn 0a3upyercsi Ha, MUHUMAKCHOM IIOJIXO-
ze [2], merone 0BOBIIEHHBIX XapaKTEPUCTHK [3], a Tak»Ke Ha peIlleHuN BapHa-
[MOHHBIX 33729 ¢ MOJIBUXKHBIMU IpaHunaMu. PaccMaTpuBaeMast 3ajia4a, mpeji-
CTaBJIAIONIAS U CAMOCTOSITEILHBIM HMHTEPeC, BOHUKAET TIPH TIOCTPOCHUH HEIIpe-
PBIBHOTO OOOOIIEHHOTO perntenus 3agatdn Kormu s ypaBHeHus ['aMuabToHA-
fAxobu ¢ pa3phIBHBIM 1O ($a30BOH IMEpEeMEHHO TaMUIBTOHUAHOM.

Pa6ora Beimosinena npu noguepkke PO®U, rpant 20-01-00362.
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Mucturyr maremaruku u mexanuku uMm. H.H. Kpacosckoro YpO PAH,
Exarepun6bypr, Poccust. Email: shag@imm.uran.ru

PABPEIIIVMMOCTDb KPAEBBIX 3AJAY
C JOIIOJIHUTEJIBHBIMN YCJIOBU MM COITPA2KEHWNM £1
AJId HEKOTOPBIX
KJIACCOB JU®PEPEHIIMAJIBHBIX YPABHEHUI
COCTABHOT'O THUIIA

IITAOPMHA H.H.

WccnenoBana pa3pemmmMOCTh KPaeBbIX 3a1ad sl audpepeHnmaIbHbIX
YPaBHEHU TPETHEro MOPsIKA C PA3PBIBHBIM 3HAKOIIEPEMEHHBIM KoM uIiuen-
TOM IIPU CTaplIeil IPOU3BOJHON 110 BPEMEHHOU IIEPEeMEHHOIL.

Paccmarpupaercs orpanmdennas objacTh () u3 npocrpancrsa R™ ¢ riraakoi
(st pocroTel — Geckoneuno—uddepennupyemoit) rpanuneii I', T ectsb 3a-
JAHHOE MOJIOXKUTEJIbHOE Iucio, Q1 1 Qg ecthb mumuaapsl QX (—T,0) u 2% (0,T)
coorBercTBeHHO, ¢(t), ¥(x,t) u f(x,t) ectb 3amanuble DYHKIMH, OUPEIEIEH-
uwie ipu t € [T, T), x € Q, a = (o), B = (B:), i = 1,6 — 3a1aHHbIE BEKTOPbI
¢ IefiCTBUTEIbHBIMI KOOpAuHaTamMu, L — muddepeHnuaibHbIil oepaTop, meii-
CTBHE KOTOPOI'o Ha 3aJaHHoil (byHKIMU v(z,1) OUpeeseTcs PABEHCTBOM

Lv = ¢o(t)D}v + Av.
Oynknus u(z,t) 6y7eT aBIaThea B TMMHApax Q1 n Q2 perenneM ypasHeHUsT
Lu = f(x,t).
Kpowme Toro, mist dyukiun u(z, t) BBIIOTHSIIOTCS YCIOBAS
aqu(z, —0) + agu(z, +0) + azu(z, —0) + asui(z, +0)+
+asu(x, —0) + agug (z, +0) =0, x € Q,
Bru(z, —0) + Bou(z, +0) + Bsus(z, —0) + Baus(z, +0)+
+B5us(z, —0) + Beug(z,+0) =0, x € Q,

u(@,t)|rx(—1,0) =0, u(@,t)|rx1) =0,

st maHHON 3a/1a91 JTOKA3aHbl TEOPEMbI CYIIIECTBOBAHUS U €JIUHCTBEHHOCTHU
PEryJISPHBIX PEIeHUA.

Jatee wccemyercst BIUHIE MapaMeTpoB Ha KOPPEKTHOCTh HEKOTOPOU 3a-
JaYN COMpsizKeHus st nudepeHnnaabHoro ypaBHeHns TUa byccumecka -
JIsBa.

Snecwy T, To ecTh 3aJaHHBIE IIOJOXKUTEJIbHBIE Yucaa, ()1 1 Qo €CTh IUINH-
apbt QX (=T71,0) u Qx(0,Ty) coorsercrBenno, f(x,t) ectb 3anannas dbyHKIMS,
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onpesiesieHHas pu (x,t) € Q1 U Q2, p(z) n (x) - 3ananube HyHKIUHI, Onpe-
Jesiernble ipu € €, «, B, A, ;i — 3aJlaHHbIEe JEHCTBUTE/HHBIE TapaMeTPhI,
A— omneparop Jlamiaca 1o npocTpaHCTBEHHBIM ITepeMeHHbIM, L — muddepen-
UAJIbHBIN OIIepaTop, AeficTBue KOTOporo Ha 3ajanHoil dynkuuu v(z,t) oupe-

JeJIdeTcd PaBCHCTBOM
Lv= Vet — A”Utt -+ AAv — M.

g dysakunm u(z,t), apisomeiics B B nuinHapax Q1 u (Qo pelieHueM ypas-
HEeHUs

Lu = f(ﬂ?,t)

BBIIIOTHAIOTCA YCJIOBUA

u(@, t)|rx (-1 ,00 =0, w(@,t)[rxo,m) =0,
w(z,—T) =u(z,To) =0, z€Q,

U(I,—O) = au(z,+0)+gp(:c), ut(ma+0) :ﬂut(xa _O) —|—1)[}(CC), z €

CdhopMyMpOBaHbBI TEOPEMBI, OMICHIBAIOIIHE BJIMSHUE TIAPAMETPOB HA, €/HH-
CTBEHHOCTD M HEETMHCTBEHHOCTD, CYIECTBOBAHUE U HECYIIECTBOBAHNE PETYJIsp-
HBIX PElIeHUi JaHHOI 3aJa4u.

JlaHHBIE WCCIIE0BAHNS SBISAIOTCS TpojoiKeHneM pabot [1] — [2] aBropa B
coasropcTe ¢ A. W. KoykaHOBBIM.
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MI'TY um. Baymana, PTY MUP3A Poccusi. Email: shadrinann8@yandex.ru

TEH3O0PHBIE NTHBAPNAHTHI INCCUITATBHBIX
CHUCTEM HA KACATEJIbHOM PACCJIOEHUN
ABYMEPHOI'O MHOT'OOBPA3MA

HTAMOJIMH M.B.

B pa6ote npe rbsiBiieHbl TeH30pHbIe HBapUaHThl (juddepennuanbube Gop-
MbI) JIJIsI OJHOPOJIHBIX AMHAMUYECKUX CHCTEM HA KACATEJbHBIX PACCIIOCHHUIX K
IJIaJKUM JIBYMEpHBIM MHOrooOpa3usiM. [loka3aHa CBSI3b HAJIMYIUsT JTAHHBIX HH-
BApPUAHTOB ¥ IIOJHBIM HAOOPOM IIEPBBIX MHTEI'PAJIOB, HEOOXOIUMBIX JIJIsI UHTE-
TPUPOBAHUS TE€0/IE3NIECKUX, TOTEHIINAIbHBIX U JUCCUNATUBHBIX cucTeM. [Ipu
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9TOM BBOJIMMbIE CUJIOBBIE IIOJIsI JIEJIAIOT PACCMATPUBAEMBIE CUCTEMBI JIMCCUIIA-
TUBHBIMU C JIACCUTIAIIAEN PA3HOIO 3HAKA U 0DODIIAIOT paHee pacCMOTPEHHBIE.

Kak usBectno [1, 2, 3|, Hajm4ue JOCTATOUHOIO KOJUIECTBA HE TOJIBKO II€P-
BbIX MHTErpaJsioB (CKaJIsIPHbIX UHBAPUAHTOB), HO WU JIPYI'MX TE€H30PHLIX MHBA-
PUAHTOB IIO3BOJIET IOJHOCTHIO IPOUHTETPUPOBATH CUCTEMY JTuddepeHIaib-
HbIX ypaBHeHnit. Tak, Hanpumep, HaJndne WHBAPUAHTHON (OPMBI (Pa30BOroO
obbeMa MMO3BOJIIET TOHU3UTH MOPSIOK PACCMaTpPUBAEMO cucTeMbl. J[Jist KOH-
CEPBATUBHBIX CUCTEM 3TOT (PAKT eCTeCTBEHEeH. A BOT s cucTeM, 06JIaar0-
IUX TPUTATHBAIONIMI WJIM OTTAJTKUBAIOIMIAMY PEIETbHBIMA MHOYKECTBAM,
HE TOJIbKO HEKOTODBIE IEPBbIE MHTErPaJjbl, HO U KOI(DMOUINEHTHI UMEIOIINXC s
MHBAPUAHTHBIX JuddepeHuatbHbIX (OPM JTOTKHBI, BOODIIE TOBOPsI, COCTOSITH
U3 TPAHCIEHIEHTHBIX (B CMBIC/Ie KOMIUIEKCHOTO aHanau3a) GyHkuumit [4, 5, 6].

Taxk, HapuMep, 3a/1a9a 0 IBUKEHUN IPOCTPAHCTBEHHOTO MasTHUKA Ha cde-
pUYeCKOM IIapHUPE B MOTOKE HADEralomeil cpeibl IPUBOAUT K CACTEME HA Ka-
CaTeJIbHOM PACCIOEHUN K JBYMEPHOI cdepe, IIPU STOM METPHUKA CIEIHAILHOIO
BUJIa HA HEll WHIyIUPOBaHA JOMOJHUTEIBHON rpymmoit cummerpuit [7]. du-
HaMUYECKHE CUCTEMBI, OIKMCHIBAIOIIE JIBUYKEHHE TAKOI'0 MasTHUKA, 00JIaa0T
3HAKOTIEPEMEHHOI JIUCCUTIAIIAEl, U TIOJIHBIN CIIUCOK TIEPBBIX WHTEIPAJIOB COCTO-
T U3 TPAHCIEHIEHTHBIX (DYHKINIA, BHIPAYKAIONIAXCST I€PE3 KOHETHYIO KOMOU-
HAIMIO dJIeMEHTAPHBIX (MYyHKIWH. V3BecTHBI Takke 3aa9u O JIBU2KEHUU TOY-
KI II0 JBYMEPHBIM [TOBEPXHOCTSAM BpaleHus, miockoctu Jlobauesckoro u T.1.
Ilonyyennble pe3yIbTaThl OCOOEHHO BaXKHBI B CMBICJIE IIPUCYTCTBUAA B CUCTEME
UMEHHO HEKOHCEPBATUBHOIO 110JIst cual [5].

B paGote nperbsiBiieHbl TeH30pHbIe nHBapuanThl (juddepennuaibube Gop-
MbI) JIJIsI OJJHOPOJIHBIX JMHAMUYECKUX CHCTEM HA KACATEJbHBIX PACCIIOCHHUIX K
[JIQJIKAM IBYMepPHBbIM MHOrooOpasmsaM. [lokazama cBsA3b HAMUYIUS TAHHBIX WH-
BapPUAHTOB U IIOJHBIM HAOOPOM IEPBBIX MHTEI'PAJIOB, HEOOXOIUMBIX /I UHTE-
IPUPOBAHUS T'€0JIE3UIECKUX, IOTEHINAIbHBIX U JIMCCUIIATUBHBIX cucreM. [Ipu
9TOM BBOJIMMBIE CHJIOBBIE TIOJISI JIEJIAIOT PACCMATPUBAEMBIE CUCTEMBI JIMCCUIIA~
TUBHBIMU C JIACCUTIANIAEN PA3HOTO 3HAKA U 0DODIAIOT paHee pacCMOTPEHHBIE.

Pabora Bemmosinena npu nogmepxkke POOU, rpant 19-01-00016.
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MockoBckuit rocymapcrBennniit yauBepcuteT uMenn M. B. Jlomonocosa,
Poccusi. Email: shamolin@rambler.ru

MPUHIINII CYIIEPIIO3UIINU J1JISI BEPOATHOCTHBIX
PEIIIEHUN YPABHEHUMN
POKKEPA-TIJIAHKA-KOJIMOTOPOBA

IIIATIOIITHMKOB C.B.
Paccvorpum 3amaay Komm
Bupte = 00,0, (a7 ) — By (W pie) s o = v

Orobpazkenne t — p; u3 orpeska [0, 7] B IPOCTPAHCTBO BEPOSITHOCTHBIX Mep
P(R?) nasbiBaeTca pelIeHmeM, eI 3TO OTOGParKeHHe HEeMPEePBIBHO OTHOCH-
TEJIBHO CJIa00i TOIIOJIOTUN U YAOBJIETBOPSIET UHTEIPAJILHOMY DABEHCTBY

t
/@d,ut:/ (pdl/—I—// Lodusds
Rd Rd 0 JRd

nst Beex t € [0, 7] m Beex ¢ € C5°(R?), e
Lu = aijaxiamju + biaziu,

bynxnun @, b* T0KaIbHO HHTErPUPYeMBI OTHOCHTETLHO MepbI [ dt, 8 MaTpH-
na A(t,z) = (a¥(t,7)); j<q4 CUMMETPHYHA 1 HEOTPHIATEIHHO ONPe/Ie/IeHa.
BepostHocTHas Mepa P, ma mpoctpanctse §4 := C([0, T],R?) naspisaerca
pellleHreM MapTHHTAIBHOM 33/1a91 ¢ OEepaTopoM L 1 HAYAIbHBIM YCJIOBUEM v,
ecam
(M1) P,(w:w(0) € B) = v(B) mnsa scex B C B(R?),
(M2) nns Bestxoit bynkmm f € C§°(R?), orobpaskenme

(@, 1) = Flwt)) — F(w(0) - / Lf(s,w(s)) ds

SIBJISIETCSI MAPTHHTAJIOM OTHOCHTENBHO F; = o (w(s), s € [0,t]) u P,.
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Teopema 1. IIpednososcum, wmo {p} asasemcs pewenuem 3adavu Kowu u
BBIMOAHAEMCA YCAOBUE

T AR + 1B @), 2)]
/o /]Rd (1+|z|)? p(dz) dt < oo.

Tozda cyuecmeyem maxoe pewenue P, mapmurzaivhots 3a0a4u ¢ onepamopom
L u nauarvnvim ycaosuem v, wmo daa ecex f € C(R?) eepro pasencmeo

/ fdu = | f(w(t) P(dw) Vie[0,T].
R4 Qu

OTMeTnM, 9TO yCJIOBHE TEOPEMBI BBIOIHAECTCS, €CIIH
log(1 + [2]%) € L(v),
JA(t, 2]l < C + Claf* log(1 + J21?),
(b(t,x),x) < C + Clz|*log(1 + |z|?).

Aprop sBiIsieTcs mobeauTesieM KOHKypca «MoJtomast maremaruka Poccuny u
6J1aroIapuUT KIOPU U CIIOHCOPOB.
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Trevisan Superposition Principle for Probability Solutions to Fokker—Planck—
Kolmogorov Equations. J. Dyn. Diff. Equat. 33, 715-739 (2021)

Mexanuko-maremarudeckuit pakynbrer MI'Y umenun M.B.JIomonocosa,
Poccusi. Email: starticle@mail.ru

OB YCPEIHEHHOI CUCTEME YPABHEHUI AKYCTUKN
AJI4 CJIONCTHIX TBEPABIX CPE/]

HIYMHUJIOBA B.B.

JloKJ1a/1 TIOCBSIIIEH BBIBOJLY YCPEIHEHHOU CHCTEMbI YPABHEHUN aKyCTUKHU JIJIsT
JNBYX(}asHbIX CIOUCTBIX cpell. B KadecTBe (a3 paccMaTpUBAIOTCS H30TPOI-
Hble TBEpIble MaTEePHUAJIbl: YIPYTU MaTepuasl WU BI3KOYIPYIUil MaTepuasl
Kennsuna-doiirra.

IIycrs 2 C R?® — orpannmuennas obaacTh ¢ TIaixoil rpanumeit 0f), 3amoi-
HeHHas CJIOMCTOH cpejiofi ¢ €Y -mepmouyeckoii cTpyKTypoit, rae Y = (0,1)3,
a BEJIMYMHA € MHOTO MEHbIIE JIMHEHHBIX pa3mepos obsactu 2. CumraeM, 4TO
sg4aeiika nepuoanaHocTh €Y coyepxkut M cioes niepporo u M +1 cj0eB BTOpoOro
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marepuasia. Obo3HaunM 4depes Yy dacTb Kyba Y, COOTBETCTBYIOILYIO S-if (base
(s = 1,2). Ormerum, uro Y] ectb ob6beaunenue M cioes, a Yo — o0bequnenue
M + 1 cnoes.

Beeznem oboznavenus: uf(x,t) — BeKTop nepemernenuii, 0 u e(u®) — ren-
30pbI HAIIPSI?KEHUH M MAJIBIX J1epOpMaIyii COOTBETCTBEHHO, 2. — 3aHsITast S-i
da3zoii yactb obsiactu 2. Onpeessromnie COOTHOIIEHUsI, CBA3bIBAIOIIIE KOM-
[OHEHTBI TEH30POB 0° 1 e(uf), IMEIT BUJL

055 = aihern(uS) + b enn(0u7), w € Quey 5=1,2,

J
E;;)ch = Xs0ijOkn + tos(0irdjn + Oindj),

rie A\s U s — napamerper Jlame, a d;; — cumpos Kponekepa. Eciu €. 3amo-

a

HEHa, yIpyruM MaTepuasion, 1o b(®) = 0; ecim ske Q. 3aI0/IHEHA BA3KOYIPYTHM
marepuaiom KembBuna-Qoiirra, To

bﬁjih = (s0i0kn + Ns(0ir0jn + dindjn),

rae (s u 1, — KoaddurnmenTsr Bsa3koctn [1].
HauasibHO-KpaeBast 3aj1a4a, ONKCHIBaIoOIIasi Kojebanus cpelbl B objactu ),
AMeeT BHJ,

82uf 30’%
psw = afI?J +f7,($,t) B QSE X (OaT)a s = 1727
[UEHSE = 0, [O'?j’I’LjHSE = O7 SE = 8915 n 8925,
u(z,t)oo =0, u(z,0) = 9w (x,0) =0,
rjie ps — IUIOTHOCTH CPeNbl B (le, N — €IMHUIHBIN BEKTOP HOPMAJIH K IIOBEDX-
Hoctu Se, a f(x,t) — BeKTOp 0OBEMHOM CUJIBI.
Kak m3BecTHO, ycpeHEeHHAs 3a1a4a, OIUCHIBAIONIAS MIPEIEIbLHOE TIOBEICHIE
UCXOZHOM cytoucToit cpenpl pu € — 0, umeer Bug, [1]
82114 - &rij
Lo = oz,
u(z,t)|oq =0, u(zx,0) = du(z,0) =0,
rae p = p1|Yi] + p2|Yal,

0ij = ijkhekh (W) + Bijknern(0vw) — gijin (t) * egn(u). (1)

KoMIoHeHTHI yCpeHeHHBIX TeH30poB «, 3, g(t) SIBHO BBIpaXKaroTCsi Yepes
KOMITOHEHTBI HCXOMHBIX Ter30poB a'®), b(¥) i permrenns BeoMorarebHBIX CTa-
[IMOHAPHBIX U SBOJIIOIMOHHBIX 33/1a4 Ha ddeiike Y. Pernas st 3ama4n u 3ateM
BBIYHCJIsSIs] KOMIIOHEHTH! YKA3aHHBIX TEH30POB, IIPUXOJIMM K CJIEJIYIOIIEMY KJIFO-
9eBOMY pPe3YJIbTaTy.
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Teopema 1. Ecau Y; u Yo cocmoam us 06sedunenus NAOCKUL CA0ES, NaApai-
AENOHBLT 00HOT U3 KOOPOUHAMHBLT NAOCKOCTMET, MO KOMNOHEHMbL MEH30POE
a, B u g(t) e (1) sasucam om |Yi| u |Y2| u ne sasucam om wucaa caroes u
DACTLONOHCEHUA DA3OEAAOWUT UL 2PAHUY, SHYMPU Y .

OrMernM, 9TO PE3YIBTAT OCTAETCS CIPABEJINBBIM U B TOM CJIydae, KOTJa
) )
VIIpyT'ue Wd BSA3KOYIPYTUe CJIOM MCXOTHOI Cpejibl 3aMEeHSAI0TCS Ha, CJIOU BA3-
KOYIIpYTOro MaTepuaJa C JIOJIOBPEMEHHON TaMSThIO.
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